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The Kondo effect and the Fano–Kondo effect are important phenomena that have been observed in quantum dots (QDs). We theoretically
investigate the transport properties of a coupled QD system in order to study the possibility of detecting a qubit state from the modulation of the
conductance peak in the Kondo effect and the dip in the Fano–Kondo effect. We show that the peak and dip of the conductance are both shifted
depending on the qubit state. In particular, we find that we can estimate the optimal point and tunneling coupling between the j0i and j1i states of
the qubit by measuring the shift of the positions of the conductance peak and dip, as functions of the applied gate voltage on the qubit and the
distance between the qubit and the detector. # 2013 The Japan Society of Applied Physics

1. Introduction

Nanodevices allow the observation of interesting quantum
interference eﬀects. The Kondo eﬀect and the Fano–Kondo
eﬀect are observed in coupled systems with discrete energylevels and a continuum of states, e.g., when a quantum dot
(QD) is tunnel-coupled to leads. The Kondo eﬀect in a QD
appears as a zero-bias peak in the conductance because of
the spin singlet formation between a localized spin and the
reservoirs,1) while in the Fano–Kondo eﬀect, an asymmetric
line shape is observed in the density of states (DOS) and the
conductance because of interferences in the hybrid electron
states in the dot-electrode system.2)
In a Kondo system, such as a QD connected to two
electrodes, the conductance has a sharp peak, known as
the Kondo peak;3–9) while in Fano–Kondo systems, such
as T-shaped QDs, the conductance has a sharp dip (Fano–
Kondo dip) structure,10–18) both of these as a function of the
energy level of the QDs. The peak and dip structures appear
when the energy-level is close to the Fermi level of the
reservoirs.
Here we investigate the Kondo eﬀect and the Fano–
Kondo eﬀect using them as detectors of a capacitivelycoupled two-level system, a charge qubit.19–22) We use
Fig. 1(a) as a set-up for the Kondo eﬀect and Fig. 1(b) to
study the Fano–Kondo eﬀect. Each grey ellipse in Fig. 1
represents a QD. The source ‘‘S’’, drain ‘‘D’’, and QD ‘‘d’’
are the ‘‘linear-shaped’’ detector in the Kondo geometry
shown in Fig. 1(a). The T-shaped detector in Fig. 1(b) has a
trap site ‘‘c’’ and a proper QD ‘‘d’’. We deﬁne the j0i state
of the charge qubit when the excess charge is localized in
the QD ‘‘a’’, and the j1i state when the excess charge is
localized in the QD ‘‘b’’. Using the notation in Fig. 1, due to
the Coulomb interaction Vq between the charge qubit and
the detectors, the energy level of the QD ‘‘d’’ is shifted for
the Kondo detector, and that of the QD ‘‘c’’ is shifted for the
Fano–Kondo detector.
The basic idea is the following: the Kondo peak and the
Fano–Kondo dip will be aﬀected by the charge state of the
charge qubit because of the capacitive coupling between the
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Fig. 1. Two types of charge qubit (two-level system) detectors. (a) The
charge qubit detected by the Kondo eﬀect. (b) The charge qubit detected by
the Fano–Kondo eﬀect. Note that the charge qubit ‘‘a–b’’ is composed of
two QDs (‘‘a’’ and ‘‘b’’). The tunneling coupling between QD ‘‘a’’ and ‘‘b’’ is
. The charge qubit is coupled to the detector part by the capacitive
coupling energy Vq . The detecting QDs ‘‘d’’ are coupled to the source ‘‘S’’
and the drain ‘‘D’’. The linear-shaped ‘‘S’’-d-‘‘D’’ detector for the Kondo
system in (a) is replaced by a T-shaped detector for the Fano–Kondo system
in (b). In (b), the on-site Coulomb repulsion for the trap QD ‘‘c’’ is strong.
For the QD ‘‘d’’, the on-site Coulomb repulsion is strong for the Kondo
detector in (a) and weak for (b).

