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a b s t r a c t

In the past 20 years, impressive progress has beenmade both experimentally and theoreti-
cally in superconducting quantum circuits, which provide a platform for manipulating mi-
crowave photons. This emerging field of superconducting quantummicrowave circuits has
been driven by many new interesting phenomena in microwave photonics and quantum
information processing. For instance, the interaction between superconducting quantum
circuits and single microwave photons can reach the regimes of strong, ultra-strong,
and even deep-strong coupling. Many higher-order effects, unusual and less familiar in
traditional cavity quantum electrodynamics with natural atoms, have been experimentally
observed, e.g., giant Kerr effects, multi-photon processes, and single-atom induced bista-
bility of microwave photons. These developments may lead to improved understanding of
the counterintuitive properties of quantum mechanics, and speed up applications ranging
from microwave photonics to superconducting quantum information processing. In this
article, we review experimental and theoretical progress in microwave photonics with
superconducting quantum circuits. We hope that this global review can provide a useful
roadmap for this rapidly developing field.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The interaction betweenmatter and electromagnetic fields is one of themost fundamental processes occurring in nature.
This interaction is explored in cavity quantum electrodynamics (cavity QED) [1], the field of QED that studies the interactions
between atoms and quantized electromagnetic fields inside a high-Q cavity. This research field is very important for both
atomic physics and quantum optics. In the past, research in cavity QEDwas focused on phenomena in the optical domain [2].

Starting from experiments on macroscopic quantum coherence in devices where Cooper pairs tunnel between small
superconducting islands [3], the last two decades have seen a greatly increased interest in using superconducting quantum
circuits (SQCs), based on Josephson junctions, for implementing quantum bits — the basic units of quantum information
processing. It has also been demonstrated that SQCs possess discrete energy levels and behave like atoms. For this reason,
SQCs are often referred to as superconducting artificial atoms. The typical voltage applied to a Josephson junction is a few
microvolts, so SQCs usually operate at frequencies in the microwave domain. The study of properties of SQCs and the
interaction between SQCs and a classical microwave field is related to atomic physics. However, the study of the interaction
between SQCs and a quantized microwave electromagnetic field, which is usually referred to as circuit QED, requires more
knowledge of quantum optics.

Phenomena which occur in atomic physics and quantum optics, using natural atoms and optical photons, are expected
to also manifest in setups using superconducting artificial atoms and microwave photons. For example, experiments
where superconducting qubits are strongly coupled to a superconducting transmission-line resonator open many new
possibilities for studying the strong interaction between microwave photons and various quantum devices, in analogy
with the interaction between optical photons and atoms in quantum optics [4–6]. That is, the studies in cavity QED can
be extended to quantized electrical circuits, constructed by Josephson junctions and various electronic components. This
circuit QED has developed into a rapidly growing field of studying quantum optics in the microwave domain with SQCs. For
a basic comparison between SQCs and natural atoms, see Fig. 1 and Table 1.

Many well-known physical effects in quantum optics and atomic physics have been demonstrated with SQCs, including
dressed states, Autler–Townes splitting, electromagnetically induced transparency, the Mollow triplet, and other phenom-
ena. Also, much theoretical and experimental activity is presently concerned with further exploring atomic physics and
quantumoptics in themicrowave domainwith SQCs. To distinguish such studies from traditional quantumoptics and atomic
physics, we refer to this research field asmicrowave photonics with SQCs.

In contrast to natural atoms, the superconducting artificial atoms can be designed, fabricated, and controlled for various
research purposes. Furthermore, the interaction between artificial atoms and electromagnetic fields can be artificially
engineered. Hence, SQCs can possess some features, which are very different from those of natural atoms. That is, circuit
QED can be used to demonstrate phenomena that cannot be realized or observed in atomic physics and quantum optics. For
instance, single- and two-photon processes can coexist in SQCs, and the coupling between SQCs and microwave fields can
become ultrastrong.

In the past twenty years, significant progress has beenmade in this emerging research field of circuit QED. Although there
are several brief reviews on SQCs and circuit QED, a comprehensive and pedagogical introduction to the field is still needed.
Thus, we believe that it is a good moment to summarize the results of the field and consider future perspectives.

In this review, we mainly focus on the recent progress of atomic physics and quantum optics with SQCs. Quantum
computing using SQCs is only partially covered in the last Section on applications. We first review several different
SQCs, which are considered as superconducting artificial atoms in different configurations, and describe various models of
microwaves interactingwith SQCs. Thenwe summarize the progress achieved so far in quantumoptics and atomic physics in
the microwave domain with SQCs. We also describe some research subjects and devices (e.g., circulators and mixers) which
are not common in quantum optics and atomic physics. Throughout the review, we discuss the advantages and drawbacks
of SQCs compared to natural atoms.

The sections of the review are organized as follows. In Section 2, we introduce basic components, concepts, and models
of various superconducting artificial atoms, superconducting qubits, and resonators. In Section 3, we introduce other
microwave components such as beam-splitters, circulators, switches, and mixers. In Section 4, we discuss the interaction
between a quantized microwave field and SQCs. Starting from a general theoretical description, we show how the strength
of the interaction defines various parameter regimes of interest, including the regime of ultrastrong coupling. In Section 5,
we provide an overview of the progress in waveguide QED, where SQCs interact with a continuum of modes in an open
transmission line rather than a single mode in a resonator. In Section 6, we summarize a series of typical phenomena
in microwave quantum optics and atomic physics that have been demonstrated with SQCs. These phenomena include
electromagnetically induced transparency, Autler–Townes splitting, lasingwith andwithout population inversion, sideband
transitions, squeezed states, photonblockade, andquantum jumps. In particular,wepay extra attention to phenomenawhich
cannot be demonstrated using traditional quantum optics and atom physics. In Section 7, some new nonlinear phenomena
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Fig. 1. Schematic illustrations of natural and artificial atoms interacting with quantized bosonic modes. (a) Cavity QED. Flying neutral atoms interact with
photons confined in a high-Q cavity. (b) Two-dimensional array of ion traps. An ensemble of ions are trapped by electric and magnetic fields at each site.
Lasers manipulate the collective vibration modes of the ions. These vibrational modes couple to the ions’ internal degrees of freedom. (c) Circuit QED.
Superconducting qubits with Josephson junctions (red blocks) fabricated on chip interact with the electric fields in a transmission-line resonator.
Source: (c). Courtesy of Ze-Liang Xiang.

Table 1
Comparison between natural atoms and artificial atoms based on superconducting circuits and their interaction with quantized bosonic modes.

Natural atoms Artificial atoms

Neutral atoms Trapped ions Superconducting qubits

Qubits Atoms Ions Josephson-junction devices

Dimensions ∼10−10 m ∼10−10 m ∼10−6 m

Energy gap ∼1014 Hz (optical), GHz
(hyperfine)

∼1014 Hz (optical), GHz
(hyperfine)

∼1–10 GHz

Quantized
bosonic modes

Photons Collective vibration modes
of ions (phonons)

LC circuits (photons), surface acoustic
waves (phonons)

Frequency range Microwave, optical Microwave, optical Microwave

Controls Lasers Lasers, electric/magnetic
fields

Microwave pulses, voltages, currents

Components Mirrors Electrodes Capacitors
Optical and microwave
cavities

Optical cavities, vibration
modes

LC and transmission-line resonators,
3D cavities

Optical fibers Optical fibers Transmission lines
Beam-splitters Beam-splitters Hybrid couplers, Josephson mixers

Temperature nK–µK µK–mK ∼10 mK

Advantages Homogeneous (parameters
set by nature)

Long coherence times Strong and controllable coupling,
tunable in situ, fabricated on chip

in superconducting artificial atoms are summarized. In Sections 8 and 9, we describe theoretical and experimental progress
for generating and detecting microwave photons using SQCs. Compared to optical photons, microwave photons are easier
to generate and manipulate, but harder to detect. In Section 10, we briefly review superconducting quantum information
processing and quantum metamaterials using superconducting qubits. Finally, we provide a very brief summary and some
perspectives on the field in Section 11. As a complement to the first few sections of the review,we presentmore details about
circuit quantization in Appendix A and about unitary transformations and the Jaynes–Cummingsmodel in Appendix B. A list
of acronyms can be found in Appendix C.

2. Basic concepts: qubits and resonators

In microwave photonics with superconducting quantum circuits (SQCs), the basic building blocks of cavity QED, natural
atoms and optical cavities, are replaced with superconducting artificial atoms and resonators, respectively. In this section, we
provide an overview of these fundamental parts of a circuit-QED setup and demonstrate the wide choice of designs possible
for artificial atoms. We begin in Section 2.1 by introducing the Josephson junction and explaining why it is essential to SQCs.
We then describe three basic types of SQCs functioning as artificial atoms (Section 2.2) and show how these three designs
have been extended to improve various properties (Section 2.3). After discussing selection rules for (Section 2.4), multi-level
versions of (Section 2.5), and readout of (Section 2.6) the artificial atoms, we end in Section 2.7 by reviewing different types
of resonators that the SQCs can be coupled to. The interaction between resonators and SQCs is treated in Section 4. While
the current sections give Hamiltonians for many SQCs, the procedure for deriving such Hamiltonians from electric circuits
is reviewed in Appendix A.
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2.1. Superconducting quantum circuits and Josephson junctions

The prototypes of SQCs date back to the study of Josephson junctions in the 1980s (e.g., Ref. [7]). This research was related
to the question whether macroscopic systems can behave quantum mechanically. Recently, the study of SQCs has been
attracting extensive attention, and one can say that SQCs have opened a new research area withmany potential applications
in quantum-information processing. In addition to Josephson junctions, SQCs are constructedwith inductors, capacitors, and
other electronic elements. The Josephson junctions are equivalent to nonlinear inductors.

SQCs aremacroscopic in scale, and operate atmilli-Kelvin temperatures tomaintain their superconducting states. Similar
to natural atoms, SQCs have discrete energy levels. Therefore, SQCs are also referred to as superconducting artificial atoms.
However, in contrast to natural atoms, SQCs can be artificially designed and fabricated for different research purposes and
their energy levels can be adjusted by external parameters, e.g., currents and voltages, or magnetic and electric fields. Also,
the coupling strength between SQCs and their electromagnetic environments can be tuned. A detailed description of these
unique properties has been presented in a number of excellent reviews on superconducting artificial atoms [8–27]. Here, for
the completeness of this article, we present a brief summary of these reviews.

A basic requirement for the SQCs to function as artificial atoms is the anharmonicity of their energy-level spacing.
Josephson junctions play an important role in SQCs because of the strong nonlinearity they provide, which is the key to
making superconducting artificial atoms anharmonic. Another important property of the Josephson junctions is that they,
like the other circuit elements in an SQC, have negligibly small energy dissipation.

A Josephson junction is made of two superconducting electrodes, separated by a thin insulating film (with typical
thickness of 1–3 nm) in a sandwich structure, giving rise to an intrinsic capacitance CJ. Cooper pairs, formed by two bound
electrons, with opposite spins, in the superconducting electrodes, can tunnel coherently through the insulating barrier one
by one. These tunneling Cooper pairs form the so-called supercurrent, governed by the dc Josephson effect [28]: I = Ic sinφ,
where φ is the gauge-invariant phase difference between the two superconducting electrodes and the critical current Ic is
determined by material properties. The phase difference φ is connected to the voltage V across the junction through the
relation ∂φ/∂t = 2 eV/h̄, where e is the elementary charge.

From these two equations, it can be shown that the Josephson junction has an energy −EJ cosφ, where EJ = h̄Ic/(2e)
is called the Josephson energy. Furthermore, the current–voltage relations reveal that the Josephson junction functions
like a nonlinear inductance with L = h̄/(2eIc cosφ). It is this nonlinearity of the Josephson junction that brings about the
anharmonicity of SQCs. In a given SQC, we can thus select the two lowest-energy levels from the non-equally spaced energy
spectrum. These two levels form a quantum bit (qubit) for quantum-information processing.

When an ac voltage V is applied to the two electrodes of the Josephson junction, the supercurrent I is periodically
modulated as I = Ic sin(ωt + φ) with the Josephson frequency ν = ω/(2π ) = 2 eV/h. This is called the ac Josephson effect.
The energy hν equals the energy change of a Cooper pair transferred across the junction. The voltage applied to a Josephson
junction is typically on the order of a few microvolts. Thus, SQCs are usually operating at frequencies in the microwave
regime.

2.2. Three basic SQC types

There are three basic types of SQCs [9,11]with Josephson junctions, classified by the ratio EJ/EC, where EC = e2/(2C) is the
electrostatic Coulomb energy (single-electron charging energy). The relevant capacitance C is either the capacitance CJ of the
Josephson junction or the capacitance of a superconducting island connected to the Josephson junction, depending on the
circuit. Quantization of the SQCs, which reveals their discrete energy levels, can be realized by defining a pair of canonically
conjugate variables: φ, the gauge-invariant phase difference, and n, the number of Cooper pairs on the superconducting
island. This pair of conjugate variables satisfies the commutation relation [φ, n] = i (or, rather,

[
eiφ, n

]
= eiφ [29]) and

obeys the Heisenberg uncertainty relation∆φ ∆n ≥ 1.When EJ > EC, the Josephson behavior of the junction dominates and
the charge number n has large quantum fluctuations. Conversely, when EC > EJ the charging behavior of the capacitance
dominates; the charge number n is well defined and φ has large quantum fluctuations.

Just like natural atoms, SQCs aremulti-level systems. Whenwe limit our study to only the two lowest-energy levels, a two-
state system, i.e., a qubit, can be defined. Using the ideas described here, SQCs based on Josephson junctions can basically
be divided into three kinds of circuits, called charge, flux, and phase qubits, which are shown in Fig. 2 and discussed in more
detail below.

2.2.1. Superconducting charge-qubit circuits
A charge-qubit circuit, also called a single Cooper-pair box, can be defined when EC/EJ ∼ 10. As schematically shown

in Fig. 2(a), the circuit consists of a superconducting island (with n excess Cooper pairs) connected to ground via one or
two small Josephson junctions (with Josephson energy EJ and capacitance CJ) [3,30,31]. In the latter case, the two Josephson
junctions form a superconducting quantum interference device (SQUID). A gate voltage Vg, applied to the island through a
gate capacitance Cg, is used to control the energy-level spacing of the qubit circuit. For a single-junction circuit, the single-
electron charging energy is EC = e2/[2(CJ + Cg)].
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(a) Charge qubit. (b) Flux qubit. (c) Phase qubit.

Fig. 2. Schematic diagrams of the three basic superconducting quantum circuits and their potential energies. (a) Charge qubit, (b) flux qubit, and (c) phase
qubit.

If the superconducting energy gap ∆E of the island is much larger than the thermal energy kBT , where kB is Boltzmann’s
constant and T is the temperature of the qubit environment, then only Cooper pairs can tunnel coherently through the
Josephson junction. In this case, the system Hamiltonian can be written as

H = 4EC(n − ng)2 − EJ cosφ, (1)

where ng = CgVg/(2e) is the gate-charge number. We recall that n is the number of excess Cooper pairs on the island, and
φ is the gauge-invariant phase difference across the Josephson junction. To quantize the circuit, we use n and φ as a pair of
quantum-mechanical conjugate operators. Given that the conditions

∆E ≫ EC ≫ EJ ≫ kBT (2)

are satisfied, the charge energy EC dominates Eq. (1) for most values of ng and, then, a charge-qubit circuit can be defined. In
the charge basis |n⟩, the Hamiltonian in Eq. (1) can be rewritten as

H =

∑
n

[
4EC(n − ng)2 |n⟩ ⟨n| −

1
2
EJ(|n + 1⟩ ⟨n| + |n⟩ ⟨n + 1|)

]
, (3)

which shows that the charge-qubit circuit is a multilevel system. The energy-level spacing can be changed by varying ng
through the external gate voltage Vg, i.e., the gate voltage acts as a control parameter in such an artificial atom.

We note that the value ng = n + (1/2) plays a very special role in the circuit:

(i) The eigenstates of the system are symmetric around this point and have well-defined parities there.
(ii) The charging energies 4EC(n − ng)2 are degenerate at this point for any two adjacent charge states |n⟩ and |n + 1⟩.

This degeneracy can be broken by the Josephson energy.
(iii) The two lowest-energy levels of the circuit are well separated from the upper levels at this point, so the circuit can

be reduced to a two-state system by only considering the two lowest-energy levels. Thus, a charge qubit is formed,
described by the Hamiltonian

Hq = −2EC(1 − 2ng)σz − EJσx/2, (4)

where σz = |1⟩ ⟨1| − |0⟩ ⟨0| and σx = |1⟩ ⟨0| + |0⟩ ⟨1| are the Pauli operators in the charge basis. We note that the
state |1⟩ (|0⟩) corresponds to the spin state |↑⟩ (|↓⟩).

(iv) Up to first order in perturbation theory, the qubit transition frequency is insensitive to offset-charge noise, and thus the
coherence time of the charge qubit is optimized.

Considering properties (ii) and (iv), ng = n + (1/2) is usually called the degenerate or optimal point. For SQUID-based two-
junction circuits, EJ and CJ in theHamiltonian of a single-junction circuit are replaced by EJ cos(πΦe/Φ0) and 2CJ, respectively,
where Φe is the external magnetic flux through the SQUID loop and Φ0 is the flux quantum. Thus, the gate voltage Vg and
the external magnetic flux Φe together enable full control for these SQUID-based charge-qubit circuits.

2.2.2. Superconducting flux-qubit circuits
A flux-qubit circuit, also called a persistent-current-qubit circuit, can be defined when EJ/EC ∼ 50 [32–35]. This qubit

is analogous to a particle with an anisotropic mass moving in a two-dimensional periodic potential [36]. As schematically
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shown in Fig. 2(b), a flux-qubit circuit consists of a superconducting loop interrupted by one, three, or more than three
Josephson junctions. For a flux-qubit circuit with a single-junction loop [34,37], a large self-inductance is needed to obtain
enough quantum states in the local minimum of the circuit’s potential energy. Such a large self-inductance requires a large-
size loop, making the qubit sensitive to flux noise. However, flux-qubit circuits based on three junctions [32,33,38] enable
a reduction of the loop size while retaining a large inductance; thus, these circuits have been extensively adopted for qubit
devices. In such circuits, the size of one junction is α times smaller than those of the other two (identical) junctions. If
α ≤ 0.5, the flux-qubit circuit only has a single potential well. To create a double-well potential, α > 0.5 is used, and
typically 0.6 < α < 0.7 to avoid effects of charge noise. A magnetic flux Φe through the superconducting loop is used to
adjust the potential energy of the circuit and, thus, to vary its energy-level spacing.

The Hamiltonian of the three-junction circuit can be written as [36,39]

H =
P2
p

2Mp
+

P2
m

2Mm
+ U(ϕp, ϕm), (5)

where Mp = 2CJ(Φ0/2π )2 and Mm = Mp(1 + 2α) can be considered effective masses, while Pp = −ih̄∂/∂ϕp and
Pm = −ih̄∂/∂ϕm can be considered effective momenta. Moreover, ϕp = (ϕ1 + ϕ2)/2 and ϕm = (ϕ1 − ϕ2)/2 are defined
by the phase drops ϕ1 and ϕ2 across the two larger junctions. The effective potential U(ϕp, ϕm) is given by

U(ϕp, ϕm) = 2EJ(1 − cosϕp cosϕm) + αEJ[1 − cos(2π f + 2ϕm)], (6)

where f = Φe/Φ0 is the reduced magnetic flux. It is clear that the shape of the double-well potential energy U(ϕp, ϕm) can
be changed from asymmetric to symmetric if f is changed from f ̸= 0.5 to f = 0.5 by adjusting the external magnetic flux
Φe. Thus, Φe is a control parameter for various properties of these flux-qubit circuits.

In these SQCs, the two lowest energy levels are well isolated from the upper levels when f is near the point f = 0.5.
Thus, a two-level system (a qubit) can be realized by only considering these two lowest energy levels. By projecting the full
Hamiltonian onto these two levels, we obtain the approximate Hamiltonian of the flux qubit,

Hq =
εσz + δσx

2
, (7)

with ε = Ip(2Φe −Φ0), and Pauli operators σz = |⟲⟩ ⟨⟲|− |⟳⟩ ⟨⟳| and σx = |⟲⟩ ⟨⟳|+ |⟳⟩ ⟨⟲| given in the circulating-current
basis. Here, |⟲⟩ and |⟳⟩ are, respectively, the stateswith anti-clockwise and clockwise supercurrents Ip circulating in the loop
of the qubit circuit. The parameter δ is the tunneling-coupling strength between the two current states, which correspond
to different potential wells. We mention that the flux qubits are, up to first order in perturbation theory, insensitive to
electromagnetic noise when f = 0.5. Thus, the point corresponding to f = 0.5 is called the optimal working point for a flux
qubit. Furthermore, the inversion symmetry of the potential energy U(ϕp, ϕm) for the variables ϕp and ϕm is well defined at
this point. This symmetry implies that the parities of all the eigenstates of the system also are well defined. In this sense,
superconducting flux-qubit circuits are the same as natural atoms.