charge qubit and the detectors. Therefore, it is expected that,
by analyzing the change of the Kondo peak and the Fano–
Kondo dip in the conductance, the charge qubit state can be
inferred. In our model, the capacitive coupling is the same as
those of the conventional quantum point contact (QPC),23,24)
and the single electron transistor (SET).25,26) In the standard
QPC or SET system, only the position of the excess charge
in the qubit (j0i or j1i) is detected. What’s new here is
that, by analyzing the peak position of the conductance peak
and dip, we can also estimate the tunneling coupling 
between the j0i and j1i states of the charge qubit. We will
also show that the shifts of the conductance peak and dip
are largest when the energy gap between the two qubit
eigenstates is smallest. At this point, we will show that the
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Fano factor is smallest and we call this point the optimal
point, where in general charge-noise-induced dephasing is
minimized.24,27,28)
The standard method to detect the position of the excess
charge in a charge qubit is by measuring the conductance of
a single-electron transistor near a Coulomb blockade peak.
This standard method is considered to be more robust than
our method, because, in general, measurements of the Kondo
and Fano–Kondo eﬀects are more diﬃcult than the measurement of a Coulomb blockade. In this respect, our method has
a supplementary relationship to the standard method. In the
Kondo and Fano–Kondo regime, which emerge as a result of
correlation between the localized spin and the Fermi sea,
charge degrees of freedom are not perfectly frozen. Therefore, in the conventional Kondo or Fano–Kondo regime, the
charge and spin degrees of freedom are not separated, in
contrast to the pure one-dimensional Luttinger liquid that
shows spin charge separation.29) This means that electrons in
the QDs of the Kondo regime behave diﬀerently than those
of the non-Kondo regime, as a result of the correlation
between the charge and spin degrees of freedom. It is
considered that our setups provides the information about
the system by the linking between the spin and charge
degree of freedom of the QDs.
Our method should be able to detect those two-level
systems or, in general, any systems that have two charged
states. For example, two-level systems based on QDs are
also widely used in spin qubits.30,31) Thus, this method has a
wide variety of potential applications for nanosystems.
For simplicity, and without loss of generality, we assume
that all QDs have a single energy level and that there is a
strong on-site Coulomb interaction in the QD ‘‘d’’ of the
Kondo detector, and the QD ‘‘c’’ of the Fano–Kondo
detector, but not for the QD ‘‘d’’ of the Fano–Kondo
detector. If there is a strong on-site Coulomb interaction in
the QD ‘‘d’’ of the Fano–Kondo detector, the Fano resonance
becomes complicated.32) We use a slave-boson mean-ﬁeld
theory (SBMFT)10,32–35) with the help of nonequilibrium
Keldysh Green functions to calculate the conductance of the
detectors. Moreover, we assume that the interactions
between the qubit and the detectors are weak and can be
decoupled into the mean-ﬁeld parameters of the SBMFT. An
estimate of the eﬀect produced by the charge ﬂuctuations
would be desirable. However, in the SBMFT, charge
ﬂuctuations are neglected.36) This is a limitation of the
SBMFT approach. We consider as following: In the Kondo
linear detector and the T-shaped QD detector setups, the
SBMFT approach is widely used as an appropriate method
to describe the system.10,11,36) Because our setups (Fig. 1)
are based on the Kondo linear detector and T-shaped QD
detector, as long as the coupling between the qubit and the
detector is weak, the application of the SBMFT to our setups
is a suitable starting point to treat the complicated electronic
structure of these QD systems.
The rest of the paper is organized as follows. In Sect. 2,
we formulate the slave-boson mean-ﬁeld method to calculate
the conductance of the Kondo and the Fano–Kondo
detectors. In Sect. 3, we show numerical results regarding
the shifts of the conductance peak and dip. In Sect. 4, we
use a perturbation theory to estimate the validity of the
decoupling approximation between the qubit and the

detectors. Section 5 presents discussions and conclusions.
In Appendix, we summarize the derivation of the coupling
constant Vq from a network capacitance model.
2. Formulation
2.1 Hamiltonian

As shown in Fig. 1, we study the detection of the state of a
charge qubit via either the Kondo or Fano–Kondo eﬀects in
the detector. The total qubit–detector Hamiltonian has three
terms H ¼ Hdet þ Hq þ Hint , where Hdet describes the
detector, Hq the charge qubit, and Hint the interaction
between the charge qubit and the detector. Here Hq is
written as
Hq ¼ ðday db þ dby da Þ þ "q ðday da  dby db Þ:

ð1Þ

Here, da and db are electron annihilation operators of the
upper QD ‘‘a’’ and the lower QD ‘‘b’’ in the charge qubit,
respectively. Experimentally, "q can be controlled by the
gate electrode attached to the QD ‘‘a’’ (not shown in Fig. 1).
Thus, we call "q qubit bias. The detector Hamiltonian Hdet
is composed of an electrode part HSD and a QD part HQD .
Because we assume that there are strong on-site Coulomb
interactions in the QD ‘‘d’’ of the Kondo detector and the QD
‘‘c’’ of the Fano–Kondo detector making double occupation
of these dots impossible, we introduce a slave boson
operator bd for the Kondo detector and a slave boson
operator bc for the Fano–Kondo detector.32,34,35) The Kondo
(K) detector Hamiltonian is
ðKÞ
ðKÞ
Hdet
¼ HSD þ HQD
;

ð2Þ

and the Fano–Kondo (F) detector Hamiltonian is
ðFÞ
ðFÞ
Hdet
¼ HSD þ HQD
;

where
HSD ¼

X X

f"k cyk s ck s þ V ðcyk s fds þ fdsy ck s Þg;

¼L;R k ;s
ðKÞ
HQD

¼

X

"

"d fdsy fds

þ d

X

s
ðFÞ
HQD

¼

X X
þ td

s

X

"1 fy1 s f1 s

ð4Þ

#
fdsy fds

s

1 ¼c;d

ð3Þ

þ c

"

þ

X

byd bd

1 ;

fcsy fcs

byc bc

ð5Þ
#

þ

1

s

ð fdsy byc fcs þ fcsy bc fds Þ:

ð6Þ

s

Here "k is the energy level for the source ( ¼ L) and
drain ( ¼ R) electrodes; "c and "d are energy levels for the
two QDs, respectively; td and V are the tunneling coupling
strengths between the trap QD ‘‘c’’ and the detecting
QD ‘‘d’’, and that between QD ‘‘d’’ and the electrodes,
respectively; ck s and f1 s are annihilation operators of the
electrodes, and of the QDs (1 ¼ c; d), respectively; s is
the spin degree of freedom with spin degeneracy 2;  1 is a
Lagrange multiplier. In the mean ﬁeld theory, slave boson
operators are treated as classical values such as b1 ! hb1 i.
We take hb1 i and "~ 1  "1 þ  1 as mean-ﬁeld parameters
that are obtained numerically by solving self-consistent
equations. The Kondo temperature is estimated as TKðKÞ 
ð~"2d þ  2 z2c Þ1=2 for the Kondo detector,34,35) and TKðFÞ  ð~"2c þ
td2 z2d Þ1=2 for the Fano–Kondo detector,10) where z1 
hby1 ihb1 i. In the numerical calculations shown below, we
take a temperature of T ¼ 0:02td < TKðKÞ ; TKðFÞ .
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The interaction Hamiltonian Hint is derived from a
capacitance network model as shown in Appendix37,38)
Hint ¼ Vq z1  z n1 ; ð1 ¼ c; dÞ

ð7Þ

where nc and nd are P
the numbers of electrons in the trap QD
‘‘c’’, given by nc ¼ s fcsy fcs for the Fano–Kondo
case, and
P
in the detecting QD ‘‘d’’ is given by nd ¼ s fdsy fds for the
Kondo case. Also,  z is given by  z ¼ day da  dby db . As
shown by Eq. (A11) in the Appendix A, Vq / 1=dD where
dD is the distance between the charge qubit and the detecting
QD.
We assume that the interaction between the charge qubit
and the detector is weak and the decoupling approximation39) to the interaction Hamiltonian Eq. (7) can be applied.
In the decoupling approximation used here, the electric ﬁeld
which the qubit senses is almost constant and we can thus
decouple the interaction between the qubit and the detector.
The decoupling of the interaction term Hint leads to
MF
Hint
 Vq z1 fh z in1 þ  z hn1 i  h z ihn1 ig
(

¼ Vq z1 ðqa  qb Þn1 þ ½ z  ðqa  qb Þ

X

)
1 s ;

s

ð8Þ
hdsy ds i,

h fy1 s f1 s i,

and 1 s 
with
where 1 ¼ c; d, qs 
1 ¼ c; d. In this decoupling approximation, "c , "d , and "q
are replaced by
"1 ! "01  "1 þ  1 þ Vq z1 ½qa  qb ;
X
"q ! "0q  "q þ Vq z1
1 s :

ð9Þ
ð10Þ

s

2.2 Green functions

Charge qubit detection in our system is carried out by the
measurement of the current of the detector. The current
through each detector is calculated using the non-equilibrium Green functions as3,32)
ie X  y
J¼
½V hc fds i  VL h fdsy ckLs i
h k ;s L kLs
L
2e X
¼
Re½VL G<
dk ðt; tÞ
h k ;s
L
XZ
2e
Re
d!½VL G<
¼
ð11Þ
dk ð!Þ;
h
kL ;s
where

G<
dk ðt; tÞ
G<
dk ð!Þ



¼

hcykLs ðtÞfds ðtÞi,

and

VL ½grkL ð!ÞG<
dd ð!Þ

for the detecting QD ‘‘d’’ of the Fano–Kondo detector is
obtained as

a
þ g<
kL ð!ÞGdd ð!Þ;

ð12Þ

with grkL ð!Þ  ð!  "kL þ iÞ1 ( is an inﬁnitesimal quantity) and g<
Here fL ð!Þ 
kL ð!Þ  2ð!  "kL ÞfL ð!Þ.
fexp½ð! þ eVbias  EF Þ=ðkB T Þ þ 1g1
and
fR ð!Þ 
fexp½ð!  EF Þ=ðkB T Þ þ 1g1 are the Fermi distribution
functions of the electrodes when there is a ﬁnite bias voltage
Vbias between the two electrodes (kB is the Boltzmann
constant).
Let us ﬁrst consider the Green function formulation for
the Fano–Kondo system. With the decoupling given in
Eq. (8), the Green functions remain the same as those
without interactions between the charge qubit and the
detector, by changing the replacements Eq. (10). Using the
equation of motion method, the advanced Green function Ga

GðFÞa
dd ¼

!  "0c  i
;
ð!  "d  iÞð!  "0c  iÞ  jt~d j2

ð13Þ

y
where t~d ¼ td hbc i. The GðFÞ<
dd ðtÞ  ih fd ðtÞfd ðtÞi can then be
<
r
<
a
calculated from Gdd ¼ Gdd dd Gdd with

<
dd ð!Þ ¼ i½L fL ð!Þ þ R fR ð!Þ;

ð14Þ

2

where   2  ðEF ÞjV j is the tunneling rate between
the  electrode ( ¼ L; R) and the detecting QD ‘‘d’’, with a
DOS  ðEF Þ for each electrode at the Fermi energy EF . Thus
GðFÞ<
dd ¼

ið!Þ
ð!  "0c Þ2 ;
C00

ð15Þ

where
ð!Þ  L fL ð!Þ þ R fR ð!Þ;
C00  ½ð! 