2.2.3. Superconducting phase-qubit circuits
The study of superconducting phase-qubit circuits can be dated back to the 1980s and the exploration of quantum-

mechanical properties of macroscopic degrees of freedom [7,40]. As schematically shown in Fig. 2(c), these circuits consist
of a large Josephson junction with EJ/EC ∼ 106 [18,41–43]. The ‘‘tilted washboard’’ shape of the junction’s potential energy
is controlled through an applied dc bias current Ib. Themagnetic flux threading the phase-qubit loop can also act as a control
parameter for the washboard potential.

The Hamiltonian of the phase-qubit circuit is given by

H =

(
2e
h̄

)2 p2

2CJ
−

Φ0

2π
Ibϕ − EJ cosϕ, (8)

with the charge Q = 2ep/h̄ in the junction capacitance defining a ‘‘momentum’’ p. By similarly treating ϕ as a ‘‘position’’,
letting p and ϕ form a pair of canonically conjugate quantum operators with the commutation relation [ϕ, p] = i, the phase-
qubit circuit can be quantized. In such a circuit, the bias current Ib is usually very close to the critical current Ic = 2eEJ/h̄
of the Josephson junction. Because of this, the energy levels have small anharmonicity. By projecting a given multi-level
phase-qubit circuit onto its two-lowest-energy levels, a phase qubit and its Hamiltonian is obtained, just as for charge and
flux qubits. However, there is no symmetry for the potential energy of phase-qubit circuits and, thus, there are nowell defined
parities for the eigenstates. We mention that there is no optimal point to minimize the effect of electromagnetic noise on
phase-qubit circuits, but the phase qubit is insensitive to offset-charge noise since the ratio EJ/EC is so large.

2.3. Various extensions of SQCs

To realize long coherence times, easy connectivity, as well as fast and full control of SQCs, the three basic SQCs discussed
above have been further improved and modified in various kinds of superconducting-circuit designs. In this section, we
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Fig. 3. Various extensions of the three basic superconducting qubits. The split Cooper-pair box and the 3-junction flux qubit shown in the left columnwere
already discussed in the previous section. For the other circuits, explanations are given in the text. Parts marked in red are additions on earlier SQC designs.
For the quantronium, when the qubit is in the excited state, the zero-voltage superconducting state is switched to a finite-voltage classical state, resulting
in a resistance indicated by the gray box. For the xmon, the red lines show the new connections made possible by the cross-shaped capacitance. The green
XY line excites the qubit, and the green Z line tunes the frequency of the qubit.

briefly summarize the new generations of SQCs. Several representative examples of these new qubit circuits are summarized
in Fig. 3, where the main improvement for each circuit is emphasized.

In early charge and flux qubits, coherence times were limited to a few nanoseconds. The first significant improvement
of coherence times was achieved in a so-called quantronium [44,45] circuit, in which the Josephson-junction energy is
approximately equal to the charge energy, EJ/EC ∼ 1, such that the qubit operates in an intermediate regime of charge
and flux. This circuit, which was initially called a charge–flux-qubit circuit, achieved coherence times on the order of 500 ns.

Reducing the loop size in a flux-qubit circuit will decrease its sensitivity to flux noise, but increases the sensitivity to
charge noise instead. To circumvent this limitation, a shunt capacitor can be introduced [46] to the smaller junction in
the three-junction flux qubit, leading to greatly improved coherence times (up to three orders of magnitude better!) in
experiments [47,48]. There is also a capacitor-shunted phase-qubit design [49]. To eliminate current noise, arising due to
the asymmetric design of the three-junction flux-qubit circuits, four-junction flux-qubit circuits have been introduced [50–54]
and theoretically analyzed [55].

Replacing the small Josephson junction in the three-junction flux-qubit circuit by a SQUID and adopting a gradiometric
design, full control of the qubit can be realized. In this case, theminimumenergy splitting δ of the flux qubit can be controlled
by the magnetic flux through the SQUID loop. This is called a tunable-gap flux-qubit circuit [56–58].

To improve the coherence times of charge-qubit circuits, the transmon-qubit circuit [59] was proposed. In the transmon
design, a large capacitor is added to shunt the Josephson junctions such that the ratio EJ/EC is on the order of several tens up
to several hundreds. This improvement overcomes the charge noise by making the energy levels flat as a function of ng, but
comes at the expense of lower anharmonicity, which limits the speed of qubit operations.



X. Gu et al. / Physics Reports 718–719 (2017) 1–102 9

Table 2
Summary of selection rules and symmetries of potential energies for SQCs implementing charge qubits at the gate-charge numbers ng = 0.5 and ng ̸= 0.5,
flux qubits at the reduced magnetic fluxes f = 0.5 and f ̸= 0.5, and phase qubits.

Qubits Special values Inversion symmetry Selection rules

Charge qubits ng = 0.5 Yes Yes
Charge qubits ng ̸= 0.5 No No
Flux qubits f = 0.5 Yes Yes
Flux qubits f ̸= 0.5 No No
Phase qubits – No No

Fluxonium-qubit circuits [60], with a junction shunted by an array of large-capacitance tunnel junctions, are also insen-
sitive to the fluctuations of offset charges, but maintain a large anharmonicity due to their large inductance. Experiments
with fluxonium circuits show that the relaxation due to quasiparticle dissipation can be coherently suppressed by designing
a π-phase difference across the Josephson junction, leading to coherence times exceeding 1 ms [61].

The planar transmon circuits have been adapted to form xmon-qubit circuits [62] with cross-shaped capacitors, which
combine easy connectivity, fast control, and long coherence. By coupling two xmon-qubit circuits through a Josephson
junction functioning as a tunable inductance, a gmon-qubit circuit [63,64] is realized. This design incorporates the advantages
of fast tunable coupling between the two qubits, long coherence, and minimal cross-talk. Recently, another SQC design,
the gatemon-qubit circuit, was demonstrated [65,66]. In this circuit, instead of the conventional sandwich structure of a
Josephson junction, the two superconductors are now bridged by a semiconductor nanowire. By applying a gate voltage
to this nanowire, the qubit resonance frequency can be adjusted. There are also other kinds of superconducting qubits
beyond what we have mentioned here, e.g., phase-slip qubits, Andreev-level qubits, and d-wave qubits [14], as well as more
proposals, e.g., toroidal qubits [67]. In all extended quantum circuits, a qubit is defined by projecting a multi-level system
onto its two lowest energy levels.

2.4. Selection rules for microwave-induced transitions

Superconducting artificial atoms, similar to natural atoms, can interact with microwave electric and magnetic fields,
applied to either capacitors or inductors. These electromagnetic fields can induce transitions between different quantum
states. In natural atoms, the transitions induced by electric-dipole interactions have selection rules due to the well-defined
parities of the dipole moment and the eigenstates of the system, with the symmetries of SO(3) or SO(4). A parity operator
Π , with eigenvalues ±1, can be defined as space inversion [68]. An eigenstate of a given system is said to be even (odd) if it
corresponds to the eigenvalue+1(−1) ofΠ . An operator A that commuteswithΠ (i.e.,ΠAΠ = A) is called an even operator.
Similarly, an odd operator anti-commutes withΠ . The selection rules arise from the fact that thematrix elements of an even
operator are zero for eigenstates of different parities, while the matrix elements of an odd operator are zero for eigenstates
of equal parities [68]. Since the dipole moment operator has odd parity, it can only link transitions between initial and final
states of different parities.

However, in superconducting artificial atoms, the transitions induced by amicrowave field can be engineered by changing
the parities of the system eigenstates and dipole moments through external parameters, which control the symmetry of
the system’s potential energy. For example, the dipole-like interaction between a three-junction flux-qubit circuit and a
time-dependent magnetic flux Φa(t) can be described by the Hamiltonian [39]

Hd = −
2παEJ

Φ0
sin(2π f + 2ϕm)Φa(t). (9)

The term sin(2π f + ϕm) plays the role of the dipole moment in an electric-dipole interaction. If f = 0.5, this term is an
odd function of ϕm. Moreover, for this value of f , the potential energy U(ϕp, ϕm) in Eq. (5) is an even function of ϕp and ϕm.
Therefore, at this particular point, a transition, induced by the magnetic flux Φa(t), between an initial state |i⟩ and a final
state |f ⟩, can only occur when these states have different parities. That is, the matrix element ⟨f |Hd|i⟩ ̸= 0 for f = 0.5 only if
|i⟩ and |f ⟩ have different parities. Otherwise ⟨f |Hd|i⟩ = 0. This selection rule for such a microwave-field-induced transition
is the same as that for an electric-dipole transition. However, when f ̸= 0.5 there is no such selection rule, and transitions
between any two states are possible.

In superconducting artificial atoms, there are two types of microwave-induced transitions. One is the same as that seen
in electric-dipole interactions, for which the initial and final states must have different parities, as, e.g., in flux-qubit circuits
with f = 0.5 and charge-qubit circuits with ng = 0.5. In these cases, we say that there is a selection rule for microwave-
induced transitions. The other type of transitions occur, e.g., in phase qubits, and in flux- and charge-qubit circuits at the
points f ̸= 0.5 or ng ̸= 0.5, respectively. Here, microwave-induced transitions between any two states are possible. In these
cases, the qubit circuit Hamiltonians all lack a well-defined symmetry and we say that there are no selection rules for these
transitions.

Note that the transitions of the flux- and charge-qubit circuits can be changed, from having selection rules to lacking
them, by continuously varying an external parameter. This provides a convenient way to control the interaction between
SQCs and microwave fields. The selection rules and potential-energy symmetries of the three basic SQCs are summarized
in Table 2.
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(a) Λ. (b) Ξ . (c) V . (d) ∆.

Fig. 4. Schematic diagrams for different transition configurations of three-level atoms. (a) Λ-type transitions. (b) Ladder-type transitions, also known
as cascade-type, Ξ , or Σ transitions. (c) V -type transitions. (d) ∆-type transitions, which do not occur in natural atoms, but are possible in some
superconducting artificial atoms.

2.5. Three-level superconducting artificial atoms

Having focused mostly on superconducting two-level systems (qubits) so far, we now briefly turn to multi-level systems
(qudits). The simplest multi-level system beyond qubits is a three-level system (qutrit), which has been extensively studied
in quantum optics and atomic physics. In natural atomic systems, three-level systems can be divided into three different
configurations: Λ, Ξ , and V , shown in Fig. 4(a), (b), and (c), respectively. These configurations are the ones allowed by
selection rules for transitions induced by electric-dipole interactions, where transitions between two states with the same
parity are forbidden. However, in superconducting artificial atoms, the parities of the eigenstates can be engineered through
external parameters such as magnetic fluxes or electric fields, as discussed in Section 2.4. When there are no well-defined
parities for the eigenstates of these systems, previously forbidden transitions become allowed. For instance, in a three-level
flux-qubit circuit [39] with f = 0.5, the transitions induced by an external magnetic flux can only connect states with
different parities. But when f ̸= 0.5, transitions between any two states are possible. In this case, as shown in Fig. 4(d),
three-level systems can have cyclic or ∆-type transitions, which do not exist in natural atomic systems. In such a ∆-type
system, a single-photon transition from the ground state |1⟩ to the second excited state |3⟩, and the two-photon transition
from the ground state |1⟩ to the first excited state |2⟩, and then from |2⟩ to the second excited state |3⟩, can coexist [39]. The
coexistence of these single- and two-photon processes has been demonstrated in experiment [69].

This type of transitions enable new applications including single-photon generation [70–72], amplifying signals without
population inversion [73,74], qubit cooling [75], electromagnetically induced transparency [76], downconversion [77–79],
three-wave mixing [80], and quantum routing of single photons [81]. Moreover, they can also be used for correlated
microwave lasing [82], where the linewidth of an unconverted signal is smaller than the Schawlow–Townes limit.

All four types of three-level-system transitions shown in Fig. 4 can be engineered in SQCs by tuning some external
parameters. For example, a∆-type three-level system can be constructed by charge, transmon, xmon, and flux qubit circuits,
operated away from their optimal points, or phase-qubit circuits. Ξ-type three-level systems can be obtained by applying
a gate voltage Vg to the charge [83], transmon, and xmon qubit circuits, or by applying a magnetic bias Φe to the flux-qubit
loop, to satisfy the conditions ng = VgCg/(2e) = 1/2 or Φe/Φ0 = 0.5, respectively. The Ξ-type transition can also be
obtained by minimizing the transition matrix element between the states |1⟩ and |3⟩ of the ∆-type transitions. In the same
way, three-level SQCs with V - or Λ-type transitions can be obtained by engineering SQCs to minimize the transition matrix
elements between the states |2⟩ and |3⟩ or |1⟩ and |2⟩ in ∆-type transitions. For example, V -type transitions have been
realized using coupled charge qubits [84]. Λ-type transitions can be observed by using flux qubits with single [85], three,
and four junctions, or the fluxonium qubit [27,60].

2.6. Readout of qubit states

There are various methods to read out the state of superconducting qubits [21]. These methods can be categorized
with respect to, e.g., (1) specific measured observables, (2) whether the measurements enable the complete, or only an
incomplete, reconstruction of a given state, (3) whether special types of measurements (e.g., weak measurements or
quantum nondemolition measurements) are used, or (4) whether a measurement on a single copy of a given state is enough
or not.

(1) Considering measured observables, we can distinguish three methods for measuring SQC qubit states. For charge
qubits, themeasured physical quantity is usually the electric charge on the superconducting island. This charge can be detected
by a single-electron transistor (SET), as in the experiment of Ref. [3]. The current in the SET serves as an indicator for the
state of the charge qubit. For a flux qubit, the two basis states of the qubit are defined by persistent currents circulating in the
clockwise and counter-clockwise directions, which can be detected by a dc SQUID. By switching the bias current applied to
the SQUID to a dissipative state, information about the qubit states is gained, as, e.g., in the experiment of Ref. [33]. In the
case of a phase-qubit, its states are measured using the tunneling out of the zero-voltage state of a current-biased Josephson
junction [7].When the bias current is below the value of the critical current of the Josephson junction, the phase qubit energy
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levels are situated in a potential minimum corresponding to the zero-voltage state. Quantum tunneling of the phase, which
ismuchmore likely to occur in the qubit’s excited state, will switch the zero-voltage state to a finite-voltage state. In the case
of the quantronium-qubit circuit, its quantum state can be transferred to a phase qubit. One can then follow the procedure
for measuring a standard phase qubit [44].

(2) Qubit states may comprise many complementary features which cannot be observed simultaneously and precisely
due to the Heisenberg uncertainty relations or the no-cloning theorem. Thus, a full characterization of a qubit state must
include all its complementary aspects. This can be achieved by performing a series of measurements on a large number of
identically prepared copies of a given quantum system. After this so-called quantum state tomography (QST)was theoretically
introduced to solid-state and superconducting qubit systems [86,87], it was first realized experimentally in superconducting
phase-qubit systems and later also used in other types of SQCs [49,88–90]. QST is nowextensively applied to superconducting
systems for characterizing quantum states of both qubits and microwaves (e.g., Refs. [91–94]; see also Section 9.4).

(3) A few particular types of measurements, with related different quantum-mechanical interpretations, are sometimes
applied in SQCs. Here, we mention three such measurements. The first is quantum nondemolition (QND) measurements,
which are discussed inmore detail for photons in Section 9. Briefly put, aQNDmeasurement preserves the state it projects the
measured system into. For example, the above-mentionedmeasurements of charge, flux, phase, and quantronium qubits are
not QND. In SQCs, a QNDmeasurement is usually performed using either a dispersive coupling between a qubit and a cavity
field [5,95] or the coupling between a qubit and a nonlinear resonator [96–99]. A more detailed description of dispersive
coupling is given in Section 4.2.4. In this coupling regime, the qubit frequency is far detuned from that of the cavity field.
The corresponding effective Hamiltonian reveals that the cavity field experiences a frequency shift depending on the state
of the qubit [6,97]. Thus, the qubit state can be read out through this frequency shift of the cavity field. This method can be
applied to any kind of SQCs that are dispersively coupled to a single-mode cavity field.

The states of a superconducting qubit can also be continuouslymonitoredbyweakly coupling the qubit to a low-frequency
LC circuit [100]. Such aweak measurement only collects partial information about the qubit [88] and it is interesting to note
that weak measurements can be used to prepare arbitrary qubit states [101]. To resolve the measured weak signal, various
amplifiers, such as the Josephson bifurcation amplifier [97,98,102,103], the Josephson ring amplifier [104], or parametric
amplifiers [105] are used (a more extensive overview of amplifiers is given in Section 9.3). There are also experiments to
perform weak-value measurements [106], which are quite different from weak measurements [107,108].

(4)Most of the above-mentionedmeasurementsmust be performedmany times to collect statistics about the qubit state.
However, there are also techniques to measure the state of a superconducting qubit in a single experimental run, which is
called a single-shot measurement [97,98,109–116].

2.7. Resonators

The twomost fundamental components in cavity QED are natural atoms and optical cavities. In the previous sections, we
showed how the natural atoms are replaced by superconducting artificial atoms in microwave photonics. In this section, we
show how a variety of different resonators for microwave photons can replace the optical cavities. These resonators, which
usually are constructed from electrical circuits, are used to store or guide microwave photons. Such a resonator can also act
as a quantum data bus, transferring quantum information between superconducting artificial atoms.

The simplest resonator is the LC circuit, consisting of a capacitor C connected in series with an inductor L. Other
superconducting devices can be described in terms of lumped-element LC circuits, e.g., superconducting cavities [117],
transmission-line resonators [5], and waveguides [118]. An important difference is that the latter resonators support
multiple modes, while the LC circuit just has a single mode. In terms of the capacitor charge Q and the inductor current
I , the Hamiltonian of the LC oscillator is written as

H =
Q 2

2C
+

Φ2

2L
, (10)

where Φ = IL is the flux through the inductor. If we define a pair of conjugate variables Q and Φ such that these satisfy
the canonical commutation relation [Q , Φ] = ih̄, the above Hamiltonian gives a quantum version of the LC oscillator. As
such, the Hamiltonian can be rewritten as H = h̄ω0(a†a + 1/2) in terms of the creation and annihilation operators defined,
respectively, by

a†
=

1
√
2h̄ω0

(
Q

√
C

− i
Φ
√
L

)
, a =

1
√
2h̄ω0

(
Q

√
C

+ i
Φ
√
L

)
, (11)

where ω0 = 1/
√
LC is the oscillator frequency. It is clear that the LC circuit behaves as a harmonic oscillator with equally

spaced energy levels. The frequency ω0 can be engineered in a very large range of possible values using the parameters L
and C .

Transmission lines most commonly appear in superconducting quantum devices in the form of coplanar waveguides
(CPWs) [5,119,120]. A CPW consists of a central conductor, inserted in a slot of the ground plane. By terminating a length
of CPW with capacitors, functioning like Fabry–Perot cavity mirrors, a CPW resonator is formed. The capacitors control the
quality factor of the CPW resonator. A low quality factor, corresponding to high loss, is suitable for fast readout. However,
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a high quality factor is needed for observing strong coupling between a qubit and a photon. The internal quality factors of
CPW resonators can reach values above 106 [121].

Transmission lines can be described by a distributed circuit model with a series of parallel LC oscillators [117,122].
The voltages in the transmission line are governed by a standard wave equation and can vary between different points.
In Appendix A.3, we show how the LC-circuit model of an infinite transmission line is quantized. Finite-length transmission
lines support standing waves with a discrete mode structure, while infinite transmission lines support traveling waves with
a continuous spectrum of frequencies. Here, the term infinite means that the microwaves in a CPW are never reflected back
from its end, i.e., themicrowave energy is carried away. In otherwords, infinite transmission lines are dissipative. Grounding
one end of an infinite transmission line is equivalent to inserting amirror in open space.

The frequency of a transmission-line resonator can be engineered in a very large range of values. Intuitively, the resonance
frequency is changed by tailoring the length of the resonator, and thus altering its standing wavelengths. For example, if
both ends of a resonator are open, then the frequency of its nth eigenmode is ωn = πv/(dn), where d is the length of the
resonator and v is the wave velocity. If instead one end of the resonator is open, while the other is connected to ground, the
eigenfrequencies are ωn = πv/d(n +

1
2 ).

Frequency-tunable transmission-line resonators have important applications in superconducting quantum information
processing. Such a tunable frequency can be realized either by changing the resonator’s inductance per unit length or by
controlling its boundary conditions. Both these tasks can be achieved by incorporating a dc SQUID at a suitable place in the
resonator. The Josephson energy of the SQUID can be tuned to be either small or large using the magnetic flux through
the SQUID loop [123]. SQUID-based tuning of the frequency in a transmission-line resonator has been experimentally
demonstrated both by altering the boundary conditions of the resonator [124–127] and by changing its inductance [128,129].