"0c Þð!

ð16Þ
2 2

2

 "d Þ  jt~d j  þ  ð! 

"0c Þ2 :

ð17Þ

Similarly, we ﬁnd
ið!Þð!  "0c Þ
;
ð18Þ
C00
ið!Þjt~d j2
ð!Þ
¼
;
ð19Þ
GðFÞ<
cc
C00
with  ¼ ðL þ R Þ=2. We also deﬁne   2L R =
ðL þ R Þ. For simplicity, we assume L ¼ R .
For the Kondo linear detector shown in Fig. 1(a), the
Green functions are similarly obtained by using the equation
of motion method
izd ð!Þ
GðKÞ<
¼
;
ð20Þ
dd
ð!  "0d Þ2 þ  2 z2d
1
:
ð21Þ
GðKÞa
dd ¼
0
!  "d  izd
GðFÞ<
cd ð!Þ ¼

The charge qubit Green functions are expressed as
! þ "0q
;
ð!  Þð! þ Þ
!  "0q
;
Gbb ð!Þ ¼
ð!  Þð! þ Þ

;
Gab ð!Þ ¼ Gba ð!Þ ¼ 2
!  "02
q 
Gaa ð!Þ ¼

ð22Þ
ð23Þ
ð24Þ

2 1=2
where   ð"02
.
q þ Þ
Thus, the current for the Fano–Kondo detector can be
expressed as
Z
e d! z2d L R ð!  "0c Þ2
J¼
½ fL ð!Þ  fR ð!Þ; ð25Þ
h

C00

and the current for the Kondo detector is given by
Z
e d!
z2d L R
J¼
½ fL ð!Þ  fR ð!Þ: ð26Þ
h
 ð!  "0d Þ2 þ  2 z2d
In Sect. 3, we show numerical results of conductance
G  dJ=dVbias at Vbias ¼ 0, and discuss the transport
properties of the two detector.
2.3 Self-consistent equations

The detector current is calculated self-consistently: while the
qubit state inﬂuences the detector QD energy level and thus

04CJ03-3

# 2013 The Japan Society of Applied Physics

Jpn. J. Appl. Phys. 52 (2013) 04CJ03

T. Tanamoto et al.

where pa ¼ 1, pb ¼ 1, and f ð!Þ  fexp½ð!  EF Þ=
ðkB T Þ þ 1g1 . Using Eq. (10), we have the self-consistent
equations for the Fano–Kondo case:

2

Γ/td=2

10

0

-4

-2

0

tanh


;
2


"0q ¼ "q þ Vq zd ½1  zd ;
Z
d!
ð!  "0d Þ
@"0d
ð!Þ
þ

þ
¼ 0;
d
2
 ð!  "0d Þ þ  2 z2d
@zd
Z
d!
zd
ð!Þ þ zd  1 ¼ 0:
 ð!  "0d Þ2 þ  2 z2d
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Fig. 2. (Color online) DOS of the detecting QD ‘‘d’’ for (a) the Kondo
detector and (b) the Fano–Kondo detector, using =td ¼ 1, Vq =td ¼ 0:5,
"q =td ¼ 0:05, and T =td ¼ 0:02.
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¼ kB T . From Eq. (29), we can
where zc ¼ jhbc ij and
see that the energy shift "0q  "q of the charge qubit is related
to the electron occupancy 1  zc ¼ 1  jhbc ij2 of the trap
site ‘‘c’’, and its magnitude is proportional to the coupling
strength Vq . In particular, the qubit energy shifts as a
function of Vq due to back-action.
For the Kondo detector interacting with the charge qubit,
the self-consistent equations are
"0d ¼ "d þ  d þ Vq zd

(a)
Kondo

DOS(E)
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ε d /td
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;
tanh
2

"0q ¼ "q þ Vq zc ½1  zc ;
Z
d! ð!  "0c Þjtd j2
@"0
ð!Þ þ  c þ c ¼ 0;

C00
@zc
Z
d! zc jtd j2
ð!Þ þ zc  1 ¼ 0;
 C00

"0c ¼ "c þ  c þ Vq zc

30

DOS(E)

the current through it, the qubit state itself is also aﬀected by
the detector QD occupation through capacitive coupling, as
described by Eq. (8). Here we derive the self-consistent
equations. The DOS of qubits are derived from the qubit
Green function l ¼ ð1=Þ Im Gll ð! þ iÞ (l ¼ a; b). Then,
the average electron occupancy ql of the two QDs of the
qubit is expressed by


ZD
"0q
1

1 þ pl tanh
ql ¼
d! f ð!Þ l ð!Þ ¼
; ð27Þ
2
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Fig. 3. (Color online) Numerical results for the conductance G (in units
of e=h ) for detectors as a function of the QD energies ("d for the detecting
QD ‘‘d’’ of the Kondo detector, and "c for the charge trap ‘‘c’’ of the Fano–
Kondo detector) for =td ¼ 1, Vq =td ¼ 0:5 and temperature T =td ¼ 0:02.
(a) Fast Kondo detector: =td ¼ 2. (b) Fast Fano–Kondo detector: =td ¼ 2.
(c) Slow Kondo detector: =td ¼ 0:4. (d) Slow Fano–Kondo detector:
=td ¼ 0:4. The peak positions for the Kondo detector and the dip positions
for the Fano–Kondo eﬀect are shifted by the qubit bias "q .