It is worth noting that if the resonance frequency of the resonator is tuned faster than the photon lifetime, the frequency
of the photons stored in the resonator is changed when these photons leak out from the resonator [126,127]. Frequency-
tunable resonators are also studied for implementation of controllable coupling between different quantum elements, which,
e.g., can be used to create shaped photons (see Section 8.2.2).

Another application of tunable resonators is the dynamical Casimir effect (DCE), where, if a mirror is accelerated at a speed
commensurate with the speed of light, photons can be generated from the vacuum [130]. It is very hard to realize the DCE by
mechanicalmodulation of amirror. However, the change of boundary conditions created by amovingmirror can be achieved
with tunable resonators [131–133]. Bymodulating a SQUID-terminated resonator, an SQC experiment achieved the first ever
observation of the DCE [134] (for more details about this and other relativistic physics possible in SQCs, see the review in
Ref. [135]). Tunable resonators can also be used to simulate the twin paradox [136], generate entangled states [137], realize
a beam-splitter operation [138], demonstrate single-photon parametric frequency conversion [139], and achieve quantum
interference with photons of two different frequencies [140].

Expanding from separate resonators, a large array of resonators can be connected together. Such coupled resonators are
commonly realized using interconnecting capacitors [141]. A tunable coupling between resonators can be mediated by a
qubit [142–144], a SQUID [145,146], and other quantum or classical elements. In these setups, photons can hop between
coupled neighboring resonators, and transfer excitations between qubits. Arrays of coupled resonators enable photon-based
simulation of many-body physics on a chip, as described, e.g., in Refs. [141,147–151] and in Section 10.1. These resonator
arrays can also be used to createmetamaterials, which are discussed in Section 10.3.

The aforementioned transmission lines are two-dimensional (2D) resonators, patterned on a chip with qubits by using
well-established semiconductor fabrication technologies, such as lithography. These 2D resonators are small and scalable.
However, the electromagnetic energy in these resonators is concentrated near the surface of the chip, leaving it susceptible to
surface dielectric losses. To overcome this limitation, a three-dimensional (3D) transmon was introduced in the circuit-QED
architecture [152]. The 3D resonator is a rectangular metal box, which has a larger mode volume and more energy stored
in the vacuum than a 2D resonator. The internal quality factor of a 3D resonator can exceed 108 [153], which is two orders
of magnitude greater than what has been achieved in its planar counterpart [121]. The cavity of the 3D resonator is usually
a micromachined chamber in bulk materials, assembled from two halves. In the center of the bisected cavity, a chip with a
transmon qubit is mounted. With the introduction of the 3D resonator, the coherence time of the transmon was improved
by an order of magnitude over typical planar-resonator setups at that time [152]. Later, this coherence time was improved
even further [154]. Instead of the complicated wirings in the planar resonator design, the qubit is now suspended in the
middle of a cavity and has limited addressability. A two-cavity design has been developed [155], with the qubit sticking into
both cavities. The second cavity is used for qubit readout. Apart from the 3D transmon design, a flux qubit in a 3D resonator
has also been reported [54].

While the 3D resonators offer longer coherence times, the 2D planar resonators aremore compatiblewith the currentmi-
crofabrication processes. Some research on multilayer structures has been devoted to combining the two approaches [156].
In the multilayer structure, the 3D resonators are micromachined [157] in wafers of different planes, leaving vacuum gaps
for energy storage. The planar qubit is patterned inside an aperture in the boundaries of a resonator.

Finally, it can be noted that there are a few experiments where superconducting qubits have been coupled tomechanical
resonators. In most of these experiments, charge, phase, or transmon qubits were coupled to small vibrating pieces of
metal hosting localized phonons [158–162]. Very recently, transmons have also been coupled to resonators for surface
acoustic waves [163] and bulk acoustic waves [164] in piezoelectric substrates. In setups like these, the great ability to
generate, manipulate, and read out non-classical photonic states in circuit QED (see Sections 8 and 9) could now potentially
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be applied to phonons as well. The short wavelength of phonons means that resonators can be made much smaller than
for photons, which opens up new possibilities for miniaturized devices, multimode resonators and a new quantum-optics
regime where the artificial atom is much larger than the wavelength [165–167]. Furthermore, mechanical resonators can
be used for transduction between various quantum systems in hybrid setups [168] and to convert between microwave and
optical light [169–171].

3. Other microwave components

In quantum optics, cavities and atoms are at the heart of every experimental setup. However, many additional com-
ponents may be needed for proper preparation, control, and readout, depending on the details of the experiment. For
microwave photonicswith superconducting circuits, the situation is similar. In addition to the artificial atoms and resonators
discussed in Section 2, the experimentalist’s toolbox may also include mirrors, phase shifters, beam-splitters, circulators,
switches, routers, mixers, amplifiers, and detectors. While these components all have implementations either in quantum
optics or in classical microwave technology, they may be challenging to transfer to the domain of microwave photonics. For
example, the low energy of microwave photons compared to optical photons makes single-photon detection harder for the
former. Also, some components used in classical microwave technology are bulky, lossy and/or require the use of strong
magnetic fields, all of which make them less than ideal for use with superconducting chips in a cryostat with limited space.
Because of these limitations, new solutions specifically suited for microwave photonics have been developed or are under
development. Just as for the superconducting artificial atoms, Josephson junctions play a vital role in almost all of these new
solutions.

In this section, we provide an overview of most of the components that make up the toolbox for microwave photonics.
Detection schemes formicrowave photons is too large a topic to fit here; it is instead treated in Section 9. Likewise, amplifiers
are discussed in more detail in connection with homodyne and heterodyne detection in Section 9.3 rather than here. When
it comes to mirrors and phase shifters, they are more common in quantum optics than in microwave photonics. For mirrors,
in addition to what was discussed in connection with resonators in the previous subsection, we only note that a termination
of a transmission line constitutes one; the termination can be either through a capacitance [172], a short-circuit [173], or
through a SQUID [134]. For photons in separate resonators, a relative phase shift could be realized by coupling each resonator
dispersively to a qubit and then flipping (for a certain time) the state of one of the qubits [174]. A large cross-Kerr phase shift
has been demonstrated for propagating photons scattering from a three-level atom [172]. Recently, a more general phase
shifter, consisting of a hybrid coupler (see Section 3.1) together with two flux-tunable resonators, was demonstrated [175].
In the rest of this section, we review beam-splitters (Section 3.1), circulators (Section 3.2), switches and routers (Section 3.3),
and mixers (Section 3.4).

3.1. Beam-splitters

A beam-splitter takes two modes as inputs and mixes them into two output modes. It can be characterized by a
2 × 2 unitary matrix with determinant +1 or −1, depending on the convention used [176,177], and is usually imple-
mented in quantum optics as a semitransparent mirror. Quantum theory for lossless beam-splitters was developed in the
1980’s [178,179] and was later extended to include losses [180]. In 1994, it was shown that any unitary N × N matrix can
be implemented with an array of beam-splitters (≤N(N − 1)/2) and phase shifters [181]; recently this result was extended
to only requiring a finite number of copies of one non-trivial beam-splitter [177]. It is therefore no surprise that beam-
splitters constitute basic building blocks for quantumoptics [182]; for example, they are integral to schemes for linear optical
quantum computing [183,184], which could also be considered for microwave photonics [185].

An early version of a beam-splitter for microwave photonics simply put two transmission lines close to each other
along a short distance [186]. In this case, the beam-splitter was used to enable correlation measurements on microwave
photons, which has been a common application since then [187–200] (see Section 9.4). Another common application has
been entanglement generation [195,200–203]. However, many of the later experiments opted for using a so-called 180- or
90-degree hybrid coupler (either on- or off-chip) [187,189–192,194–198,200–208], well-known from classical microwave
technology [117,122,209]; an example is shown in Fig. 5.

Another microwave-beam-splitter design is the Wilkinson power divider [117,122,210], which takes a single input and
splits it into two; such a device has also been used in microwave photonics experiments [189,204]. However, a full quantum
analysis reveals the presence of a second, internal port, which has the same effect as vacuum noise input on the second input
port of an ordinary beam-splitter [204].

In contrast to the beam-splitters discussed above, which are designs from classical microwave technology taken to the
quantum realm, a circuit-QED version of a three-wave mixer (see Section 3.4), made from four resonators coupled via four
Josephson junctions, has also been demonstrated to work as a beam-splitter for propagatingmicrowave photons of different
frequencies [208]. The parameters of this beam-splitter can be tuned in situ all theway from full reflection to full transmission
by changing the amplitude of a pump. There are also theoretical investigations of using an atom [211], or a cavity coupled
to an atom [212], as a beam-splitter for single photons traveling in a transmission line.

Another approach to beam-splitting is to not look at propagating photons, but instead consider photons in two resonators
(or two modes of one resonator), interacting through a coupling h̄g

(
a†b + ab†

)
, where g is the coupling strength and
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Fig. 5. A microwave beam-splitter implemented as a 180◦ hybrid coupler [205]. (a) The hybrid coupler is a four-port device with distances between the
ports chosen such that inputs on ports 1 and 3 will not give any output through those ports due to destructive interference, but will mix to give outputs
through ports 2 and 4 due to constructive interference. (b) A photo of such a device, which demonstrated good coupling and isolation in a 2 GHz bandwidth
around a center frequency of 6 GHz.
Source: Reprinted figure from E. Hoffmann et al., Appl. Phys. Lett. 97, 222508 (2010), with the permission of AIP Publishing.

a, a† (b, b†) are the annihilation and creation operators for the first (second) resonator/mode. This has been investigated
for microwave photons both theoretically [138,142,145,174,185,213] and experimentally [139,144,146,213,214]. Tunable
coupling has been demonstrated through a SQUID [139,146], a flux qubit [144], and amechanical resonator [214]. This could
potentially be used to implement boson sampling [215] with microwaves [174].

3.2. Circulators

A circulator is a device with three or more ports, where input on one port is routed to become output from the next port
in the sequence. For an ideal three-port circulator, the scattering matrix is [117]

S =

(0 0 1
1 0 0
0 1 0

)
. (12)

Circulators arenonreciprocaldevices [216–219] (reciprocitymeans that themeasured scattering does not change if the source
and the detector are interchanged [220]), withmany applications for routing signals in experiments inmicrowave photonics.
For example, by terminating one port of the circulator in a matched load, a two-port isolator [221] is formed, only allowing
signal propagation in one direction. This is often used in experiments to protect a circuit QED system from noise traveling
back from an amplifier.

In classical microwave technology, circulators have been investigated and used for more than half a century [117,122,
222–225]. However, the typical implementation relies on Faraday rotation in ferrite materials [117,122,222–224], which
requires strongmagnetic fields and wavelength-size components, both of which are hard to integrate with superconducting
circuits. There exist other circulator designs, e.g., based on transistors [225], realized through three coupled modulated
resonators [226], designed for sound with a ring of circulating fluid in its center [227], or based on the quantum Hall effect
[228–230]. There are also optical isolators or diodes based on modulation of the refractive index in a waveguide or photonic
crystal [231,232], or using nonreciprocal transmission in waveguides coupled via two coupled microcavities (one lossy, one
with gain) [233] (the same setup with mechanical oscillators instead could realize a phonon diode [234]). Furthermore,
directional coupling of a quantum dot, or a natural atom in a microresonator, to photons with different polarization in a
photonic-crystal waveguide, or an optical fiber, can be used for single-photon diodes and circulators [235,236]. A directional
coupler has also been demonstrated with superconducting transmission lines [207], but this is not yet a circulator.

One way to circumvent, or at least reduce, the need for circulators in microwave photonics experiments is to make
directional amplifiers. After a theoretical study showed that SQUID amplifiers can display directionality [237], directional
amplification has been realizedwith two Josephson parametric converters (JPCs, four resonators coupled via a ring interrupted
by four Josephson junctions) pumpedwith twomicrowave tones [238,239]; the setuphas beendubbed a Josephson directional
amplifier (JDA). Building on a graph-based theory, developed to analyze non-reciprocity in coupled systems [218,219],
directional amplification has also been experimentally realized with three pumps on pairs of ports of a single JPC [240]
and with another similar three-mode circuit [241]. Furthermore, directional amplification has also been demonstrated with
traveling-wave amplifiers, implemented with a large number of Josephson junctions forming a nonlinear lumped-element
transmission line [242,243]. Recently, a setup, with a waveguide running alongside a 2D square lattice of parametrically
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driven resonators in a synthetic magnetic field, was shown to work as a topologically protected directional traveling-wave
amplifier, which also could function as a circulator [244].

There are several proposals for how a circulator for microwave photonics could be built on-chip. For example, three
resonators coupled via a ring containing three Josephson junctions canbemade towork as a circulator by tuning themagnetic
flux through the ring [147,245]. A related proposal is tomake a phononic circulator by introducing a complex coupling among
three coupled mechanical oscillators [246]. This is done by coupling two of the oscillators to two driven optical resonators.
See also the recent optomechanics experiment of Ref. [247], which demonstrated directional amplification and could be
extended to a circulator, as well as the microwave optomechanics experiment of Ref. [248], where isolation of 20 dB was
achieved. Another way to achieve directionality is to couple two resonators both through a coherent channel and through a
common bath [249,250]. If the common bath is another lossy resonator, the scattering matrix of an ideal circulator can be
recovered.

Another class of proposals involve rapid modulation of various couplings in a system. It has been shown that modulating
the couplings between resonators in a square lattice, with proper phase off-set between the modulation signals, creates an
effective magnetic field that gives unidirectional propagation [251]. Recently, this idea was implemented in a supercon-
ducting circuit where three transmon qubits were coupled in a ring and their couplings modulated in such a way [252].
That experiment demonstrated unidirectional propagation of one and two photons in this setup, and it could potentially
be extended to a larger lattice. With three harmonic oscillators connected via biharmonically modulated couplings, both
circulation and directional amplification can be realized [253]. A four-port circulator design, where four ports are connected
via four tunable inductance bridges (which could be implemented using SQUIDs), has also been analyzed [254].

The JDA mentioned above can also be configured to work as a circulator [240]. By making the three pump phases in the
device add up to ±π/2, clockwise or counterclockwise circulation can be achieved. In the experiment, 10.5 dB isolation and
less than 1 dB insertion loss was demonstrated over a bandwidth of 11 MHz. This was recently improved to 30 dB isolation
in the related Josephson-amplifier circuit of Ref. [241]. These results open up for using circulators in microwave photonics
experiments to achieve unidirectional propagation [255,256] (see Section 5).

3.3. Switches and routers

Switches and routers are devices which control transport of a signal conditioned on some other control input. In the
simplest case, the control determines whether the signal is transmitted or reflected; in a more complex device, the signal
can be routed into one ofmultiple output ports. Going towards the quantum regime, many of the proposals and experiments
reviewed in this subsection concern routing/switching with single photons as signal and/or control. In a few cases, these
devices are also referred to as single-photon transistors [257–262]. A truly quantum router or switch could have the control
in a superposition state, giving rise to a superposition in the output [263,264].

For microwave switching at cryogenic temperatures, there are promising implementations based on microelectrome-
chanical systems (MEMS) [265,266] or high-electron-mobility transistors (HEMTs) [267,268]. However, since these com-
ponents are hard to integrate with superconducting circuits, recently a few devices based on Josephson junctions have
been developed [269–271]. By tuning the magnetic flux through a SQUID that couples two resonators through a mutual
inductance [270], or through an array of SQUIDs forming a tunable inductor bridge with four inductors connecting two
ports [269], single-pole, single-throw switches have been demonstrated. Here, the control (the magnetic flux) determines
whether an input is reflected or transmitted; the devices have a bandwidth of several GHz [269,270]. In Ref. [271], a
single-pole, double-throw switch, where the input is routed into one of two possible outputs, was demonstrated in a
setup consisting of two hybrid couplers (beam-splitters, see Section 3.1) coupled via two transmission-line resonators. The
resonator frequencies are tunable viamagnetic flux through SQUIDs; an input on one of the first beam-splitter ports is either
reflected through the other port of the same beam-splitter or transmitted out through a port of the second beam-splitter,
depending onwhether the input is on resonancewith the resonators or not. The bandwidth of the device is limited to roughly
100MHz, but it can handle a photon flux of 105 µs−1. Finally, we note that the theory proposal for a four-port circulator based
on tunable inductance bridges [254] and the experimentally demonstrated JDA in its circulator mode [240], both discussed
in the previous subsection, can be regarded as routers for microwave photonics.

For single-photon routing and switching there are a plethora of theoretical proposals and experimental implementations
based on one or a few atoms, sometimes in combination with a cavity. The simplest system is a single two-level atom, which
will perfectly reflect a single photon in an open transmission line if it is on resonance (the photon is transmitted if it is off
resonance, see Section 5). If the atom frequency can be tuned, the atom functions as a single-photon switch [272–274]. For
a three-level Ξ atom, driving the upper transition will change the transition frequency of the lower transition, giving the
same effect; this has been demonstrated to work very well in experiments with superconducting circuits [275–277] (see
also Section 6.1). In quantum optics, three-level Λ atoms, sometimes with transitions coupling to different polarizations,
can be used for single-photon routing controlled by a single photon [257,278–280]. Recently, it was proposed that coupling
a superconducting flux qubit to such a Λ system could be used to route optical photons [281].

Increasing the complexity of the setups, routing and switching can also be realized by letting one or more atoms
couple to multiple transmission lines; control of which transmission line the input exits through can then be realized by
changing atomic frequencies or driving atomic transitions [81,259,261,262,282–284]. Including a resonator as well, there
are proposals [285,286] and experiments [287] routing or switching of single photons using a ring resonator coupled to



16 X. Gu et al. / Physics Reports 718–719 (2017) 1–102

Fig. 6. The Josephson mixer [293]. (a) Circuit diagram of a Josephson mixer with an inductively shunted Josephson ring modulator coupled to three modes
that are to be mixed. (b) One application of three-wave mixing is parametric down-conversion, which can be used for amplification (see Sections 7.1 and
9.3) and entanglement generation, as shown schematically here. (c) Another application is noiseless frequency conversion, which has been demonstrated
in experiments with superconducting circuits.
Source: Reprinted figure from E. Flurin, The Josephson mixer - A swiss army knife for microwave quantum optics, Ph.D. thesis, Ecole Normale Superieure,
Paris (2014), with permission from E. Flurin.

an atom. Routing can also be done through a photon blockade effect [288], which can be realized through the Jaynes–
Cummings nonlinearity (see Section 4.2.2) with an atom in a resonator [258,289]. Other experiments in quantum optics
have achieved routing or switching with electromagnetically induced transparency (EIT, see Section 6.1) controlling the
transmission through an optical cavity containing Λ atoms [290], with two fibers coupled to a resonator containing an
atom [291], or with a three-level atom in a cavity at the end of a transmission line [292]. The setup in Ref. [142], with
tunable coupling between two resonators mediated by a qubit, can also be called a quantum switch.

3.4. Mixers

A mixer usually takes two signals at frequencies ω1 and ω2 as input and generates output at new frequencies, typically
at ω1 + ω2 or |ω1 − ω2|. Mixers are widely used in classical microwave technology [117], but for quantum applications
in superconducting circuits a new design is needed [293]. Various mixing processes in quantum optics and microwave
photonics are discussed in more detail in Section 7; in this subsection, we only briefly review some implementations based
on Josephson junctions.

The Josephson ring modulator (JRM), first demonstrated and discussed in Refs. [104,294], is the device at the heart of on-
chip mixers for microwave photonics in the quantum regime. The JRM is a ring interrupted by four Josephson junctions;
when connected to resonators a JPC (discussed previously in Section 3.2) is formed. The nonlinearity of the Josephson
junctions is the source of the three-wave mixing that can occur with three ports connected to the JRM [238,294]. A circuit
diagram of a Josephson mixer with a shunted JRM [293,295–297] is shown in Fig. 6 along with examples of applications
of three-wave mixing. Josephson mixers have been used in experiments for amplification [104,293,295,297,298], noiseless
frequency conversion [208], beam-splitting [208], and entanglement generation/two-mode squeezing [293,296,299,300].
In the latest characterization of a Josephson mixer, amplification with a power gain of 20 dB over a bandwidth of 50 MHz,
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quantum efficiency of 70%, and saturation power of −112 dBmwas demonstrated [297]. We also note that a variation of the
Josephson-mixer design has been used to realize a vector and quadrature modulator for microwaves [175].

4. Circuit QED

The interaction between an atomic systemand electromagnetic fields at the quantum level has been intensively studied in
cavity quantum electrodynamics (cavity QED) [1]. Analogously to cavity QED, the superconducting artificial atoms reviewed
in Sections 2.2–2.3 can be coupled to quantized microwave fields in the transmission-line or 3D resonators reviewed
in Section 2.7 [4,54,85,152,301–305]. With flexible circuit designs, this new field, which is called circuit QED [5,6], has
opened new directions for exploring microwave quantum optics on a superconducting chip. In this section, we first briefly
review the coupling mechanisms used in circuit QED and the Hamiltonians they give rise to (Section 4.1). We then discuss
(Sections 4.2–4.3) the physics that can be probed in circuit QED in various parameter regimes (e.g., strong, ultrastrong, and
dispersive coupling), defined by the relations between coupling strength, decoherence rates, and transition frequencies in
the system.

4.1. Light–matter coupling in circuit QED

In a circuit QED setup, the coupling between a superconducting artificial atom and a resonator can be either induc-
tive [4,86] or capacitive [6,306], analogous tomagnetic or electrical-dipole couplings in quantum optics [307]. In experimental
realizations, charge (transmon) and phase qubits are usually coupled to a transmission-line resonator via a capacitor. Flux-
qubit circuits can also be coupled to a resonator through a capacitor, butmore often their coupling to the resonator is through
amutual inductance. For more details on the couplings between SQCs and resonators, we refer to the review of Ref. [25] and
references therein. We note that superconducting qubits also can be designed to couple both capacitively and inductively
to a resonator field, as considered in, e.g., Ref. [308]. These coupling mechanisms can lead to interesting phase transitions in
quantum many-body physics [308–311].

It is known that the coupling strength between a superconducting qubit and a single-modemicrowave field, in principle,
can be engineered to be extremely large [307]. For example, one can reach the ultrastrong-coupling (USC) regime, where the
strength of the coupling between the qubit and the resonator field is on the same order as the bare transition frequencies
in the system (see Section 4.3). Moreover, the coupling between a qubit and a resonator can be tunable in situ [84,312–315]
(see Section 8.2.2). The general Hamiltonian describing the interaction between a superconducting qubit and a single-mode
microwave field can be written as [5,6,27,80,316–318],

H = ωr

(
a†a +

1
2

)
+

ωq

2
σz + gzσz

(
a + a†)

+ gxσx
(
a + a†) , (13)

which corresponds to breaking the inversion symmetry of the potential energy of the qubit. For simplicity, we set h̄ = 1 here
and throughout the following sections. Here a (a†) is the photon annihilation (creation) operator while σx and σz are Pauli
matrices, which can be written as σx = |e⟩ ⟨g|+ |g⟩ ⟨e| and σz = |e⟩ ⟨e|− |g⟩ ⟨g| in terms of the ground |g⟩ ≡ |↓⟩ and excited
|e⟩ ≡ |↑⟩ states of the two-level qubit. The first (second) term in Eq. (13) represents the free Hamiltonian of the resonator
field (qubit) with frequency ωr (ωq). The third (fourth) term describes the longitudinal (transverse) coupling between the
qubit and the resonator field with coupling strength gz (gx).

For charge and flux qubits operating at the degeneracy point, where the qubit has a well-defined inversion symmetry
of the potential energy, the longitudinal coupling term vanishes (gz = 0). Then Eq. (13) is reduced to the quantum Rabi
Hamiltonian [319,320]. However, for the phase qubit, the quantum Rabi Hamiltonian can only be obtained by neglecting
the longitudinal coupling term, because no physical rule guarantees that gz = 0. Under the rotating-wave approximation
(RWA) [321], corresponding to neglecting all terms which do not conserve the number of excitations, the quantum Rabi
Hamiltonian is further simplified to the Jaynes–Cummings (JC) Hamiltonian [322]. In the following, we will mainly focus on
the JC and quantum Rabi Hamiltonians.

Note that the longitudinal coupling also has attracted much research interest [316,323–325]. One can design circuits
with only the longitudinal-coupling term [326–329], for example, a flux qubit or a transmon inductively coupled to a
resonator [326–328]. By modulating such a longitudinal coupling at the resonator frequency, a fast and pure quantum
nondemolition (QND) readout of the qubit can be realized [328]. Also, scalable quantum information processing architectures
can also be extended from the transverse-coupling [330,331] to the longitudinal-coupling case [327]. Moreover, longitudinal
coupling can be used for fast preparation of microwave nonclassical states [317,318], quantum switching of the coupling
between the qubit and a transversely coupling field [316], and fast entangling gates [332].

To characterize the strength of the qubit-resonator coupling, it can be compared to either the bare transition frequencies
of the qubit and the resonator, or to the decoherence rates of the system. Denoting the qubit-resonator coupling g , the
resonator decay rate κ , and the qubit relaxation rate γ ,

(i) the weak-coupling regime is defined by g < max{γ , κ} and
(ii) the strong-coupling regime is reached when g > max{γ , κ}.

Recent studies have showed that SQCs can also reach
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Table 3
Parameter regimes for light–matter coupling. All symbols are defined in the text. The last line of the table shows which models are usually needed to treat
the physics in the different regimes. Note that the coupling g is compared to different quantities in the different cases. Thus, it is technically possible for
the coupling to be, e.g., weak and ultrastrong at the same time. However, most discussion of strong coupling, such as in Section 4.2, usually assumes that
g < 0.1ωr/q . Likewise, most work on the USC and DSC regimes assume g > max{γ , κ}.

Weak coupling Strong coupling USC DSC

Coupling strength g < max{γ , κ} g > max{γ , κ} g ≳ 0.1ωr/q g ≳ ωr/q
Model Jaynes–Cummings Jaynes–Cummings Quantum Rabi Quantum Rabi

(iii) the USC regime, defined by g ≳ 0.1ωr/q, or even
(iv) the deep-strong coupling (DSC) regime, where g ≳ ωr/q.

These coupling regimes have been summarized in Table 3. The strong-coupling regime, which is easier to achieve with
SQCs than in conventional quantum optics, and the USC regime, which has been reached with SQCs but not in conventional
quantum optics, have both been extensively explored for superconducting quantum information processing and quantum
physics. In the following, we therefore devote subsections to each of these regimes to summarize results from such work.

4.2. Strong-coupling regime

When the coupling between a qubit and resonator is strong, their coherent interaction contributes more to the system
dynamics than the decoherence in the system. If the coupling is strong but not ultrastrong, the system is well described by
the JC Hamiltonian. In this subsection, we review properties of the JC Hamiltonian, including dressed states and the regime
of dispersive coupling, and their ubiquitous applications in circuit QED.

4.2.1. Jaynes–Cummings model
The Jaynes–Cummings model describes one of the most fundamental setups of quantum optics, in which a two-level

system (TLS, a qubit) is coupled to a single-mode resonator (cavity) field. This model gives a mathematical framework for
various quantum phenomena, including nonclassical-state generation, quantum state transfer, topological physics using
photons, andmany others. A comprehensive (although not recent) review [333] summarizes the first thirty years of research
based on the JC model, which is described by the Hamiltonian

HJC = ωr

(
a†a +

1
2

)
+

ωq

2
σz +

Ω0

2
(aσ+ + a†σ−), (14)

where we introduce the vacuum Rabi frequency Ω0 = 2g . Here, the ladder operators are defined as σ+ = |e⟩ ⟨g| ≡ |↑⟩ ⟨↓|

and σ− = |g⟩ ⟨e| ≡ |↓⟩ ⟨↑|. The RWA used to arrive at the JC Hamiltonian from the quantum Rabi Hamiltonian is valid when
(ωq+ωr) ≫ {g,

⏐⏐ωq − ωr
⏐⏐}, i.e., when the coupling is below the threshold for the USC regime and the qubit and the resonator

are not too far from resonance. Physics beyond the RWA is discussed in Section 4.3.

4.2.2. Dressed states
The third term in the JC Hamiltonian, given in Eq. (14), describes the electrical-dipole coupling between a qubit and a

resonator field, where the qubit can be excited by absorbing a photon, or return to the ground state by emitting a photon.
Thus, the coupling only connects the states |g⟩|n + 1⟩ and |e⟩|n⟩, where |n⟩ (n = 0, 1, . . .) is the Fock state of the resonator
field. The Hamiltonian in Eq. (14) can be diagonalized in the subspace {|g⟩|n + 1⟩ , |e⟩|n⟩} with the eigenvalues

E±

n ≡ E(|±, n⟩) = ωr

(
n +

1
2

)
±

1
2

√
∆2 + Ω2

n,r (15)

and the corresponding eigenstates

|+, n⟩ = cos
(

θn

2

)
|e⟩|n⟩ + sin

(
θn

2

)
|g⟩|n + 1⟩ ,

|−, n⟩ = − sin
(

θn

2

)
|e⟩|n⟩ + cos

(
θn

2

)
|g⟩|n + 1⟩ , (16)

where themixing angle θn is defined by tan θn = Ωn,r/∆, with detuning∆ = ωq−ωr, andΩn,r = Ω0
√
n + 1 is the n-photon

Rabi frequency on resonance. The doublets of states given in Eq. (16) are called dressed states in quantum optics and atomic
physics. Using these dressed states, the Hamiltonian in (14) can be rewritten in a diagonal form

H = −
∆

2
|g⟩|0⟩⟨0|⟨g| +

∞∑
n=0

(
E+

n |+, n⟩ ⟨n, +| + E−

n |−, n⟩ ⟨n, −|
)
. (17)

In Fig. 7, we show detailed energy-level diagrams for the bare and dressed states of the JC Hamiltonian.
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Fig. 7. Energy-level diagrams for the bare and dressed states in the Jaynes–Cummings model. (a) Bare and dressed states. To the left, the bare states are
represented in two ladders for |g⟩ and |e⟩. The states |g⟩|n + 1⟩ and |e⟩|n⟩ are close in energy, separated by∆ = ωq −ωr , but without any coupling there are
no possible transitions between these states. To the right, the coupling g is switched on and the nearby states hybridize, forming a new ladder with level

spacings Ωn =

√
∆2 + (n + 1)Ω2

0 . (b) Energy levels as a function of detuning. The characteristic
√
n nonlinearity of the Jaynes–Cummings ladder occurs at

the resonance ∆ = 0 (orange). In the dispersive regime |∆| ≫ Ω0 , the dressed states in the asymptotic limit correspond to the unperturbed states with
shifted energies (blue). The effective resonator frequency (green) is ωr ± χ , where χ =

g2
∆
, depending on the qubit state. The qubit (red) experiences a

Stark shift 2nχ due to the photons in the resonator and a Lamb shift χ due to the vacuum fluctuations in the resonator.

Dressed states have been essential for explaining experimental results in circuit QED ever since the beginning of the
field [5,325,334–337] and it has been proposed that the dressed states themselves could be used for quantum information
processing in SQCs [330]. Adding a driving field to the qubit-resonator system can result in ‘‘dressing of the dressed
states’’ [338]. Such doubly dressed states have also been studied in experiments with SQCs [334,339]. By engineering the
dressed states in a circuit-QED setup, an impedance-matched Λ-type three-level system can be realized [340]. Using such
a system, microwave down-conversion [341] and single-photon detection [342,343] can be implemented. Furthermore,
three-state dressed states and multiphoton multi-level dressed states have been observed via higher-order Rabi sidebands
in SQCs [344,345]. Also, collective dressed qubit states in the Tavis–Cummings model [346], the extension of the JC model
to multiple qubits, have been demonstrated in SQCs [347].

4.2.3. Resonant coupling
In the resonant case, ωr = ωq, a quantum of energy bounces back and forth between the qubit and the resonator at a rate

given by the Rabi frequency Ωn,r. Note that the more photons there are in the cavity, the faster the single-photon exchange
between a qubit and a resonator. The energy exchange is known as vacuum Rabi oscillations when n = 0; the splitting of
Ω0 in the frequency domain due to the first doublet of JC eigenstates is called the vacuum Rabi splitting. If the quantized
resonator field is replaced by a classical field, then the normal Rabi oscillation (or splitting) can be observed. Observation of
vacuum Rabi oscillations/splitting is a clear indicator of strong coupling and it has been used as such in many circuit-QED
designs [5,38,348,349]. The Rabi oscillations can be stabilized for a very long timeusing a feedback-controlmethod [350,351].

As shown in Eq. (15) and Fig. 7, the anharmonicity of the JC ladder (i.e., the nth-doublet splitting) scales with
√
n.

This can be used to reveal the quantization (graininess) of the resonator field, as has been demonstrated experimentally
in SQCs [334,335,352,353], semiconductors [354], and Rydberg atoms [355,356]. The resonant interaction between a
superconducting qubit and a microwave resonator field can be used to deterministically generate Fock states [353,357] and
to systematically synthesize an arbitrary superposition of such states [92] (see Section 8.2.2); it can also be used to effectively
blockade single microwave photons [192,358] (see Section 6.6). Single-qubit states can also be mapped to another qubit via
a resonator serving as a quantum bus [349]. Both the Fock-state generation above and this last example make great use of
the tunability that SQCs possess. By choosing to tune the qubit into resonance only for a certain time, some fraction of a Rabi
oscillation period, the state that is transferred to the resonator can be exquisitely controlled.

4.2.4. Dispersive coupling
When ωr ̸= ωq and g ≪ |∆| =

⏐⏐ωq − ωr
⏐⏐, the qubit and the resonator field are said to be in the dispersive regime

(large-detuning regime). In this case, there is no resonant photon absorption or emission. If the ratio g/∆ is small enough,
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the Hamiltonian in Eq. (14) can be effectively written as

H ≈

(
ωr +

g2

∆
σz

)
a†a +

1
2

(
ωq +

g2

∆

)
σz, (18)

up to first order in g/∆, by applying the Schrieffer–Wolff transformation U = exp[g(a†σ− − aσ+)/∆] to eliminate the
linear-order term aσ+ + a†σ− [5,6,359,360] (see Appendix B.3 for more details).

Eq. (18) shows that the resonator field experiences a frequency shift of magnitude χ = g2/∆, depending on the qubit
state. This shift can be used to performaQNDmeasurement on the qubit by probing the transmission of the resonator [6,361].
As shown in Fig. 7, the resonator frequency isωr+χ (ωr−χ ) if the qubit is in the excited (ground) state. Dispersive readout is
not the onlyway tomeasure the qubit state; the JC nonlinearity can also be used for that purpose [114,334,355,356,362,363].

Looking at Eq. (18) from the point of viewof the qubit, also shown in Fig. 7, its transition frequency experiences a Stark shift
2nχ when there are n photons inside the resonator, and a vacuum Lamb shift χ , which is present even when there are no
photons inside the resonator [364,365]. The Stark shift can be used to measure the number of photons in the resonator;
see Section 9.1 for a more detailed discussion. The vacuum-induced Lamb shift χ has been observed experimentally in
SQCs [366].

This dispersive coupling between a qubit and a resonator can be used to simultaneouslymanipulate hundreds of photons,
to create superpositions of coherent states [367], and to control photon states [368]. If two qubits are dispersively coupled to
a resonator, an effective qubit–qubit interaction, mediated by virtual photons in the resonator, is createdwhen the qubits are
on resonancewith each other [331]. In thisway, quantumstates canbe transferredbetween spatially separatedqubits. Unlike
the resonant coupling between a qubit and a resonator field, the dispersive coupling can avoid resonator losses. This type of
qubit–qubit coupling has been demonstrated experimentally in SQCs [369], also with multiple resonator modes [352,370].
In the USC regime (see Section 4.3), three- and four-qubit interactions mediated by virtual photons can be engineered in a
similar way [371].

In Fig. 8, we display a parameter-space diagram for cavity QED, showing how coupling strength and detuning in terms of
decoherence rates define different regimes. In theweak-dispersive regime, the Purcell effect [372], in which the spontaneous
emission of a qubit can be enhanced or suppressed bymodifying the density of states, has been observed in transmons [373],
and employed to generate single microwave photons [91] (see Section 8.2.2). In the strong-dispersive regime, the Stark shift
per photon is larger than the decay rates of the resonator and the qubit, i.e., 2χ > max{γ , κ}. This regime is known as the
number-splitting regime, since the qubit spectrum resolves individual photon-number states [365,374].

4.3. Ultrastrong and deep-strong coupling regimes

The Jaynes–Cummings model describes the interaction between light fields and matter under the condition of not-too-
strong coupling strength, resonance or near resonance, and without strong driving [375]. It has been the workhorse of
quantum optics for decades. However, in the last few years a number of remarkable experiments have pushed past the
boundaries of validity for the JC model, reaching the USC regime of light–matter interaction, where the coupling strength
g becomes comparable to the qubit and resonator transition frequencies (ωq and ωr, respectively). These experiments have
also inspired much theoretical work on the USC regime, which is a rapidly growing field of research. Below, we first review
experimental setups reaching the USC regime and then discuss how the physics in this regime differ from that in the strong-
coupling regime, which was treated in Section 4.2.

4.3.1. Experimental implementations
The experiments that have reached theUSC regime are summarized in Table 4. Although theUSC regime has been realized

in several types of systems, including semiconductor quantum wells [376–379], THz meta-materials with a 2D electron gas
(2DEG) [380–382], organic molecules [383–388], and a submillimeter-sized sphere in a magnetic-field-focusing resonator
with photon–magnon and magnon–magnon couplings [389], the experimental realizations using SQCs [390–398] stand out
in several respects. The SQC experiments are the only ones which have USC coupling to a single (albeit artificial) atom, they
offer unparalleled possibilities for probing the properties and dynamics of such an ultrastrongly coupled system, and a recent
SQC experiment [395] is the first ever to reach the DSC regime, where g > ωq/r. Furthermore, driven SQCs in the strong-
coupling regime have recently been used to perform quantum simulations of the dynamics of an USC system [399,400],
building on earlier theoretical proposals [401,402].

Circuit-QED setups can be engineered to realize a variety of coupling strengths and coupling mechanisms. One way to
achieve a large inductive coupling strength is to make the central conductor of a transmission-line resonator thin and part
of the loop of a flux qubit, possibly including a Josephson junction in the central-conductor part of the loop [403,404]. This
type of setup was used in the first SQC experiment to reach the USC regime [390] and also in later SQC experiments, which
demonstrated USC to two resonators [392] and single-photon-driven high-order sideband transitions [394]. Most other SQC
experiments that have reached the SQC regime [391,393,395,397], including the only one to reach theDSC regime [395], have
also used flux qubits, but coupled to a lumped-element LC oscillator instead. Flux qubits have large anharmonicity, which
means that they can be treated as two-level systems even when the coupling is ultrastrong. However, a recent experiment
demonstrated USC between a weakly anharmonic transmon and a transmission-line resonator [398], using a careful design
of coupling capacitances in the system [405].
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Fig. 8. A parameter-space diagram (or phase-like diagram) for cavity QED [374]. The space is spanned by the atom–photon coupling strength g and the
detuning ∆ = ωq − ωr between the atom (ωq) and resonator (ωr) frequencies, all given in units of Γ = max{γ , κ, 1/T }. Here γ (κ) is the atom (resonator)
decay rate and 1/T is the inverse of the atomic-transition time through the resonator in some cavity-QED setups. The dashed-horizontal lines indicate
various cavity QED systems; from the top: circuit QED, Rydberg atoms, alkali atoms, and quantum dots. In the violet region, the atom and resonator are in
resonance (g > ∆) and strongly coupled (g > Γ ). This is the regimewhere vacuum Rabi oscillations can be observed. Other regions correspond to different
dispersive regimes: (i) weak dispersive (colored pink), (ii) strong dispersive (white), and (iii) strong quasi-dispersive (green). In theweak-dispersive region,
the ac Stark shift 2χ = 2g2/∆ < Γ is too small to resolve individual photons in qubit spectroscopy, but a QND measurement of the qubit state is still
possible with many photons. In the strong-dispersive regime, QNDmeasurements can be performed with demolition less than 1%. This demolition is larger
in the strong quasi-dispersive regime, where, however, a single-photon resolution remains feasible.
Source: Reprinted figure by permission from D. I. Schuster et al., Nature 445, 515 (2007).
c⃝ 2007, copyright (2007), Macmillan Publishers Ltd.

Table 4
Experimental observations of the USC and DSC regimes for light–matter interaction. The values for qubit-resonator coupling strength g and resonator
frequency ωr refer to those experiments reporting the strongest (to our knowledge) coupling for a given class of systems. Since the experiments usually
have a tunable matter frequency ωq , but tune that frequency into or close to resonance, we only compare g to ωr .

System Experiments Top exp. ωr/2π g/ωr

SQCs [390–398] [395] 5.7 GHz 1.34
2DEG [380–382] [381] 310 GHz 0.87
Organic molecules [383–388] [385] 270 THz 0.3
Semiconductor polaritons [376–379] [379] 670 GHz 0.27
Cavity-QED magnons [389] [389] 20 GHz 0.1

Besides these experimentally implemented designs, many more ways to reach USC with SQCs have been proposed. The
proposals include using a flux qubit with a rapidly controllable gap [406], a switchable coupling [407], a multimode coupling
with a left-handed transmission line [408], a transmon made part of a transmission line [409], and a transmon coupled to
an array of Josephson junctions [410]. There is also a proposal for coupling a superconducting artificial atom simultaneously
to both quadratures of the resonator using a combination of capacitive and inductive coupling [308]. Such a setup could
potentially realize the pure JCHamiltonianwith USC. Finally, we note that a recent experiment has demonstrated ultrastrong
coupling of a flux qubit to an open one-dimensional (1D) transmission line [396]. Such ultrastrong coupling to a continuum
of modes could potentially also be achievedwith a transmon qubit coupled to propagating surface acoustic waves [166,411].
For more discussion about USC to an open waveguide, see Section 5.2.4.