3. Numerical Results

Here we show numerical results focusing on the shift of the
conductance peak in the Kondo eﬀect and the shift of the
conductance dip of the Fano–Kondo eﬀect. Although td
appears only in the Fano–Kondo detector, we measure all
energies in units of td , to better compare the Kondo detector
with the Fano–Kondo detector. For the Fano–Kondo
detector, when   td , the electron tunneling between the
QD ‘‘c’’ and the QD ‘‘d’’ cannot be easily observed because
the current ﬂow to and from the two electrodes is too fast, so
that it drowns out the eﬀects of the electron tunneling
between QDs ‘‘c’’ an ‘‘d’’. Thus, as shown in Ref. 32, we use
the QD-electrode tunneling rate  to characterize the
detection speed. Speciﬁcally, we denote the case of
=td ¼ 2 as a fast detector, and =td ¼ 0:04 as a slow
detector.
3.1 Conductance

Figure 2 shows numerical results of the DOS of the
detecting QDs ‘‘d’’. The DOS det ð!Þ of the detector QD is
derived from det ð!Þ  Im Grdd ð!Þ=. For the Kondo case

in (a) there is a single peak, and for the Fano–Kondo case in
(b) we can see the Fano asymmetric line shape. Figure 3
shows the conductance of the Kondo detector [(a) and (c)]
and the Fano–Kondo detector [(b) and (d)], as a function of
the detector QD energy levels "d of the Kondo detector [(a)
and (c)] and "c the Fano–Kondo detector [(b) and (d)],
respectively. We can see clear peaks for the Kondo detector
[(a) and (c)], and clear dips for the Fano–Kondo detector [(b)
and (d)], as in Refs. 3–12 and 15–18. These peaks and dips
are maximized when the coherence between the discrete
energy state and the continuum states is largest, we thus
denote corresponding energies "ðpeakÞ
and "ðdipÞ
as coherent
c
d
extrema. For the Kondo detector, because of Eq. (21), as
the detector speed  increases, the width of the peak also
increases. However, for the Fano–Kondo detector, because
of Eq. (13), as the detector speed increases, the width of the
dip decreases. For both detectors, the shifts of the conductance peaks and dips are observed, when "q is changed.
Below we investigate the shift of the coherent extrema "ðpeakÞ
d
and "cðdipÞ in more detail.
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Fig. 4. (Color online) The coherent extrema

"ðdpeakÞ

(conductance peak)
and "ðdipÞ
(conductance dip), as a function of the qubit bias "q . The
c
conductance peak of the Kondo detector for the =td ¼ 0:5 qubit (a), and
the =td ¼ 1 qubit (c). The conductance dip of the Fano–Kondo detector for
the =td ¼ 0:5 qubit (b), and the =td ¼ 1 qubit (d). The "ðdpeakÞ and "cðdipÞ
are smallest around the optimal point "0q ¼ "q 0.

Figure 4 plots the coherent extrema "ðpeakÞ
and "ðdipÞ
, as a
c
d
function of the qubit bias "q [Eq. (1)]. As the qubit bias "q
increases, the distribution of the excess charge in the qubit
approaches to the detector QDs, resulting in raising the
energy of QD ‘‘d’’ of the Kondo detector and that of QD ‘‘c’’
of the Fano–Kondo detector. Finally, the increase of the QD
energies are saturated because of the balance of the charge
distribution. Figure 4 reﬂects this fact and shows that "ðpeakÞ
d
and "cðdipÞ increase as "q increase.
Because z1 ¼ 0 (1 ¼ c; d) is satisﬁed at the coherent
extrema, we have the relation "0q ¼ "q from Eqs. (29) and
(33). Then, it can be observed that the minimum of "ðpeakÞ
d
and "cðdipÞ exist around the "0q  0 region in Fig. 4. At "0q  0,
1=2
the energy splitting ð2 þ "02
between the two eigenqÞ
energies of the qubit is smallest, and the qubit energy
splitting is a quadratic function of the qubit bias. Thus, qubit
state is insensitive to charge noises that lead to qubit
dephasing, and this zero bias point corresponds to an optimal
point, in analogy to other similar cases.24,27,28)
The third terms of Eqs. (28) and (32) decrease "ðpeakÞ
and
d
ðdipÞ
"c
when "0q < 0 and increases them when "0q > 0
(   1), resulting in the minimum structure of Fig. 4 at
the optimal point "0q ¼ 0. In addition, because the third terms
of Eqs. (28) and (32) become larger as  becomes smaller,
Figs. 4(a) and 4(b) are considered to show clearer minimum
structures than Figs. 4(c) and 4(d). We can also observe that
the magnitude of the minimum is proportional to the
coupling strength Vq . This is also the reason that the
minimum in Fig. 4 are caused by the third terms of Eqs. (28)
and (32). From Eqs. (28) and (32), at the optimal point
("0q ¼ 0, thus,  ¼ ) of the coherent extrema, we obtain
d"1
d"q