4.3.2. Theory for USC and DSC
Since the JC Hamiltonian is not valid in the USC regime, analyzing the properties and dynamics of the qubit and the

resonator in this regime requires using the full quantum Rabi Hamiltonian [319,320],

HRabi = ωr

(
a†a +

1
2

)
+

ωq

2
σz + gσx

(
a + a†) , (19)

or, for some SQC setups, the generalized version of this Hamiltonian given in Eq. (13). The last part of Eq. (19) contains
the counter-rotating terms aσ− and a†σ+, which oscillate with frequency ωr + ωq. These terms describe the simultaneous
creation or annihilation of both atom and resonator excitations. It is the presence of these terms, which are neglected in the
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RWA to derive the JC Hamiltonian [1,29,322,412] (see also Appendix B.1), that result in various novel phenomena in the USC
and DSC regimes.

One immediate consequence of the presence of the counter-rotating terms is that the number of excitations in the system,
N = a†a+σ+σ−, is not a conserved quantity, since [N,HRabi] ̸= 0. In the JC Hamiltonian,N is conserved (

[
N,HJC

]
= 0); this is

what makes that model easy to diagonalize. Since N is not conserved in the quantum Rabi model, a wealth of new processes
become possible in the USC regime. For example, the Rabi oscillations in the JC model can be extended to multiphoton
Rabi oscillations, where multiple photons excite the qubit [413,414], a single photon can excite multiple qubits [415], and
frequency conversion of photons can be realized if a qubit is coupled ultrastrongly to two resonator modes [416]. In fact,
analogues of almost all nonlinear-optics processes, such as three- and four-wave mixing, are feasible [417], as well as various
many-body interactions between qubits [371]. All these examples are higher-order processes where an effective coupling is
created between two resonant system states, connected via transitions that do not conserve N .

While N is not conserved in the quantum Rabi model, the parity Π = −σz(−1)a
†a is, since [Π,HRabi] = 0. This gives the

quantum Rabi model a Z2 symmetry. The parity operator Π has eigenvalues p = ±1, which divide the states of the model
into two parity chains:

|g⟩|0⟩ ↔ |e⟩|1⟩ ↔ |g⟩|2⟩ ↔ |e⟩|3⟩ ↔ · · · (p = +1),
|e⟩|0⟩ ↔ |g⟩|1⟩ ↔ |e⟩|2⟩ ↔ |g⟩|3⟩ ↔ · · · (p = −1). (20)

Solving the quantumRabimodel is a difficult problembecause the twoparity subspaces are infinite-dimensional; by contrast,
the JC model has two-dimensional subspaces. It was only a few years ago that an analytical solution was finally found, given
in the form of transcendental functions [418,419]. This solution sheds more light not only on the USC regime, but also in the
DSC regime [420], where the separate parity chains can exhibit collapses and revivals. Recently, analytical solutions have also
been found for extensions of the quantumRabimodel tomultiple qubits [421,422] andmultiple resonatormodes [423–425].
Interestingly, in these extended models, there exist ‘‘dark-like eigenstates’’, which are superpositions of photonic and qubit
excitations whose eigenenergies are independent of the coupling strength [426].

Since the analytical solution of the quantum Rabi model is complicated, various approximate theoretical methods have
been developed to analyze the dynamics including counter-rotating terms [427–435]. For example, in the dispersive regime
of the quantum Rabi model, when g ≪

⏐⏐ωq − ωr
⏐⏐, one can apply the unitary transformation [429,436]

U = exp
[

g
ωr − ωq

(a†σ− − aσ+) −
g

ωr + ωq
(a†σ+ − aσ−)

]
(21)

to Eq. (19) and expand to first order in g/
⏐⏐ωq − ωr

⏐⏐. This gives the effective Hamiltonian

HRabi ≈ ωra†a +
ωq

2
σz +

g2

2

(
1

ωq − ωr
+

1
ωq + ωr

)
σz
(
a + a†)2, (22)

where, in addition to the Stark shift g2/(ωq − ωr) known from the dispersive regime of the JC Hamiltonian reviewed in
Section 4.2.4, the qubit frequency also gets a Bloch–Siegert shift [321] g2/(ωq + ωr) due to the counter-rotating terms [436].
Several experiments with SQCs have observed the Bloch–Siegert shift and used it to show that they have reached physics
beyond the JC model [391–393,398].

The ground state |G⟩ of the quantum Rabi model in the USC regime is not the product of the photonic vacuum
and the qubit ground state, |g⟩|0⟩, which is the case in the JC model. Instead, at high coupling strength the ground
state is an entangled Schrödinger cat-like photon–qubit state, which exhibits various nonclassical properties, including
squeezing [309,311,430,437–439]. The ground state |G⟩ contains a non-zero number of photons, ⟨G|a†a|G⟩ ̸= 0, which
require careful physical interpretation. Standard input–output relations say that the output photon flux from the resonator
is proportional to

⟨
a†a
⟩
, but here that would imply energy leaving a system which already is in its ground state [440,441]. A

correct treatment of decoherence, input–output, and correlation functions for an ultrastrongly coupled system requires con-
sidering howoperators induce transitions between eigenstates of the system [430,433,441,442]. This leads to interesting and
surprising results, e.g., modification of photon blockade [441], both bunched and anti-bunched statistics for photons emitted
from a thermal resonator [443], and bunched emission from a two-level atom ultrastrongly coupled to a resonator [444].

Although the photons in the ground state of an ultrastrongly coupled qubit-resonator system cannot leak out sponta-
neously from the resonator, there are ways to release or probe them. For example, the spectrum of an ancillary probe qubit
connected to a USC system will contain information about the virtual photons in |G⟩ [445]. If the cavity is part of an opto-
mechanical system, it may also be possible to detect the radiation pressure caused by the virtual ground-state photons [446].

To release photons from |G⟩, one approach is to non-adiabatically modulate either the qubit frequency or the coupling
strength [433,447–455]; this is closely connected to the dynamical Casimir effect discussed in Section 2.7, where photons
are generated from the vacuum by rapidlymoving boundaries. Interestingly, the production of these photons can occur even
in theweak-coupling regime (g < max{γ , κ}) [456]. If an auxiliary level is added to the qubit, such that aΞ-type three-level
atom with only the upper transition ultrastrongly coupled to the resonator is formed, a drive on the lower transition of the
atom can periodically switch the ultrastrong interaction between the upper transition and the resonator on and off [377,457]
and thus create photons [453]. Evenwithout any outside drive, spontaneous conversion from virtual to real photons can occur
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in such a three-level setup [458]. Applying the drive to other transitions in the system, stimulated emission of virtual photons
can be realized [459], which can be used to study how virtual particles dress physical excitations in a quantum system [460].
We also note that ground-state photons can be released through electroluminescence if the photonic mode is coupled to an
electronic two-level system [461].

An important question for USC physics and its implementation in SQCs is whether an A2 term should be added to Eq. (19).
In atomic physics, this term originates from a coupling Hamiltonian ∝ (p − eA)2, where p is the momentum of a charged
particle, e is the elementary charge, and A ∝ (a + a†) is the electromagnetic vector potential. The A2 term can usually be
ignored for weaker couplings, but in the USC regime its inclusion determineswhether the system can undergo a superradiant
phase transition [462–466].

Whether the A2 term is present in the Hamiltonians describing circuit-QED setups, what magnitude it then has,
and how that affects the possibility of observing a superradiant phase transition, is the subject of ongoing debate and
investigations [310,467–471]. Another, somewhat surprising, consequence of the A2 term is that it leads to an effective
decoupling of the qubit from the resonator if the system goes deep enough into the DSC regime [472]. A striking consequence
of this result is that the spontaneous-emission rate of the qubit, thought to increase monotonically with g due to the Purcell
effect, decreases dramatically when g becomes large enough [472].

Ultrastrong coupling has several potential applications in quantum computing. For example, quantum gates in USC
systems can operate extremely fast, at sub-nanosecond time scales [473,474]. Furthermore, various unique characteristics
of the USC regime, e.g., the entangled ground state and the Z2 symmetry, can be utilized to realize protected quantum
computation with multiple resonators [475], quantum memory [476,477], and holonomic quantum computation [478].
Circuit-QED systems in the USC regime can also be used for simulations of the Jahn–Teller model [404,479,480] and
exploration of symmetry-breaking quantum vacuum, which is analogous to the Higgs mechanism [439]. Finally, it can also
be noted that many well-known phenomena from the strong-coupling regime change dramatically in the USC regime and
thus need to be reexamined. Examples include the Purcell effect [472], the spontaneous emission spectrum [481], the Zeno
effect [482,483], and photon transfer in coupled cavities [484].

5. Waveguide QED

Quantum optics has for a long time been concerned with either atoms in free (3D) space, or atoms interacting with single
electromagnetic modes in cavities. However, in the last decade experimental investigations have begun on atoms, both
natural and artificial, coupled to various types of 1D open waveguides. In these setups, dubbed waveguide QED, the absence
of a cavity means that the atoms will interact with a continuum of propagating photonic modes, but the confinement to 1D
instead of 3D is enough to still achieve a strong coupling. As shown in Fig. 9, a great many configurations can be envisioned
for waveguide QED. Much of the work in the field concerns using the atoms to mediate effective interactions between
photons propagating in the waveguide. Another important topic is collective effects, such as super- and subradiance [485],
for multiple atoms interacting via the waveguide.

In this section, we review experimental and theoretical work inwaveguide QEDwith a focus on superconducting artificial
atoms. However, we alsomentionmuchwork donewith other systems inmind, since it often can be transferred to the realm
of microwave photonics. We begin in Section 5.1.1 with an overview of experiments done with superconducting systems
and then compare to experiments in other types of systems in Section 5.1.2. In Section 5.2, we then review theoretical work
dealing with the multitude of possible waveguide QED setups shown in Fig. 9. For another recent review of the field, see
Ref. [486].

5.1. Experiments

Atoms in free space have been studied experimentally for a long time, but truly 1D waveguide systems have only been
realized in the last few years. Arguably, the first such experiment was performed in 2007 when CdSe quantum dots were
coupled to surface plasmons propagating in a silver nanowire [487]. The first experiment with a superconducting artificial
atom coupled to propagatingmicrowave photons was realized in 2010 [118]. Here, we review and compare the experiments
done with superconducting artificial atoms and other systems.

5.1.1. Superconducting artificial atoms
In the seminal work of Ref. [118], a superconducting flux qubit was coupled to an open microwave transmission line,

realizing the setup illustrated in Fig. 9(a). Besides demonstrating theMollow triplet [488] (see also Section 6.1) in resonance
fluorescencemeasurements of the atom (further explored in subsequent work [489]; Mollow sidebands had beenmeasured
earlier with a transmon qubit inside a resonator [490]), the experiment also clearly measured a fundamental effect unique
to the 1D geometry. This is the power-dependent reflection of a coherent probe signal on resonance with the atom. When
the atom is excited, it emits equally in both directions of the transmission line. This emission interferes destructively with
the probe signal and the result is perfect reflection. However, the atom can only handle one photon per relaxation time
before it becomes saturated, so when the probe power increases, the transmission approaches unity. In Ref. [118], a 94%
extinction of the transmission was measured at low probe power. This can be compared to experiments with natural atoms
in 3D free space, where the many possible emission directions for the atom weaken the interference effect. Despite using



24 X. Gu et al. / Physics Reports 718–719 (2017) 1–102

Fig. 9. An overview (not exhaustive) of waveguide QED setups. (a) The most basic structure is a 1D waveguide with a continuum of right- and left-
propagating modes aR and aL , respectively, coupled to a single atom. The atom can relax, with rates ΓR and ΓL , to the modes in the transmission lines.
Usually, ΓL = ΓR . The atom can also relax via other channels, sometimes called nonradiative decay, with a rate Γnr . In many cases with superconducting
artificial atoms, this decay is negligible, i.e., Γnr ≪ Γ1D = ΓL + ΓR . (b) The atom(s) coupled to the waveguide can have various level structures, e.g., two
levels, three levels in the Ξ , Λ, and V configurations, and four levels in an N configuration. (c) The waveguide can be semi-infinite, terminated by a mirror
at some distance lm from the atom(s). (d) The waveguide can be chiral, i.e., ΓL ̸= ΓR , possibly with one of these rates being zero. (e) The atom(s) can be
coupled to a resonator, which then in turn is coupled to the waveguide. (f) There can be two atoms, separated by a distance l2 , coupled to the waveguide.
(g) There can be many atoms coupled to the waveguide.

lenses for extensive focusing, the best such experiments have shown transmission extinction of 7%–12% [491–495], although
higher numbers are possible according to theory [496]. Another experiment with a superconducting transmon qubit in a 1D
transmission line improved the record to 99.6% in 2011 [see Fig. 10(a) and 10(b)] by optimizing the setup to reduce pure
dephasing and minimizing relaxation to other channels beside the transmission line [197,276,497].

The perfect reflection of a single photon from a single two-level atom in an open 1D waveguide entails that the reflected
part of a coherent drive on the atom will be anti-bunched, while the transmitted part will be bunched. This was confirmed
in experiments [194,197] with a transmon qubit where the second-order correlation function g (2)(τ ) was measured,
demonstrating g (2)(0) < 1 for the reflected signal and g (2)(0) > 2 for the transmitted signal, as shown in Fig. 10(c) and (d).

In other experiments, the superconducting artificial atom in thewaveguide has had a three-levelΞ structurewith ground
state |0⟩ and excited states |1⟩ and |2⟩. For such a system with low anharmonicity (the transition frequencies ω01 and ω12
are similar), three-state dressed states have been observed when driving at (ω01 + ω12)/2 [344]. In another experiment, the
|0⟩ ↔ |2⟩ transition was driven to create population inversion, resulting in a small amplification (by stimulated emission) of
a signal resonant with the |0⟩ ↔ |1⟩ transition [498].

By instead driving the |1⟩ ↔ |2⟩ transition with an amplitudeΩ , an Autler–Townes splitting [499] (see also Section 6.1) of
the |0⟩ ↔ |1⟩ transition (resulting in resonances at ω01 ± Ω/2 instead of ω01) has been achieved. Such a splitting had been
measured earlier with superconducting qubits in resonators [490,500], but here it was used to control the transmission of
a weak probe on ω01 (compare the transmission extinction above), yielding a high on/off ratio [275,276] that can be used
for single-photon routing [276]. When the signals close to resonance with |0⟩ ↔ |1⟩ and |1⟩ ↔ |2⟩ transitions both are at
the single-photon level, an effective photon–photon interaction in the form of a large cross-Kerr phase shift (10◦–20◦ per
photon) has been observed for coherent signals [172]. This is much larger than what has been achieved in systems with
single natural atoms (a phase shift on the order of 1 radian per photon was very recently demonstrated using an atomic
ensemble [501]) and could be utilized for single-photon detection (see Section 9.2 for details).

Just as ultrastrong coupling has been reached in circuit QED, as described in Section 4.3, it has now also been reached in
waveguide QED using a superconducting flux qubit coupled to an open transmission line. In the experiment of Ref. [396], the
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Fig. 10. Experiments with a superconducting artificial atom in an open 1D transmission line [194,197]. (a) The transmon circuit placed close to the
transmission line. Zoom: The SQUID connecting the two superconducting islands of the transmon. (b) Measured power transmission T as a function of
the input power Pp (on resonance with the artificial atom) for two samples. The solid lines are theory. Sample 2 has a smaller pure dephasing rate than
sample 1 and therefore achieves a larger transmission extinction. (c) Second-order correlation function g (2)(τ ) for the reflected microwave signal, showing
a clear anti-bunching dip. The solid lines are theory calculations including temperature, finite detector bandwidth, and trigger jitter. (d) The same as (c),
but for the transmitted signal at a number of different input powers.
Source: Reprinted figure from I.-C. Hoi et al., New J. Phys. 15, 25011 (2013).

decay rateΓ1D exceeded the qubit transition frequency. This opens up for experimental studies of the spin-bosonmodel [502]
in hitherto unexplored parameter regimes and a number of interesting theoretical predictions reviewed in Section 5.2.4.

By alternating coplanar-waveguide sections with different impedances, a recent experiment created a microwave
photonic-crystal waveguide with a photonic bandgap and coupled a transmon strongly to the upper band [503]. Tuning
the transmon transition frequency into the bandgap, a bound polariton state was observed. The bound state gives rise to a
transmission peak inside the bandgap even though the photonic part of the polariton is exponentially localized around the
transmon.

Increasing the number of atoms, two transmons have been coupled to an open 1D transmission line at a distance l2 from
each other [the setup in Fig. 9(f)] [504]. The relevant wavelength for interaction between the atoms via the transmission
line is set by the transition frequencies of the atoms, which can be tuned to change l2 in units of wavelengths. The
experiment demonstrated distance-dependent exchange interaction between the atoms as well as collective decay (super-
and subradiance). The latter was also studied recently with two transmons in a bad cavity [505], which is a setup somewhere
in between waveguide QED and normal cavity QED.

A few experiments with superconducting circuits have explored the setup with a semi-infinite waveguide, i.e., a waveg-
uide terminated by a mirror, shown in Fig. 9(c). An example without any artificial atom is the experimental demonstration
of the dynamical Casimir effect, where a SQUID at the end of a transmission line was used to implement a rapidly tunable
boundary condition (an effective moving mirror) [134]. Another example is the cross-Kerr photon–photon interaction
discussed above, which was enhanced when the atom was placed at the end of a waveguide, only allowing the atom to
emit in one direction instead of two [172]. In Refs. [340,341,506], a flux qubit placed in a resonator realized an effective
three-level Λ system [see Fig. 9(b)], which was placed at the end of a transmission line. Engineering the two relaxation rates
from the highest excited state |c⟩ to be equal, an interference effect similar to that for a two-level atom in an openwaveguide
causes the system to fully absorb an incoming weak signal at ωac and down-convert it by only decaying to |b⟩. As discussed
further in Section 9.2, this can be used for single-photon detection by detecting when the system has switched to |b⟩.

In the experiment of Ref. [173], a transmon qubit was placed at a distance from the end of a transmission line. Just
as in Ref. [504] discussed above, the relevant measure of distance is in terms of the wavelength set by the atom transition
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Fig. 11. Measuring vacuum fluctuations with a superconducting artificial atom at a distance L from an effective mirror in a semi-infinite transmission
line [173]. (a) Measured relaxation rate Γ1 and pure dephasing rate Γφ for the atom as a function of L. Varying the atom transition frequencyωa changes the
distance to themirror in terms of wavelengths λ = 2πv/ωa , where v is the wave velocity in the transmission line. Close to the node for the electromagnetic
field, around L = λ/2, the rates are too weak to measure (shaded area). Note that the measured relaxation rate changes by around an order of magnitude.
The solid line is theory. (b) Power spectral density S for the vacuum fluctuations of the electromagnetic field at ω in units of h̄ωa , extracted from the
measured relaxation rate. (c) Zoom out from (b) showing the theoretical predictions for a larger span of L, including antinodes for the field. For an open
transition line (mirrorless vacuum), S(ωa) = h̄ωa , with the right- and left-propagating modes contributing half a quantum each to the fluctuations (see
Appendix A.3).
Source: Reprinted figure by permission from I.-C. Hoi et al., Nat. Phys. 11, 1045 (2015).
c⃝ 2015, copyright (2015), Macmillan Publishers Ltd.

frequency. It is vacuum fluctuations at this frequency that causes the atom to relax from its excited state. Due to the presence
of the mirror, the atom can be placed at a node of these fluctuations, lowering the relaxation rate. By tuning the atom
frequency, and thus the effective distance to the mirror, a decrease in the relaxation rate by one order of magnitude was
observed, as shown in Fig. 11(a). Measuring the relaxation rate was then in turn used to measure the spectral density of the
vacuum fluctuations, showing that at the node they are well below half a quantum [see Fig. 11(b) and 11(c)].

Finally, a recent experiment coupled a superconducting artificial atom (a transmon) not to propagating microwave
photons, but to propagating phonons in the form of surface acoustic waves (SAWs) on a piezoelectric GaAs substrate [411].
In this version of 1D waveguide QED (or rather QAD, quantum acoustodynamics), the phonons propagate five orders of
magnitude slower than the photons discussed so far, and since their frequency is still in themicrowave range thewavelength
is correspondingly shorter, on the order of 1µm. This is significantly smaller than the size of the transmon, so the experiment
realizes a ‘‘giant artificial atom’’ [165,167], which couples to the waveguide at several points, wavelengths apart. The setup
offers many interesting possibilities for waveguide QED experiments in new regimes [166], including ultra-strong coupling,
and can potentially be used to interface with other artificial and natural atoms [168,507] as well as optical light [171].

5.1.2. Other systems
The experimental realizations ofwaveguideQEDnot using superconducting circuitsmainly follow two approaches, either

coupling quantum dots to photonic crystal waveguides or coupling natural atoms to optical fibers, although there are more
setups. In the seminal experiment of Ref. [487], quantum dots were coupled to surface plasmons in a nanowire, with around
60% of the emission from the dots going into this waveguide. The loss of the remaining emission to free space, i.e., a relatively
large Γnr, is a problem which superconducting circuits do not suffer from, but it has proven a challenge to reduce it in other
systems.

Theoretical studies have shown that quantum emitters can couple efficiently to waveguides for plasmons made from
nanowires [508], graphene [509,510], and carbon nanotubes [511], but later experiments with quantum dots and natural
atoms have seen them coupled to photonic crystal waveguides instead [235,512–517], where theory predicts that Γnr can
be made small [518,519]. Indeed, in Ref. [514] 98.4% of the quantum dot emission went into the waveguide. For an in-depth
review of quantum dots coupled to photons in various configurations, see Ref. [520]; a review on various emitters coupled
to propagating surface plasmons is given in Ref. [521].

Several experiments have coupled natural atoms, trapped and cooled, to optical fibers [522–529] or to resonators that are
in turn coupled to fibers [278,530]. These experiments also struggle to reduceΓnr. For a reviewonphoton–photon interaction
mediated by natural atoms, see Ref. [531].

Other experimental realizations of waveguide QED include dye molecules coupled to a waveguide for optical light made
from an organic crystal [532], a gold nanoparticle coupled to a photonic waveguide made from a silica nanofiber [533], and
an NV center coupled to a plasmonic groove waveguide [534].

Comparing with superconducting circuits, waveguide QED with other systems suffer from larger Γnr, although quantum
dots have almost caught up in this respect. While superconducting circuits operate at microwave frequencies, most other
systems work at optical frequencies, where, e.g., photon detection is easier to perform (see Section 9). We also note that
recently several non-superconducting systems have realized chiral waveguides [235,525,533,535] [see Fig. 9(d)] using
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spin–orbit interaction of the confined light [536–538]. Chiral waveguides should also be possible to implement with
superconducting circuits, using circulators (see Section 3.2) in a setup like that of Fig. 28 in Section 9.2.

Going beyond pure 1D waveguide QED, we note that experiments have been performed earlier with trapped ions in
free space interacting with focused laser light. In this kind of setup, super- and subradiance has been observed from two
trapped ions separated by a tunable distance [539] and a few experiments have investigated a trapped ion in front of a
mirror [540–543], showing that the distance to the mirror affects both the relaxation rate and the Lamb shift [544] of the
ion due to interference with the ion’s mirror image. While the Lamb shift of a superconducting qubit in a resonator has been
measured [366], it remains to be done in a waveguide.

5.2. Theory

The experimental progress in waveguide QED, both with superconducting circuits and in other systems, has inspired
a wealth of theoretical work in the field. Below, we review this rapidly growing body of literature, dividing the work
mainly into open and semi-infinite waveguides, which couple to one, two, or many atoms. We also consider chiral
waveguides, coupling to cavities containing atoms, and ultrastrong coupling. However, a detailed account of analytical
and numerical tools such as (continuous) matrix product states [545–550], formalisms for cascaded quantum systems
[551–558], Fock state input to open quantum systems [559–562], etc., is beyond the scope of this review. For some overview,
see, e.g., Refs. [558,563] and the introductions of Refs. [564–566].

The continuum of modes in the 1D waveguide, which sometimes is modeled as a chain of coupled cavities for analytical
and numerical convenience [273,274,282,567–584], can be viewed as a bath for the atom(s) coupling to the waveguide, thus
realizing the well-studied spin-boson model [502] and making it possible to derive a master equation for the atom(s) [553].
However, much of the work in the field of waveguide QED is more concerned with effects on the photons propagating in the
waveguide.

5.2.1. Open waveguide
Theoretical work on 1Dwaveguides coupled to atoms really took off in themiddle of the 2000s’, but there are some earlier

works that either eliminated cavities from cavity QED or took the step from 3D to 1D. Transmission in the ‘‘bad-cavity’’ limit
for a cavity QED setup with a single atom was studied [585–587] and Kimble coined the term ‘‘one-dimensional atom’’
for such systems [587]. There were also papers on 1D waveguides with periodic scattering potentials [588] or coupling to
harmonic oscillators [589,590].

One atom. The simplest waveguide QED system consists of a single atom coupled to the waveguide, where some of the
earliest efforts are Refs. [272,591–593]. Most papers on the subject so far are concerned with two-level atoms [167,211,257,
272–274,564,568,569,571,573,574,577,580,583,584,591–618], but atoms with three levels [78,257,282,575,578,605,
619–628] and more [79,165,623,629,630] have also been studied. The question usually asked is how the atom affects the
transport of photons, either in Fock stateswith one [78,79,167,272–274,568,572,575,580,583,584,592–594,597,598,601,603,
607,609,610,617,619,623,629,630], two [167,564,568,571–574,580,583,593–596,598,601,607,614,620,623,628–631], or
many [565,568,597,598,618,623] excitations, or in coherent states [136,592,598,604,608,613,615,616,623,625].

For the case of a single photon, one can also ask how well it can excite the atom [571,600,602]. It turns out that the atom
can be perfectly excited, provided that the photonwavepacket shape is a rising exponential, which is the time-reverse of decay
from the atom [600,602]. If the atom–waveguide coupling can be modulated, a photon of arbitrary shape can be perfectly
absorbed [617]. A related problem is stimulated emission from an excited atom induced by a single photon [606,632]. The
probabilities of the two outgoing photons traveling in the same or opposite directions depends on the wavepacket shape
of the incoming photon [632]. Other aspects of single-photon transport that have been studied include the effect of the
waveguide dispersion relation [273,572,584] and of rapidly modulating the atom frequency [274].

For a single photon it does not matter if the system in the waveguide is a two-level atom or a harmonic oscillator,
since only one transition is involved, but for two or more photons a single atom can be saturated and thus mediate an
effective photon–photon interaction. A clear signature of the atom-induced nonlinearity in the multi-photon transport is
provided by the second-order correlation function g (2)(τ ) [257,566,574,593,598,604,612,623,625–627], which, as we saw
above in Section 5.1.1, has also been studied in experiments with superconducting circuits. A single photon on resonance
with the atom will be perfectly reflected, but it will also saturate the atom such that any additional photons arriving at
the same time are transmitted; this causes the reflected light to become anti-bunched while the transmitted light becomes
bunched. Another effect of this saturation is that a two-level atom in an open waveguide cannot be a perfect analogue of
a beam-splitter [211,573,614]; the Hong–Ou–Mandel effect [633], where two photons arriving from opposite directions
(opposite input ports) always end up traveling in the same direction, is not perfectly reproduced.

Driving a three-level atom can give rise to electromagnetically induced transparency (EIT), affecting photon trans-
port [575,619,620,626,629,630], as discussed further in Section 6.1, or to single-photon frequency conversion [79,578]. A
single photon can also be used to switch the state of a three-level atom, thereby determining whether a subsequently
arriving photon will be reflected or transmitted, i.e., realizing a single-photon transistor [257,619]. Actually, the transmission
of a single photon via a multi-level atom can both enhance (photon-induced tunneling) and decrease (photon blockade)
the transmission of a following photon [623,629]. Driving one transition in a three-level atom can regulate single-photon
transport, implementing a single-photon router [276,282].
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If two photons scatter off separate transitions in a Ξ-type three-level atom, one of them will get a π phase shift if they
are both reflected [621]. Similarly, the arrival of a single photon resonant with the first transition can give rise to a large
phase shift for a coherent probe resonant with the second transition [172,624], but this is not enough to enable detection of
the single photon (measuring the shift of the probe) [624].

A single atom could couple to the waveguide at several points, forming a ‘‘giant atom’’ [165]. Interference between these
coupling points give rise to a frequency-dependent relaxation rate, which canmarkedly alter system properties [634–636]. If
the travel time between the coupling points becomes comparable to or large than the timescale set by the coupling strength,
neweffects occur, such as polynomial decay, additional single-photon reflection peaks beside the one at the atomic transition
frequency, and switching of g (2)(τ ) between anti-bunching and bunching [167].

Other work with a single atom in an open waveguide include using the atom as a single-photon source [136,629],
considering the effect of transversal modes (quasi-1D) [609,610], looking at full counting statistics for scattered coherent
light [615], and considering entanglement generated between photons scattered off the atom [564,614,615]. Recently,
methods have been developed for investigating non-Markovian regimes with time delays and feedback [557,566,612,637].
There are also some general results for an arbitrary quantum system coupled to the waveguide [566,595,631,637].

Two atoms. Introducing a second atom into the open waveguide allows for atom–atom interaction and more compli-
cated photon scattering processes. Just as for a single atom, most studies consider two-level atoms [566,567,599,612,
638–663], but there are some results for atoms with three [627,664] and more levels [656,665]. Single-photon [567,612,
645–647,649,651,654,657–659] and two-photon [649,654,659,662] transport, as well as scattering of coherent light [612,
641,644,653,656], has been studied, often by calculating g (2)(τ ) [612,627,644,653,654,662], but there is also much interest
in how the interaction of the two atoms affects their decay [599,638–640,642,643,652,656,658,661,663] and Lamb shifts
[599,638,642].

Early work on two atoms in 3D free space include Refs. [638–641] (a review on two-atom systems can be found in
Ref. [666]), where relaxation, Lamb shifts and exchange interactions for the atoms were investigated. For N identical atoms,
placed at positions xn in an openwaveguide, one can derive theMarkovianmaster equation (assuming negligible travel time
between the atoms) [667,668]
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where Γ = ΓL + ΓR is the total relaxation rate for a single atom coupled to the waveguide (we neglect relaxation to other
environments, Γnr), Hatoms is the Hamiltonian for the individual atoms (with Lamb shift included), σ (n)

+ (σ (n)
− ) is the raising

(lowering) operator for atom n, and k is the wavenumber for photons resonant with the atoms. The second term in the
commutator is an exchange interaction between the atoms, mediated by virtual photons in the waveguide. The last term
is the decay of the atoms, which contains collective parts. These effects, including their dependence on the interatomic
distance and their connection to dark and bright states, are explained further in Fig. 12. Non-Markovian effects, which arise
when the travel time between the atoms is no longer negligible and require modifications of Eq. (23), have become an
increasingly popular topic in the last few years [566,612,640,644,653,655,661,662]. Some studies have also considered lossy
waveguides [599,647,648,669].

The distance-dependent interaction between the two atoms makes it relevant to study how they can be entangled by
external drives [647,648,650,653,655,659] or by relaxation [663]; it can also beused for a phase gate between the atoms [599]
or photon blockade [654]. Other photonic transport properties studied include EIT [651,664], special (anti)bunching
features [612], and the possibility of creating molecular-like potentials for photons [664]. Also, two atoms coupled to a
transmission linemay experience a large Casimir force [665]. Finally, since a single atom can perfectly reflect a single photon
on resonance, two atoms can form a sort of effective cavity in the waveguide [567,644,657,660], which could be used for
photon rectification, i.e., as a diode [660].

Many atoms. Increasing the number of atoms in the waveguide above two, the result is mostly various generalizations of
phenomena already seen in some formwith two atoms, though some important novelties arise. As before, most studies have
focussed on two-level atoms [255,581,582,612,667–696], but there are results for systemswith three [256,279,624,684,685,
697,698] and more levels [656,678,699,700]. Transport of one [612,673,677,687,689,692], two [279,677,683,689,700], and
more photons [581,672,684,700], as well as coherent light [612,695,696], has been studied, usually including calculations
of g (2)(τ ) [612,677,683,695,700], but makes up a smaller part of the total body of work than for one and two atoms. While
most studies of two or more atoms consider the case where the atoms are identical, Ref. [692] treats the case of nonidentical
atoms.

Just as for two atoms, earlyworkwithmany atoms in 3D free space [667,670,671], aswell as some later 1Dwork [678,686],
was mainly concerned with relaxation, Lamb shifts and exchange interaction for the atoms along the lines of Eq. (23). Later,
the spontaneous emission of a single excited atom among many others [673], and non-Markovian effects [683,684,691],
have also been studied. Topics related to the interaction between the atoms are decoherence-free subspaces [669],
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Fig. 12. Interference effects for two atoms in an open waveguide [656]. (a) The identical artificial atoms Q1 and Q2 are separated by a distance d = λ0/2,
where λ0 is thewavelength of a photonic drive (solid line) on resonancewith the atoms. The drive is only able to excite antisymmetric superpositions of the
atoms. Conversely, only the antisymmetric superposition |B⟩ =

|ge⟩−|eg⟩
√
2

(the bright state) can decay into thewaveguide, while the symmetric superposition

|D⟩ =
|ge⟩+|eg⟩

√
2

(the dark state) is protected from decay. The decay rate of |B⟩ is 2Γ , which is termed superradiance since it exceeds the decay rate Γ for an
excitation in a single atom. The decay rate of |D⟩ is 0, which is referred to as subradiance. If the two atoms are instead Q1 and Q3 , separated by a distance
d = λ0 , the bright and dark states become |B⟩ =

|ge⟩+|eg⟩
√
2

and |D⟩ =
|ge⟩−|eg⟩

√
2

, respectively. (b) Level structure for two atoms with bright and dark states.

A dressed raising operator σ B
+

can be defined by diagonalizing the dissipation term in Eq. (23). The dark state |D⟩ can be populated if the atoms are not
identical, if there is decay to other reservoirs except the waveguide, or if there is dephasing γ2 . (c) The exchange interaction is found by integrating over all
the continuous modes in the waveguide except at the atomic transition frequency. The expression being integrated is proportional to 1/δ, where δ is the
detuning between themode frequency and the atoms. In the figure, Q1 and Q3 are separated by 3λ0/4. The twomodes shown as dashed lines will then have
different signs at Q3 , but their detunings will also have different signs. These double sign differences cancel, making all modes contribute constructively to
the exchange interaction, which reaches its maximum here. On the other hand, Q1 and Q2 are separated by λ0/2, such that the two modes have the same
sign here. However, their detunings still differ in sign and their contributions cancel, making the exchange interaction zero for this interatomic separation.
Source: Reprinted figure with permission from K. Lalumière et al., Phys. Rev. A 88, 043806 (2013).
c⃝ 2013, American Physical Society.

multiphoton generation [698], as well as the use of photonic drives to generate entanglement [255,678,693,694] and dark
states [255,668,679].

Withmany atoms, the effective cavity formed by two atomsmentioned in the previous section can be extended to contain
a single atom, either by using just two surrounding atoms as mirrors [685], or by using two surrounding ensembles of
atoms to form Bragg mirrors [675,691]. The Rabi-oscillation period in such a Bragg-mirror cavity is set by the cavity length,
the number of atoms in the Bragg mirrors, and the strength with which these couple to the waveguide [691]. The setup
with single-atom mirrors could potentially be used for (destructive) single-photon detection, by increasing the probability
of the intra-cavity Λ atom to absorb an incoming photon [685]. Nondestructive photon detection can also be achieved
by accumulating a cross-Kerr phase shift for a coherent probe beam passing several Ξ atoms together with the single
photon [256], but circulators are needed to make the propagation unidirectional; in an open transmission line, reflections
will prevent a large enough phase shift from accumulating [624] (see Section 9.2 for details).

Other applications with many atoms in the open waveguide include quantummemory [697], a single-photon switch for
single-photon transport [279], nonreciprocal photon transport [677], a CPHASE gate between photons propagating in two
transmission lines interacting via pairs of coupled atoms [688], and the formation of a quantummetamaterial [674,676,681]
(see Section 10.3).

Cavities with atoms. A cavity with atoms can either be side-coupled [285,600,628,701–707] to the waveguide, as in Fig. 9(e),
or directly coupled [273,701,704,708], i.e., interrupting the waveguide. Most studies of such systems consider the simplest
setup with a single atom in the cavity [273,285,600,628,701,702,704–708], but two atoms in two separate cavities have
also been investigated [709], as well as a nonlinear cavity without any atoms [703] and optomechanical cavities [710]. The
atoms usually have two levels [273,600,701,702,704,705,707–709], but three [706] andmore [285,628] levels have also been
considered.

Most of these works study single-photon [273,285,600,628,701,702,706,707], two-photon [628,703,704,706,707], or
coherent-light transport [705,708], sometimes calculating g (2)(τ ) [704,707]. Note that, unlike the atoms in the open waveg-
uide, the cavity can absorb several photons. However, the cavity+atom system can formdressed states (see Section 4.2.1) that
give rise to several transmission/reflection peaks and nonlinear behavior, as shown in Fig. 13. Other topics studied include
the optimal wavepacket shape of an incoming photon for excitation of the atom in the cavity [600].
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Fig. 13. Single-photon transmission in awaveguidewith a side-coupled cavity containing a single two-level atom [701]. The atom can either be far detuned
from the cavity frequencyωc (red curve) or on resonancewith the cavity (blue curve). In the first case,manyphotons canbe reflected atωc . In the second case,
single photons will be reflected atωc ±g (g is the coupling strength in the Jaynes–Cummings Hamiltonian), which correspond to the transition frequencies
for the dressed states formed by the cavity and the atom. As indicated by the arrows in the figure, the cavity can be switched from full transmission to full
reflection by tuning the atom transition frequency.
Source: Reprinted figure with permission from J.-T. Shen et al., Phys. Rev. A 79, 23837 (2009).
c⃝ 2009, American Physical Society.

5.2.2. Semi-infinite waveguides
Terminating the waveguide by a mirror as in Fig. 9(c), sometimes referred to as a ‘‘half-cavity’’, introduces a number

of new features compared to the open-waveguide case. Photons can now bounce off the mirror and return to atoms they
interactedwith previously, giving rise to interference effects. Placing the atom(s) at themirror is equivalent to having an open,
unidirectional waveguide, and can therefore be used for some setups discussed in Section 5.2.3.

Even without any atoms, the semi-infinite waveguide hosts interesting physics in the form of the dynamical Casimir
effect if the mirror can be moved rapidly, which can be realized for superconducting circuits [131–133] (see Section 2.7;
other relativistic effects could potentially also be modeled with SQUIDs in waveguides [135]). Recently, a setup with
two semi-infinite waveguides connected through a parametric coupling has also been studied [711]. However, most of
the work in the field concerns a single atom placed at some distance from the mirror. Usually, the atom is a two-level
system [136,165,566,605,625,684,712–725], but atoms with three [605,622,627,726,727] and more levels [712,728–730]
have also been studied.

The first studies of an atom in front of a mirror were done for the 3D [712,728] and quasi-1D [713,726] cases (recently
the quasi-1D setup with a rectangular waveguide has also been investigated [725]). Here, and also in several later 1D
studies, the focus was on the modification of the atom relaxation rate [165,566,713,717,719,721–724,726,728] and Lamb
shift [165,566,712,713,719,728] due to the presence of the mirror. In fact, the situation is rather similar to the case of two
atoms in an open waveguide discussed above, since the atom can be thought of as interacting with its mirror image. The
result is a relaxation rate Γ (1 + cosφ) and a shift of the transition frequency by Γ

2 sinφ, where φ is the phase acquired by
a photon traveling from the atom to the mirror and back. If the round-trip travel time is not negligible, the system becomes
non-Markovian [566,713,717,722–724] and the atom can exhibit revivals. A comparison between the open and semi-infinite
waveguide cases, including bothMarkovian and non-Markovian regimes, is shown in Fig. 14. The picture can be complicated
further by adding mirror oscillations, which give rise to sideband photons [717].

The relaxation rate of the atom can be tuned, either by changing the atom transition frequency or by moving the
mirror. This could be used to create a quantum memory, using a high, possibly time-dependent, coupling to absorb an
incoming photon and then trap it by turning off the relaxation [721]. Optimization of photon absorption has been studied
further [718,727] (it could be used for photon detection if the atom has a Λ structure [605,727]), and so has optimization of
stimulated emission [720], which could be used for photon cloning [622].

Similar to two atoms in an open waveguide, a single atom in front of a mirror can form an effective cavity for a single
photon [716]. The atom can also be used for single-photon generation [136], to entangle photons [684] or to squeeze
them [715]. Four-level atoms can be used to implement a photonic phase gate [729] or various two-qubit gates between
an atom and a photon [730].

With two atoms in front of themirror, a photon can perform a controlled-Z gate between them [731]. If the two atoms are
placed in front of separatemirrors, they can be used to sort photon numbers [605]. Recently,methods have also been develop
to study many atoms in front of a mirror, which allow for, e.g., g (2)(τ ) calculations and exploration of the non-Markovian
regime [683,684]. There is also an example where a cavity with an atom inside is placed in front of the mirror [722].