d 1
d"q

ð36Þ

(1 ¼ c; d). The peaks of Fig. 4 correspond to d"1 =d"q ¼ 0
and Eq. (36) shows that d 1 =d"q ¼ 0 at the minimum
values of the coherent extrema.
As mentioned above, the "ðpeakÞ
and "cðdipÞ increase when "q
d
increases, and they are ﬁnally saturated after they have their
minimum regarding the optimal points. Thus, their deriva-

=d"q and d"ðdipÞ
=d"q
c
plotted as a function of the qubit–detector coupling Vq for both fast
(=td ¼ 2) and slow (=td ¼ 0:4) detectors for (a) the Kondo and (b) the
Fano–Kondo detectors. It can be seen that the maximum values do not vary
with the speed  of the detectors. It can also be seen that
d"ðdpeakÞ =d"q / Vq = and d"ðdipÞ
=d"q / Vq =.
c
Fig. 5. (Color online) Maximum values of d"d

=d"q and d"cðdipÞ =d"q , are considered to have
tives, d"ðpeakÞ
d
their maximum values around the middle points between
the minimum of the optimal points and the small "q region.
Figure 5 plots the maximum values of d"ðpeakÞ
=d"q and
d
d"ðdipÞ
=d"
as
a
function
of
the
qubit–detector
coupling
Vq . It
q
c
can be seen that: (i) the maximum values of d"ðpeakÞ
=d"
q and
d
d"ðdipÞ
=d"
do
not
depend
on
the
speed

of
the
detectors,
q
c
and (ii) there is a relationship between the peaks and Vq =
such as
!
d"ðpeakÞ
Vq
d
;
ð37Þ
max
/
d"q

 ðdipÞ 
d"c
Vq
;
ð38Þ
max
/
d"q

when =td > 1. These weak dependences of the maximum
values on the speed  of the detectors are considered to be
because of the sharp response of the Kondo and Fano–
Kondo eﬀects at their coherent extrema. Because all
quantities are numerically derived from the self-consistent
equations, Eqs. (37) and (38) cannot be derived analytically,
and these results are obtained numerically. In principle, Vq
can be calculated from the structure of the system by using
the capacitance network model, as shown in the Appendix
A. Thus, in experiments, if we can prepare several samples
with the diﬀerent distances between the detector and the
qubit, we can estimate the tunneling coupling  for the
charge qubit by using the relations Eqs. (37) and (38).
Therefore, Figs. 4 and 5 indicate that by ﬁnding the
minimum of "ðpeakÞ
and "ðdipÞ
, we can ﬁnd the optimal point
c
d
0
("q ¼ 0) of the qubit, and by analyzing the coeﬃcients
of d"ðpeakÞ
=d"q and d"cðdipÞ =d"q as a function of Vq , we can
d
infer the tunneling coupling  for the charge qubit.
Here, we check
whether the temperature T ¼ 0:002td is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
below TK  ~ 2 þ t2 z2 or not. In our calculations, ~   
( ¼ c; d). As can be seen from Fig. 3, Kondo peaks and
Fano dips are observed for j  j > 0:5. In addition, when
there are no Kondo peaks or Fano dips, z  1. Thus, in both
the Kondo region and the non-Kondo region, TK > T ¼
0:002td is always held.
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4. Perturbation Theory
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Fig. 6. (Color online) The qubit bias "0q of (a) the Kondo detector for
=td ¼ 0:4 and (b) the Fano–Kondo detector for =td ¼ 2. Fano Factor F of
(c) the Kondo detector for =td ¼ 0:4 and (d) that of the Fano–Kondo
detector for =td ¼ 2. Here, =td ¼ 0:5, Vq =td ¼ 0:5, at zero temperature.

3.2 Back-action

As we have seen, both the Kondo detector and the Fano–
Kondo detector have similar capabilities to detect the
tunneling  and the qubit bias "0q . Here we consider the
eﬀect of measurement (back-action on the qubit) and
the noise characteristics of the two types of detectors.
Figures 6(a) and 6(b) show how "0q is aﬀected by the
detectors. The change of qubit energies clearly depends on
the coherent extrema of the Kondo peak and the Fano–
Kondo dip. Although ﬁgures are not shown, the changes
of "0q for =td ¼ 2 of the Kondo detector and that for
=td ¼ 0:4 of the Fano–Kondo detector are larger than those
in Figs. 6(a) and 6(b), respectively. Thus the slow Kondo
detector and the fast Fano–Kondo detector are better from
the viewpoint of back-action.
The ratio of the shot noise SI and the full Poisson noise
2eI, F  SI =ð2eIÞ, is called the Fano factor. It indicates
important noise properties with regard to the quantum
correlations.8) Smaller F is better because smaller F means
less noise of the detection. Similarly to the result of Ref. 40,
the Fano factor F at zero bias and zero temperature is given
by 1  T ðEF Þ, where T ðEF Þ is a transmission probability
expressed by
T ð!Þ 

2L R

L þ R

det ð!Þ:

ð39Þ

[ det ð!Þ is the DOS of the detector QD, as mentioned above.]
This means that the larger T ð!Þ is better from the viewpoint
of the noise reduction. As can be inferred from Figs. 3(a)
and 3(c), T ð!Þ for =td ¼ 2 of the Kondo detector is larger
than that of =td ¼ 0:4 of the Kondo detector. This means
that, in the case of the Kondo detector, F for =td ¼ 2 is
smaller than that for =td ¼ 0:4 [Fig. 6(c)]. Similarly, in the
Fano–Kondo detector, F for =td ¼ 0:4 is smaller that that
for =td ¼ 2 [Fig. 6(d)]. Thus, the fast Kondo detector and
the slow Fano–Kondo detector are better from viewpoint of
the noise reduction. Therefore, the magnitude of the backaction and the eﬃciency of the detector have a tradeoﬀ
relationship. More advanced analysis such as Ref. 41 should
be considered as a future problem.

A crucial assumption that allows our calculations mentioned
above to proceed is the decoupling approximation as stated
in Eq. (8). Here we investigate the validity of this
approximation by using a simple model in which the charge
qubit is capacitively coupled to a QD connected to a Fermi
sea. In Ref. 42,  is related to the measurement speed of
the system. Here we use 1 , the tunneling time between
the central QD and the leads, to represent the time scale of
the detector and its temporal sensitivity. The perturbation
Hamiltonian is

MF
H1  Hint  Hint ¼ Vq  z n1  ðqa  qb Þn1
)
X

X

1 s  z þ ðqa  qb Þ
1 s ; ð40Þ
s

s

where 1 ¼ c; d. Because the qubit Hamiltonian Eq. (1)
includes  x and  z , H1 can ﬂip the qubit state between j0i
and j1i. We apply the golden rule and calculate the transition
probability starting from the initial qubit state j0i. The
transition probability PðÞ is given by
Z1
1 X
PðÞ ¼ 2
dt hijH1y ðtÞH1 ð0Þjii
i
h i
1
2Z 1
X
Vq
it
¼ 2
dt
ð41Þ
i hijn1 ðtÞn1 ð0Þjiie ;
h 1
i
where i labels the eigenstates of the environment (electrodes), and i ¼ expð "i =Z0 Þ, with an equilibrium
environment partition function Z0 . At zero temperature,
we can decouple hijn1 ðtÞn1 ð0Þjii into h fy1 ðtÞf1 ð0Þi and
h f1 ðtÞfy1 ð0Þi using the Bloch–De Dominicis theorem.43) For
the Fano–Kondo case,
Z
d! ð!Þ i!t
y
2
~
h fc ðtÞfc ð0Þi ¼ jtd j
e ;
ð42Þ
2 C00
Z
d! ð!Þ i!t
e ;
ð43Þ
h fc ðtÞfcy ð0Þi ¼ jt~d j2
2 C00
P
where ð!Þ  ¼L;R  ½1  f ð!Þ. Deﬁning the lifetime
of the mean-ﬁeld approximation by 1=  PðÞ, as
discussed in Ref. 44, we obtain, for 

162 Vq2 

1

td4 z2c

ð44Þ

;

and for   
1

 
 a 
42 Vq2 td4 z2c
 ;
log
a 
5
ðaþ  a Þ
þ

where
a 

1
½ 2 þ td2 zc
2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2 ð 2  2td2 zc Þ:

For the Kondo case, we obtain for 
1

Vq2 
 2 z2d

ð45Þ

ð46Þ



;

ð47Þ

and for   
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82 Vq2 z2d

log
:
3
zd


ð48Þ
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We estimate this lifetime for the case of 
 by referring
to the experimental values in Ref. 16. The intrinsic
measurement time tm can be estimated from tm h =.
When using td ¼ 0:5 meV,  ¼  ¼ 0:2 meV, Vq ¼
0:01 meV, and  ¼ 0:01 meV, we obtain  64 ns for the
Fano–Kondo case, and we obtain  26 ns for the Kondo
case. Then, tm h =  0:0033 ps and tm
is held. Thus,
in this region, the decoupling approximation is valid. The
fast detector has longer lifetime for the Kondo case. When
using td ¼ 0:5 meV,  ¼  ¼ 1 meV, Vq ¼ 0:01 meV, and
 ¼ 0:01 meV, we obtain
 0:65 s for the Kondo
detector.