5.2.3. Chiral waveguides
Chiral waveguides, where, as shown in Fig. 9(d), the relaxation rates to left- and right-moving photons differ, have only

started to attract attention in the last decade. There are now a few studies on single [78,261,601,732–734], two [657], and
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Fig. 14. Excitation amplitude ε(t) as a function of time for an atom in front of a mirror in (a) the Markovian regime, (b) the strongly non-Markovian regime
and (c), (d) the crossover between Markovian and non-Markovian regimes (γ is the atomic linewidth and td the round-trip travel time) [724]. All plots
show the cases φ = 0 (blue dashed line), φ = π/2 (red dotted line), φ = π (green dot-dashed line), and, for comparison, the result for an open waveguide
(black solid line). In (b)–(d), the plots start from td; at previous times the behavior is identical to that in (a). Note the φ dependence on the relaxation rate
in (a) and the revivals of the atomic population in (b).
Source: Reprinted figure with permission from T. Tufarelli et al., Phys. Rev. A 90, 12113 (2014).
c⃝ 2014, American Physical Society.

multiple [255,256,668,679,693,694,735–737] atoms in a chiral waveguide, considering atoms with two [255,601,657,668,
679,693,694,732,733,736,737], three [78,256,261,734], and more [735] levels. For recent reviews of chiral quantum optics
and spin–orbit interactions of light, see Refs. [537,538,738].

An important feature of the chiral waveguide is that the asymmetry in the relaxation rates destroys the interference
that gave rise to perfect single-photon reflection with a single atom in an open waveguide. With this in mind, transport
of one [78,261,601,657,732,733,736], two [261,601,732,736], and more [735] photons has been studied anew, suggesting
applications like a photon diode [261,732], a single-photon router [261], a single-photon transistor [261] and a single-
photon-transmission switch [657]. In the limit of unidirectional relaxation, which for a single atom is equivalent to placing
the atom at the end of a semi-infinite waveguide, the interference that led to single-photon reflection in the openwaveguide
canbeharnessed in a differentway if the atom is of theΛ typewith equal relaxation rates from theupper level. Then, a photon
exciting one of the transitions will always relax via the other transition, which can be used for frequency conversion [78].

Other applications with multiple atoms in a chiral waveguide are the generation of dark and entangled states [255,668,
679,693,694,737] (a dark state can also formwith a single V -type atom in front of amirror [734]) and photon detection [256].
Recently, non-Markovian effects for multiple atoms have been studied in detail [737]. Some possible implementations of
chiral waveguides are superconducting waveguides with circulators [255,256] and systems with spin–orbit coupling of
evanescent light [536–538] (see also Section 5.1.2).

5.2.4. Ultrastrong coupling
Superconducting artificial atoms cannot only couple ultrastrongly to cavities [307,404,407,409], as discussed in Section

4.3, but also to an open waveguide [404,576,739], as recently demonstrated in an experiment [396]. A few studies has
explored this setting for one [576,579,616,739–743], two [741], and many [581] two-level atoms, looking at both single-
[576,579,739–741], multi-photon [581], and coherent-state [616,739] transport. One interesting result is that a single
incoming photon interacting with a single two-level atom can now be converted to another frequency [579,740].

In the USC regime with a cavity, the rotating-wave approximation can no longer be used and the ground state contains
virtual photons. In the open waveguide case, there are also virtual photons in the ground state, but these are now present
in a continuum of modes [576]. Furthermore, at strong enough coupling, the Markov approximation breaks down [576].
Other new phenomena in this regime include a modified Lamb shift [579,741], a decrease in the spontaneous emission
rate as the coupling increases [741], spontaneous emission in the form of Schrödinger-cat states [743], and a modified
distance dependence for waveguide-mediated atom–atom interaction [581]. There is also a close connection to Kondo
physics [739,740,742].
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Table 5
A summary of phenomena from atomic physics and quantum optics that have been exper-
imentally realized in circuit-QED systems. Most of these experiments are reviewed in the
present section, but, as shown in the table, others are discussed in other parts of the review.

Phenomena References

Autler–Townes splitting Sections 5.1.1 and 6.1
Bell, GHZ and W states Section 10.2.1
Correlated-emission lasing Section 2.5
Dressed states Section 4.2.2
Electromagnetically induced transparency Section 6.1
Even and odd coherent states Section 8.2.2
Landau–Zener transitions Section 6.3
Lasing with and without population inversion Section 6.4
Microwave entangled states Section 8.2.3
Microwave quantum state engineering Sections 8.2.1, 8.2.2, 9.1, and 9.4
Nonlinear optics Section 7
Photon blockade Section 6.6
Photon generation Section 8.2
Quantum contextuality Refs. [744,745]
Quantum jumps Section 6.7
Quantum nondemolition (QND) measurements Sections 2.6 and 9.1
Quantum Zeno effect Refs. [274,361,482,483,746–754]
Rapid adiabatic passage and STIRAP Sections 8.1 and 8.2.2
Reconstruction of microwave quantum states Sections 6.5, 9.3, and 9.4, Ref. [755]
Resonance fluorescence Section 6.3
Sideband transitions Section 6.2
Squeezing and squeezed states Section 6.5
Ultrastrong light–matter coupling Section 4.3

6. Quantum optics and atomic physics on a superconducting chip

Many phenomena in quantumoptics and atomic physics have been demonstrated in themicrowave domain using circuit-
QED systems. In this section, we review some of these experimental achievements.We first discuss Autler–Townes splitting,
the Mollow triplet, and electromagnetically induced transparency in Section 6.1 and then cover topics such as sideband
transitions (Section 6.2), various multiphoton processes (Section 6.3), lasing (Section 6.4), squeezing (Section 6.5), photon
blockade (Section 6.6), and quantum jumps (Section 6.7).We focus on explaining the basic mechanisms of these phenomena
and their experimental realizations in SQCs. The treatment in this section is not exhaustive. As shown in Table 5 and the
table of contents, quantum-optics and atomic-physics experiments with microwaves are discussed in many sections of this
review.

6.1. Mollow triplet, Autler–Townes splitting, and electromagnetically induced transparency

One of the simplest quantum-optics experiments is to coherently drive a single atom. In the case where the atom only
has two levels and the drive is resonant (the drive frequency ωd equals the atomic transition frequency ωq) we know
from Section 4.2.2 that a Jaynes–Cummings ladder will form. The pairs of states in the ladder are separated by splittings
ΩR = 2g

√
n, where g is the coupling between the atom and the drive field and n is the number of drive photons. If the drive

is strong enough,
√
n ≈

√
n + 1 and the splittings become uniform. As shown in Fig. 15(b), this leads to a situation where

transitions can occur at three different frequencies: ωq and ωq ± ΩR. If the splitting ΩR is larger than the atom linewidth,
three lines at these frequencies can be seen in the resonance-fluorescence spectrum of the atom, as shown in Fig. 15(c). This
is the well-knownMollow triplet [488].

In superconducting circuits, the Mollow triplet was first observed using a transmon qubit in a resonator [490]. Shortly
thereafter, the Mollow triplet was also demonstrated in the resonance fluorescence from a flux qubit in an open 1D
transmission line [118]. In a subsequent work [489], the same setup was used to investigate the dynamics of both
coherent and incoherent emission in resonance fluorescence. Other SQC experiments studying resonance fluorescence have
demonstrated nonclassical effects like photon antibunching [192] and quantum features characteristic of weak values in the
interference between past and future quantum states [756]. Recently, resonance fluorescence in a squeezed vacuum was
observed using a transmon qubit [757].

Closely related to the Mollow triplet is Autler–Townes splitting (ATS) [499,758], also known as the ac Stark effect. In both
cases, an atomic transition is strongly driven. However, the ATS refers to the splitting of a different atomic transition in a
multilevel atom due to this driving, as shown in Fig. 15(d)–(f). In that illustration, the drive is on the |g⟩ ↔ |e⟩ transition in
a three-level atom, which leads to a probe field of frequency ωp seeing a split of the |e⟩ ↔ |f ⟩ transition, whose resonance
frequency changes from ωf to ωf ±Ω ′

R/2. Since a weak probe resonant with an atomic transition is strongly absorbed by the
atom, the ATS can turn off such absorption by changing the resonance frequency of the transition.
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Fig. 15. Mollow triplet (a–c) and Autler–Townes doublet (d–f). (a) To create the Mollow triplet, a two-level atom is driven resonantly (red arrows, drive
frequency ωd equal to the transition frequency ωq). (b) The strong drive dresses the states of the atom, creating four possible transitions (at three different
transition frequencies) between two adjacent doublets |±, n + 1⟩ and |±, n⟩ in the dressed-states basis. (c) These transitions give rise to theMollow triplet
in the spectrum of the resonance fluorescence from the atom. (d) In one incarnation of the ATS, the transition |e⟩ ↔ |g⟩ in a three-level atom is driven
by a strong field at frequency ωd , with detuning ∆ = ωq − ωd . A weak field probes the |e⟩ ↔ |f ⟩ transition. (e) In the dressed-states basis, the |e⟩ ↔ |f ⟩

transition splits into two, indicated by blue arrows. The new transitions are separated by Ω ′

R =

√
Ω2

R + ∆2 . (f) The energies of the dressed states change
with the frequency of the strong driving field ωd . The uncoupled states (dashed lines) cross at ωd = ωq . An anticrossing is formed by the dressed states
|+, n⟩ and |−, n⟩; the minimum splitting is a measure of the coupling strength.

The reduced absorption of a weak probe due to a strong drive in the ATS resembles electromagnetically induced
transparency (EIT) [759–762]. Also in EIT, strong absorption of a resonant weak probe field by a three-level atom is switched
off by driving the atom. EIT has many potential applications in nonlinear optics, e.g., cross-phase modulation, coherent
population transfer, lasingwithout inversion, slowing light, and light storage [761–763]. In conventional EIT, there is only one
transparency window for the probe, but recent studies in optomechanical systems have shown that multiple transparency
windows can exist [764].

While both ATS and EIT can give rise to a dip in the absorption spectrum of a weak probe field, the origin of this dip is
different in the two cases [765,766], as we will explain in more detail in Section 6.1.1. In the ATS case, the drive is strong
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(a) Λ. (b) Ξ . (c) V . (d) ∆.

Fig. 16. Configurations of three-level systems. Green arrows indicate the allowed transitions in each configuration. As shown in Section 2.5, natural three-
level atoms can only have the (a) Λ, (b) Ξ , and (c) V configurations, but artificial atoms can be designed also in the (d) ∆ configuration. (a) The setup
analyzed in more detail in Section 6.1.1. The Λ atom interacts with a probe field (red arrow) of strength (Rabi frequency) Ωp and detuning ∆1 from the
|1⟩ ↔ |3⟩ transition and a drive field (blue arrow) of strength Ωd and detuning ∆2 from the |2⟩ ↔ |3⟩ transition. (b) Driving the upper transition of a Ξ

atom is the only configuration in natural atoms, in addition to theΛ one, that allows perfect cancellation of the probe absorption through Fano interference.

enough to shift the transition frequency. In the EIT case, the drive is not very strong and the dip is instead mainly due to
Fano interference [762,767,768], where destructive interference between different excitation pathways leads to partial or
complete reduction of the absorption. The drive strength has a threshold value, determined by the decay rates of the three-
level atom, that distinguishes EIT fromATS. To determinewhether an experimentally observed absorption dip is due to EIT or
ATS, the so-called Akaike information criterion can be applied [766]. In this way, it has been shown that EIT thought to have
been observed using a flux qubit [275] actually was ATS [766]. Experiments in other systems, such as cold atoms [769] and
whispering-gallery-mode resonators [770], have demonstrated the transition from EIT to ATS by varying the drive strength.

The configuration of the three-level atom interacting with the probe and drive fields also affects whether ATS and EIT can
occur [765,771]. Although the four different types of three-level atoms (Λ, Ξ , V , and ∆, shown in Fig. 16) offer many ways
to apply the drive and the probe to different transitions, it has been shown that, for natural atoms, cancellation of absorption
solely due to Fano interference is only possible for Λ [Fig. 16(a)] and upper-driven Ξ [Fig. 16(b)] atoms [771]. However, as
discussed in Section 2.5, three-level SQCs can be in a ∆ configuration [Fig. 16(d)]. In that configuration, the response can be
engineered by varying the strength of the driving field [76] and the transparency window can be sandwiched between the
absorption and amplification bands [73].

6.1.1. ATS versus EIT: the details
To clarify the physics governing ATS and EIT, we analyze a driven Λ system in the setup shown in Fig. 16(a). An analysis

of other setups can be found in Ref. [765]. In the interaction picture, we can write the Hamiltonian of the driven Λ system
as [762]

H = −
1
2

(
Ωp |3⟩ ⟨1| ei∆1t + Ωd |3⟩ ⟨2| ei∆2t + H.c.

)
, (24)

where the Rabi frequency Ωp (Ωd) describes the strength of the probe (drive), and ∆1 = ω31 − ωp (∆2 = ω32 − ωd)
is the detuning of the probe (drive) from the |1⟩ ↔ |3⟩ (|2⟩ ↔ |3⟩) transition. By applying the transformation U =

|2⟩ ⟨2| exp[−i(∆1 − ∆2)t] + |3⟩ ⟨3| exp(−i∆1t), the Hamiltonian in Eq. (24) can be rewritten as

H̃ = −
1
2

[ 0 0 Ωp
0 −2δ Ωd

Ωp Ωd −2∆

]
, (25)

in a rotating reference frame, where we introduced the two-photon detuning δ = ∆1 − ∆2 and set ∆1 = ∆. When δ = 0,
the eigenvalues of the Hamiltonian H̃ are simplified to

ϵ0 = 0, ϵ± =
1
2

(
∆ ±

√
∆2 + Ω2

p + Ω2
d

)
, (26)

with the corresponding eigenstates

|Ψ0⟩ = cosΘ |1⟩ − sinΘ |2⟩ , (27)

|Ψ+⟩ = sinΘ sinΦ |1⟩ + cosΦ |3⟩ + cosΘ sinΦ |2⟩ , (28)

|Ψ−⟩ = sinΘ cosΦ |1⟩ − sinΦ |3⟩ + cosΘ cosΦ |2⟩ , (29)

where tanΘ = Ωp/Ωd and tan(2Φ) =

√
Ω2

p + Ω2
d/∆. The eigenstate |Ψ0⟩, which corresponds to the zero eigenvalue, is

known as a dark state. Once the system is in this dark state, there is no population in the upper state |3⟩. The dark state can
be applied for coherent population trapping (CPT) and adiabatic population transfer [763].
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Fig. 17. Spectra of absorption (blue solid curves), corresponding to the imaginary part of χ (1) , for (a) ATS and (b) EIT. ATS is induced by a strong driving
characterized byΩd/[(γ31−γ21)/2] > 1,while EIT is due to aweak drive,Ωd/[(γ31−γ21)/2] < 1. The ATS spectrum is composed of two positive Lorentzians
(dashed black curve and dotted red curve) of equal width, separated by Ωd . The EIT spectrum is composed of a broad positive Lorentzian (dashed black
curve) and a narrow negative Lorentzian (dotted red curve), both centered at δ = 0. The dip in the EIT absorption spectrum is due to the interference
between these two contributions, while the dip in the ATS absorption spectrum is due to the separation between the two Lorentzians.

The difference between ATS and EIT can be understood by looking at the linear response of the Λ system to the weak
probe field. This linear response is characterized by the first-order susceptibility χ (1)(−ωp, ωp). The imaginary part of χ (1)

represents absorption, while the real part determines refraction. The susceptibility can be found by solving the standard
master equation (including dissipation) for the density matrix ρ of the Λ system. Assuming ρ11 = 0, one finds that
χ (1)(−ωp, ωp) ∝ ρ31, leading to [762]

χ (1)(−ωp, ωp) =

iΩp
2

(
δ −

iγ21
2

)
(
δ + ∆ −

iγ31
2

)(
δ −

iγ21
2

)
−

Ω2
d
4

, (30)

where γ31 = Γ3 +γ3 deph and γ21 = γ2 deph, with Γ3 the total spontaneous emission rate from the state |3⟩ and γ2 deph (γ3 deph)
the dephasing rate of the state |2⟩ (|3⟩). This equation can be decomposed into two parts [772,773]:

χ (1)
=

χ+

δ − δ+

+
χ−

δ − δ−

. (31)

When ωp = ω31, i.e., ∆ = 0, the poles δ±, corresponding to two resonances, are given by

δ± = i
γ31 + γ21

4
±

√
Ω2

d −
1
4
(γ31 − γ21)2. (32)

It is the sign of the expression under the square root that determineswhether EIT or ATS occurs.WhenΩd > (γ31−γ21)/2, the
imaginary part ofχ (1) is composed of two positive Lorentzianswidth equal widths and peaks separated byΩd [765,766,770],
as shown in Fig. 17(a). This is the ATS. When Ωd < (γ31 − γ21)/2, the imaginary part of χ (1) is composed of a broad positive
Lorentzian and a narrow negative Lorentzian, both centered at δ = 0. The interference between these two contributions
gives rise to a dip in the absorption spectrum [765,766,770], as shown in Fig. 17(b). This is the EIT, occurring for a lower
drive strength than the ATS.

6.1.2. ATS and EIT in superconducting quantum circuits
In SQCs, EIT was first theoretically introduced for flux qubits in the Λ configuration as a sensitive probe of decoher-

ence [774,775]. Early on, it was also proposed to use the dark state of the EIT scheme [see discussion below Eq. (29)] for
quantum-information transfer and entanglement generation in twoSQUID-basedqubits inside a cavity [85]. Later, it has been
shown that a three-level system formed by dressing a superconducting qubit with a single-mode resonator field not only
can be used for EIT, but also for enhancing the absorption of a probe, i.e., electromagnetically induced absorption (EIA) [776].
Other studies have shown that a combination of EIT and lasing without inversion (LWI, see Section 6.4.2) can be realized by
controlling the relative phase in a∆ system [73] and that EIT can be used for on-demand storage and retrieval of amicrowave
pulse in a linear array of fluxonium qubits coupled to a transmission line [697]. The Autler–Townes effect and dark states
in two-tone driving of a three-level superconducting system have also been theoretically studied [777]. There is also an EIT
proposal based on longitudinal coupling between a qubit and a resonator [778].

Many experiments have demonstrated ATS using various three-level superconducting artificial atoms [275–277,490,500,
779–781]. Moreover, coherent population trapping has been observed in three-level phase-qubit circuits [779] and adiabatic
population transfer has been experimentally demonstrated in transmon and phase-qubit circuits [782]. As discussed above,
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Fig. 18. Sideband transitions. A red sideband excitation (red arrow) excites the qubit (resonator) by combining an external drive photon at ω−
s with an

excitation from the resonator (qubit). A blue sideband excitation (blue arrows) corresponds to exciting both the qubit and the resonator simultaneously.
Due to selection rules that apply to charge and flux qubits at their degeneracy points (see Section 2.4), single-photon blue sideband transitions can be
forbidden. However, the transition can then still be accessed by using two (or more) drive photons at a lower frequency.

the strength Ωd of the drive, compared to relevant dissipation rates in the system, separates ATS and EIT. For EIT, stringent
requirements on these dissipation rates must be satisfied, which is hard to achieve with SQCs [76]. It was therefore only
recently that EIT was finally realized in two experiments with a hybrid Λ-type three-level system formed by a transmon
qubit and a single-mode microwave field [783,784]. Based on a theoretical proposal [785], EIT has also been experimentally
demonstrated by engineering the relevant decay rates of doubly dressed superconducting qubits [786].

Other interesting studies include replacing the strong classical drive field with a quantized cavity mode. An early study
showed that an empty cavity can induce transparency for the probe field [787]. This vacuum-induced transparency [787]was
demonstrated in an ensemble of atoms, where the control fieldwas enhanced by an optical cavity [788], and vacuum-induced
ATS was recently observed in a single superconducting artificial atom [789]. Also, it has been shown that a system with EIT
gives rise to a group-velocity delay that depends on the number of photons in the driving field interacting with an ensemble
of atoms [790]. The effect of the number of photons in the driving field for both EIT and ATS was recently further studied in
the context of superconducting circuits [791].

6.2. Sideband transitions

Sideband transitions are transitions that involve excitation or de-excitation of both a qubit and a resonator, as sketched
in Fig. 18. The blue-sideband transition shown corresponds to exciting both the qubit and the resonator simultaneously at
the frequency ω+

s = ωr + ωq. In the red-sideband transition shown, a signal at ω−
s = ωq − ωr excites the qubit by taking one

photon from the resonator.
Both red- and blue-sideband transitions have been extensively studied for quantum information processing in ion

traps [792–794], where the frequency of the vibrational motion is much smaller than the transition frequency between
the two electronic energy levels chosen to form a qubit. Inspired by such experiments with trapped ions, a scalable
superconducting circuit, in which superconducting qubits can be controlled and addressed as trapped ions, was proposed in
Ref. [795]. In this proposal, superconducting qubits are coupled to the ‘‘vibrational’’ mode provided by a superconducting LC
circuit or a cavity field. This allows for single-qubit rotations and selective tuning of the coupling between a qubit and the
LC circuit by adjusting the frequencies of time-dependent external fields to match the condition of sideband excitations. A
trapped-ion model in SQCs can also be built by engineering circuit-QED systems with dressed states [330,331].