Gate
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-qA
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+qE

+qB

-qE
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+qT
-qT

Nβ

CD

Γ

qubit

-qB

-qD +qD

nd

Ω

+qC

CC

-qC

Substrate

5. Discussion and Conclusions

We have shown that by measuring the shifts of the Kondo
resonance peak and the Fano–Kondo dip in the conductance,
we can estimate the optimal point and the tunneling strength
 between two states of a charge qubit. In general, it is
believed that charged two-level systems are susceptible to
phonons. In Ref. 45, the result of the spin-boson model
showed that the degradation of the coherence by phonons is
smaller than expected. References 46 and 47 also argued
that the eﬀect of phonons is not so large. In addition,
because we use the coherent extrema, the eﬀect of phonons
is expected to be smaller than other energy scales.
We have studied the Kondo and the Fano–Kondo eﬀects
in QD system from viewpoint of the detectors of a
capacitively coupled charge qubit. We have used the
slave-boson mean ﬁeld theory and the decoupling approximation to describe the quantum interference of the system.
In particular, we have investigated the modulation of the
conductance peak and dip by the charge qubit. We found
that, by measuring the shifts of the positions of the
conductance peak and dip as a function of the applied gate
voltage on the charge qubit (qubit bias), we can estimate the
optimal point. In addition, we showed that, by analyzing the
derivatives of the shifts of the peak and dip as the function of
the qubit bias, we can infer the tunneling strength between
the states j0i and j1i of the charge qubit. These characteristics are the results of the resonant behavior of the Kondo
and the Fano–Kondo eﬀects, and a new aspect of the
application of these important quantum interference eﬀects.

Fig. A1. Charge qubit (right side) made of two coupled QDs with
tunneling strength  and gate electrode VG . A detecting QD is in the left
side and consists of a one-energy level state with tunneling coupling  to
reservoir (substrate).

U¼

q2A
q2
q2
q2
q2
q2
þ B þ C þ D þ E þ T
2CA 2CB 2CC 2CD 2CE 2CT
 qA VG þ qT Vsub þ qC Vsub :

ðA1Þ

The numbers of electrons in the two QDs of the qubit and the
detector QD site are described by the operators N^  , N^ , and
n^ d , respectively, such as
N^   ðqA þ qB þ qE Þ=e;

ðA2Þ

N^  ðqB þ qC þ qD Þ=e;

ðA3Þ

n^ d  ðqE þ qD þ qT Þ=e:

ðA4Þ

The charge distribution is determined by minimizing this
charging energy. When we deﬁne  z  N^   N^ under the
condition N^  þ N^ ¼ 1, as in Ref. 45, we have
Ct
U^ ¼
fð   Þ z þ 2ðC C  C2B Þðn^ d  nd0 Þ2
4Dz
þ 2ðCp þ Cm  z Þðn^ d  nd0 Þg þ const:;
ðA5Þ
where C  CA þ CB þ CE , C  CB þ CC þ CD , Ct 
CD þ CE þ CT , and nd0  Cw Vsub with
  C Ct  C2E ;  ¼ C Ct  C2D ;

ðA6Þ
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Cp  ðC þ C ÞCD  2C CE

ðA8Þ

Cm  C CD  C CE þ CB ðCE  CD Þ:

ðA9Þ

Appendix:

Qubit–Detector Interaction

Here we derive the formula of the capacitive interaction
Eq. (7) between a charge qubit and a detector QD, applying
the capacitance network model to the system shown in
Fig. A1. When charges stored in each capacitance are
expressed as in Fig. A1, the charging energy of this system
is expressed by37)

Thus, we can obtain the coupling Vq between the charge
qubit and the detector as
Vq ¼

Ct Cm
:
2Dz

ðA10Þ

When the detector is distant from the qubit, we can
approximate CE ¼ 0 and CC 
¼ CA , and then we obtain
Vq 
¼

eCD
1
/
:
CT ð2CB þ CA Þ dD

ðA11Þ

When we can simply approximate the capacitance CD
"SD =dD (" is the dielectric constant, SD is the eﬀective
area of the QD, and dD is the distance between the qubit
and the detector QD), we can see that the coupling constant
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is proportional to the inverse of the distance between the
qubit and the detector QD, similar to pure Coulomb
interaction.
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J. Göres, D. Goldhaber-Gordon, S. Heemeyer, M. A. Kastner, H.
Shtrikman, D. Mahalu, and U. Meirav: Phys. Rev. B 62 (2000) 2188.
M. Sato, H. Aikawa, K. Kobayashi, S. Katsumoto, and Y. Iye: Phys. Rev.
Lett. 95 (2005) 066801.
A. W. Rushforth, C. G. Smith, I. Farrer, D. A. Ritchie, G. A. C. Jones, D.
Anderson, and M. Pepper: Phys. Rev. B 73 (2006) 081305(R).
S. Sasaki, H. Tamura, T. Akazaki, and T. Fujiswa: Phys. Rev. Lett. 103
(2009) 266806.
I. Buluta, S. Ashhab, and F. Nori: Rep. Prog. Phys. 74 (2011) 104401.
S. Ashhab, J. Q. You, and F. Nori: New J. Phys. 11 (2009) 083017.
S. Ashhab, J. Q. You, and F. Nori: Phys. Scr. T137 (2009) 014005.

26)
27)
28)
29)

30)
31)
32)
33)
34)
35)
36)
37)
38)
39)
40)
41)
42)
43)
44)
45)
46)