Sideband transitions have been observed in many SQC experiments. In addition to the overview given here, more
examples can be found in Sections 6.3 and 6.4, including sidebands in resonance fluorescence and Rabi sideband lasing.
Already in the early days of circuit QED, both red- and blue-sideband transitions were observed, and exploited to generate
entangled states, using a flux qubit coupled to an LC circuit [38]. Another experiment, with a charge-phase qubit coupled to
a low-frequency LC resonator, showed the analogy between sideband transitions in their system and in a vibrating diatomic
molecule [796]. A two-photon sideband transition [797] has been used to create entanglement and implement two-qubit
operations in SQCs [798]. In order to realize fast two-qubit gates, it has been proposed [799], and demonstrated in a circuit-
QED experiment [800], that modulating the qubit frequency can make sideband transitions a first-order process. Sideband
transitions have also been used to generate multi-photon Fock states in SQCs [352] and it has been shown theoretically that
simultaneously drivingmultiple sideband transitionsmakes it possible to create an arbitrary Fock-state superposition [801].
With longitudinal coupling (see Section 4.1),multiphoton sideband transitions, which can be used for fast preparation of Fock
states and their superpositions, become possible [317].

6.3. Strongly driven multiphoton processes

A two-level atomsubjected to amonochromatic driving fieldwill absorb or emit photons at the drive frequency if the drive
is weak. Viewed in the time domain, the atomwill exhibit Rabi oscillations between its ground and excited states. However,
the behavior of the system becomes more complicated if the drive strength increases to a point where its associated Rabi
frequency exceeds the atomic linewidth. At such drive strengths, higher-order interactions between the driving field and
the two-level system, or their sidebands, can occur. For example, an early experiment demonstrated excitation of, and Rabi
oscillations with, a charge qubit through one-, two-, and three-photon processes [323]. Note that such multiphoton Rabi
oscillations are different from the multiphoton vacuum Rabi oscillations that are possible with ultrastrong coupling [414]
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(see Section 4.3). In the spectral domain, multiphoton absorption driving transitions between neighboring levels has been
demonstrated in flux [69,802,803] and phase [804,805] qubits. Recently, multiphoton sideband transitions were also probed
for a flux qubit ultrastrongly coupled to multiple modes of a transmission-line resonator [394].

For a qubit described by aHamiltonianH = ωqσz/2, varying an external bias inσx takes the qubit through an avoided level
crossing. For example, at the optimal working point of a flux qubit, when the amplitude of the driving field is large [806], the
qubit can be driven periodically through the avoided crossing and Landau–Zener–Stückelberg–Majorana (LZSM) transitions
can occur [807–811]. Such LZSM transitions can be multiphoton processes (e.g., up to 17 photons contributed in the
experiment of Ref. [812]). There have been several experiments studying LZSM physics in strongly driven SQCs and similar
systems [158,325,337,813–817]. Extensions to a biharmonic drive [818] and multiple qubits [819] have also been studied.

If the two-level system has a broken inversion symmetry of its potential energy, the Hamiltonian with a classical driving
field of strength Ωd and drive frequency ωd becomes

H =
ϵ

2
σz +

∆

2
σx +

Ωd

2
σz cosωdt, (33)

where ∆ is the qubit gap and ϵ the tunneling energy. This Hamiltonian can be rewritten as

H =
ωq

2
σ̃z +

Ωd

2
(cos θσ̃z − sin θσ̃x) cosωdt (34)

in the diagonalized qubit basis with ωq =
√

ϵ2 + ∆2 and sin θ = ∆/ωq. Here, σ̃z and σ̃x are defined by the eigenstates
of the Hamiltonian (ϵσz + ∆σx)/2. Eq. (34) describes a qubit coupled to an external driving field both transversely and
longitudinally. It has been shown that this longitudinal coupling can induce coexistence of multiphoton transitions [316],
which do not exist in natural atomic systems. For more discussion on longitudinal coupling, see Section 4.1.

Going beyond the two-level approximation, multiphoton transitions have also been studied in many-level quantum
circuits [345].While that study focused on a single artificial atom,multiphoton transitions between dressed resonator–qubit
states have also been studied to reveal the characteristic

√
n nonlinearity in the Jaynes–Cummingsmodel (see Section 4.2.2).

In the resonant case, this nonlinearity has been demonstrated experimentally with SQCs [334,335,339].

6.4. Lasing

Lasing is perhaps the most well-known, and most widely applied, quantum-optics process. In the case of SQCs with
microwave photons, micromasers based on Josephson junctions were proposed in the 1990s [820,821]. The recent progress
in SQCs has revived interest in implementing lasing on a superconducting chip. There have been various theoretical
studies [70,72,822–826] paving the way for achieving a tunable micromaser that can generate nonclassical light. In this
section, we review lasing, with and without population inversion, in SQCs. For generation of other nonclassical states of
light in SQCs, see Sections 6.5 and 8.

6.4.1. Lasing with population inversion
Lasing occurs when stimulated emission exceeds absorption. The ratio between the rates for stimulated emission and

absorption is proportional to ρeeBstem/(ρggBabs), where ρgg (ρee) is the population of the ground (excited) state and Babs
(Bstem) is the Einstein coefficient for absorption (stimulated emission). Since Babs = Bstem, population inversion (ρee > ρgg) is
usually required for lasing. Population inversion has been demonstrated in SQCs [827].

Conventional lasers usemany atoms and operate in theweak-coupling regime. However, in the regime of strong coupling
between atoms and photons, single-atom lasing, where a single atom is excited and used to generate many photons, is
possible [828]. Single-atom lasing was first demonstrated in a cavity-QED experiment [829], which also showed that the
single-atom laser differs from conventional many-atom lasers in several respects. For example, the single-atom laser does
not have a sharp pumping threshold for the onset of lasing and the statistical properties of the output light are different [72].

In SQCs, the strong-coupling regime is relatively easy to reach (see Section 4.1). An early proposal showed how
persistent single-photon generation could be generated using lasing with population inversion in a flux-qubit circuit [46].
Single-artificial-atom lasing was first demonstrated in an experiment with a charge qubit coupled to a transmission-line
resonator [71]. There, the population inversion was created by single-electron-tunneling events [72,830]. For such lasing,
operating in the regime of strong coupling and low temperature, the quantum fluctuations of the photon number dominate
over thermal noise. This leads to phase diffusion and the linewidth of the lasing field is also strongly influenced [831–833].
Recently, microwave lasing was also demonstrated using a Cooper-pair transistor embedded in a high-Q superconducting
microwave cavity [834]; this can be used to generate amplitude-squeezed light.

As discussed in Section 5, strong (and even ultrastrong) coupling of a superconducting qubit to photons has not only been
achieved with a resonator, but also with an open transmission line. In such a setup, a flux qubit in 1D open space has been
demonstrated towork as a broadband-tunable quantumamplifier [498],which is a step towards single-emitter lasing. Recent
work demonstrating coupling between a superconducting qubit and a continuum of surface acoustic waves [411] could also
potentially be extended to realize lasing (or rather, phasing, since microwave phononswould be emitted) [165,166].

Sisyphus cooling [835] and amplification is another mechanism that can be used to approach lasing in SQCs. It has been
experimentally demonstrated in a circuit-QED setup with a flux qubit coupled to an LC oscillator [836,837], building on a
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Fig. 19. Sisyphus cooling and amplification of an LC oscillator [836,837]. The oscillator, with inductance LT and capacitance CT , is coupled to a flux qubit (the
loop with three red crosses representing Josephson junctions) through a mutual inductance M . The frequency of the oscillator, ωr , is much lower than the
transition frequency of the qubit, ωq . The energy levels of the qubit (solid black curves) change as a function of the energy bias ε(fx), which depends on the
flux fx . This flux is set by the slowly oscillating current Ir.f. in the LC oscillator and a dc bias Id.c. of the qubit. The qubit is also driven by a high-frequency signal
at ωd ≈ 8 GHz (green curve) with amplitude ΩR0 . In the Sisyphus analogy, the qubit plays the role of the boulder and Ir.f. of the LC oscillator corresponds
to Sisyphus. In Sisyphus cooling, shown by blue arrows and curves, Id.c. is set such that ωq > ωd . If the qubit starts in the ground state somewhere to the
right of ωd , the slow oscillation of Ir.f. will push it towards a point where ωq ≈ ωd (blue arrow pointing uphill to the left). At that point, the drive becomes
resonant and excites the qubit (green vertical arrow). The LC oscillator then pushes the qubit away from the resonance (blue arrow pointing uphill to the
right). At some point, the qubit relaxes to the ground state (dashed black vertical arrows) and the cycle begins anew. If the relaxation rate ΓR is of the same
size as ωr , the qubit is pushed uphill almost all the time. This pushing takes energy from the oscillator and dissipates it to the environment through the
relaxation process, resulting in cooling of the oscillator. Reversing the process with ωq < ωd (red arrows and curves), the qubit rolls downhill most of the
time and the oscillator gains energy, which results in amplification.
Source: Reprinted figure by permission from M. Grajcar et al., Nat. Phys. 4, 612 (2008).
c⃝ 2008, copyright (2008), Macmillan Publishers Ltd.

theoretical proposal for cooling amechanical resonator coupled to a controllable charge qubit [838]. The experiment and the
principle for Sisyphus cooling and amplification are sketched in Fig. 19 (see also Ref. [809] for a comprehensive review). Both
cooling and amplification (a trend towards lasing) of the LC oscillator were observed. Later experimental work increasing
the quality factor of the oscillator brought the system very close to the theoretical lasing limit [839]. In these experiments,
the resonator frequency ωr is in the MHz range, slow compared to the qubit frequency ωq, which is in the GHz range. This
situation is also seen with a nanomechanical resonator capacitively coupled to a charge qubit, a setup where cooling of the
mechanical degree of freedomhas been demonstrated andwhich can be used to createmacroscopic nonclassical states [840].
In all these setups, and also in another experiment with a flux qubit coupled to an LC resonator [100], the qubit is subjected
to an external drive at ωd with amplitude (Rabi frequency) ΩR. As explained in Fig. 19, lasing (or at least amplification) of
the resonator occurs when ωd > ωq (blue detuning), while cooling of the resonator can be realized when ωd < ωq (red
detuning).

An experiment has also demonstrated cooling of a flux qubit itself through a microwave drive [841,842]. The basic idea
of this experiment is to cool the qubit through a process that can be considered the inverse of population inversion. In this
case, a drive is used to transfer population from the first excited state of the qubit to its second excited state. The flux-qubit
circuit has been engineered such that relaxation from the second excited state to the ground state is much faster than other
transitions in the system, which results in the external drive effectively transferring population from the first excited state
to the ground state. This result has been theoretically extended to cooling of nearby two-level systems [75].

Further theoretical studies [843,844] have shown that two-photon lasing can be achieved with a single superconducting
artificial atom. When the drive is blue-detuned, the number of photons released in the lasing can be controlled by tuning
ΩR such that either ΩR ≈ ωr, which leads to single-photon lasing, or ΩR ≈ 2ωr, which leads to two-photon lasing. At the
optimal point of a flux qubit, the two-photon process dominates [843,844] due to a selection rule [39]. Later experiments
have demonstrated single-photon amplification [845] and strong evidence for both single-photon and two-photon lasing
with a single qubit [846].

The above lasing scenario is closely related to dressed-state lasing or Rabi sideband lasing, also known as hidden inversion
in dressed states; these types of lasing are often discussed in the context of lasing without population inversion [847] (see
Section 6.4.2). As discussed in Section 6.1 above, driving a qubit strongly can give rise to a Mollow triplet [488] with peaks
at ωd and ωd ± ΩR (see Fig. 15). The latter two peaks are the Rabi sidebands. If ωd > ωq, a probe field with frequency
ωp experiences absorption at ωd + ΩR and amplification at ωd − ΩR due to population inversion in the dressed-state
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basis [847]. In optical systems, experiments have demonstrated such Rabi sideband amplification [848] and lasing [849]. In
such optical experiments, the high-frequency transitions between adjacent doublets are often used. Corresponding circuit-
QED experiments, on the other hand, have coupled an oscillator to the low-frequency transition within a doublet of a driven
flux qubit, i.e., ωp = ΩR [845,850].

In experiments using superconducting qubits with a weak anharmonicity, e.g., a transmon qutrit, a strong drive can
excite both the second and third levels of the system. The dressed states that then form involve six Rabi sidebands. Both
amplification and attenuation of a probe signal for such a system has been observed in an experiment [344].

6.4.2. Lasing without population inversion
When lasing is realized through population inversion, the pump power needed is proportional to (at least) the fourth

power of the lasing frequency. Therefore, lasingwithout inversion (LWI) is desirable for implementations of short-wavelength
lasers. LWI can be realized through a variety of different mechanisms, as summarized in the comprehensive review of
Ref. [847]. These mechanisms include recoil-induced lasing, hidden inversion in a coherent-population-trapping basis,
hidden inversion in a dressed-state basis, and lasing without hidden inversion. The last process can occur in V - and Ξ-type
three-level systems due to quantum interference [847].

In natural atoms, the recoil effect gives different frequency shifts to the spectra of stimulated emission and absorption.
This asymmetry between the emission and absorptionprocesses leads to the existence of a frequency rangewhere stimulated
emission exceeds absorption evenwithout population inversion [847]. Applying this idea of asymmetry between stimulated
emission and absorption to circuit QED, it has been proposed that LWI can be realized with a driven qubit coupled to a
transmission-line resonator in the presence of a dissipative electromagnetic environment [851]. In this setup, LWI arises
because the coupling to the dissipative environment can, in a similar way as the atomic recoil effect, enhance photon
emission as compared to absorption. LWI has also been studied theoretically for a superconducting ∆-type three-level
system where a relative phase between driving fields is controlled [73,74].

In a recent experiment with a superconducting qubit placed at the end of a transmission line, the amplitude of a weak
coherent probe was amplified by 7% using an amplification mechanism without population inversion [852]. In contrast to
the Rabi sideband lasing discussed above, here the drive was resonant with the qubit, i.e., ωd = ωq, which means that there
is no population inversion even among the dressed states. As predicted by Mollow in 1972, a weak probe will nevertheless
be amplified when ωp lies in-between the frequencies of the Mollow triplet [853]. This amplification can be explained in
terms of an irreversible four-photon process [854].

6.5. Squeezed states

Quantization of the electromagnetic field, where two non-commuting observables obey the Heisenberg uncertainty
relation, directly leads to vacuum fluctuations. These fluctuations can be revealed in, e.g., the Casimir effect and the Lamb
shift, and set the quantum limit formeasurement sensitivity [855]. Looking at a singlemode of the quantized electromagnetic
field, it can be decomposed into two quadrature components. In a coherent state, the quantum fluctuations in the two
quadratures are equally large and minimize the uncertainty product in the Heisenberg uncertainty relation. It is also well
known that the quantum fluctuations in a coherent state are randomly distributed in phase and that they are equal to the
zero-point fluctuations of the vacuum.

In a squeezed state, the quantum fluctuations are not equally distributed between the two quadratures. In general,
a squeezed state may have less noise than a coherent state in one quadrature, but this comes at the expense of in-
creased fluctuations in the other quadrature. Squeezed states have many applications (see Refs. [855,856] for reviews),
including gravitational force detection, precision measurements [855], and continuous-variable quantum information
processing [182]. Squeezed states may also modify the coherence time of an atom [857].

Due to the tunable nonlinearity and low losses that can be realized for microwaves, SQCs are promising devices for
producing squeezed states [858–861]. For example, theoretical studies [862,863] have shown that a superconducting
resonant tank circuit [100] can be used to produce squeezed states, and that the generated squeezed states can be further
applied to minimize quantum fluctuations. There are many theoretical proposals for generating squeezing using circuit-
QED systems [826,864–866] and other superconducting microwave devices [867–869]. Multimode squeezed vacuum could
potentially be generated by dissipation in a circuit-QED system [870] or with a Josephson traveling-wave amplifier [871]. It
has also been pointed out that a superconducting qubit can act as a probe to detect microwave squeezing [872,873].

The most popular way to produce microwave squeezing is to use a Josephson parametric amplifier. For example,
amplification and squeezing of quantumnoise has beendemonstrated bothwith a tunable Josephsonmetamaterial [874] and
with a Josephson parametric amplifier [93,875]. Experiments have also shown that quadrature-squeezed electromagnetic
vacuum, generated by a Josephson parametric amplifier, can be used to reduce the radiative decay of superconducting
qubits [876] and to modify resonance fluorescence [757]. As discussed further in Sections 3.4 and 9.3, parametric amplifiers
have recently been explored to improve the fidelity of the dispersive readout of superconducting qubit states [877], to
detectmicrowave states [94], and to generate entanglement [300] or other two-mode nonclassical correlations and squeezed
states [296,299].
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6.6. Photon blockade

Reminiscent of the Coulomb blockade for electrons, photon blockade means that subsequent photons are prevented
from resonantly entering a cavity. Photon blockade originates from anharmonic energy levels of the cavity light field.
The anharmonicity is usually due to photon–photon interactions induced by a nonlinear medium or atoms in the cavity
[878–881]. One of the basic conditions for observing photon blockade is that the decay rate of the cavity field should be
less than the photon–photon interaction strength. If that is the case, a nonlinear medium or an atom in a cavity can work
as a turnstile device, where photons pass one by one. Thus, photon blockade could be used as a microwave single-photon
source [882] or as a single-photon transistor.

Photon blockade can be revealed bymeasuring nonclassical photon-counting statistics, e.g., photon antibunching or sub-
Poissonian photon number statistics, in the second-order correlation function g (2)(τ ) (see Section 9.4). Specifically (see,
e.g., Ref. [883]), antibunching is characterized by g (2)(τ ) > g (2)(0), while sub-Poissonian photon statistics (confusingly also
often called photon antibunching) correspond to g (2)(0) < 1. Note that these two effects are distinctly different [884] and
that classical light (e.g., thermal light) cannot exhibit neither sub-Poissonian statistics nor photon antibunching.

Following experimental observations in cavity QED [358] and in a photonic-crystal cavity containing a quantumdot [885],
photon blockade has been observed in circuit-QED setups with a superconducting qubit coupled either resonantly [192] or
dispersively [886] to amicrowave resonator. In the dispersive case, where the qubit and the resonator fieldwere far detuned,
the power spectrum of the transmitted light field as a function of photon bandwidth displayed a staircase character [886].

Further theoretical study has shown that photon blockade can be changed to transparency in a circuit-QED system if the
intensity of the probe field is increased [887]. Indeed, if a Jaynes–Cummings system is driven strongly enough, a first-order
dissipative phase transition can occur due to the breakdown of photon blockade [888]. This phase transition was recently
demonstrated in a circuit-QED experiment [889].

The standard single-photon blockade has also been generalized to multiphoton blockade (for multiphoton transi-
tions) [880,890–892] (see also early reviews in Refs. [893,894]), which has been the subject of several recent theoretical
studies [895–899] and a cavity-QED experiment [900]. Considering that up to five-photon transitions in the Jaynes–
Cummings ladder have been observed in a circuit-QED system [334], multiphoton blockade should be possible to see in
such experiments. Other extensions of photon blockade include its behavior in the ultrastrong-coupling regime [441],
photon blockade due to coherent feedback [901], photon blockade with a single multi-level atom in an open waveguide,
i.e., without a cavity [623,629] (see Section 5.2.1), and ‘‘unconventional photon blockade’’ in a setup with two coupled
nonlinear resonators [902–912] (see Section 8.2.3), a setup which has been realized in circuit QED [913].

Photon blockade can also be used [914] to detect the closely related phenomenon of phonon blockade, which can occur
in nanomechanical resonators [915]. This phonon blockade is a useful indicator of the quantumness (or nonclassicality) of a
mechanical resonator coupled to a superconducting qubit [899,915,916].

6.7. Quantum jumps

Quantum jumps are associated with the exchange of a quantum of energy between two system. The notion of quantum
jumps goes back to the early days of quantum mechanics, when Einstein worried about wave-function collapse due to
detection of a photoelectron. Bohr suggested that the interaction of light and matter occurs in such a way that the internal
state of an atom undergoes an instantaneous transition upon the emission or absorption of a light quantum. These sudden
transitions have become known as the Bohr–Einstein quantum jumps. In quantum optics, this quantum-jump approach
has been developed and applied to solve dissipation problems. It is related to many concepts, including Monte-Carlo
simulations, quantum trajectories, conditional density matrices, and collapse or reduction of a state vector [917–919].
Quantum jumps have also found important applications in quantum measurements, time and frequency standards, and
precision spectroscopy.

Quantum jumps have been observed in various microscopic systems, first with trapped ions [920]. Photonic quantum
jumps were first achieved in a one-electron cyclotron oscillator [921] and later in cavity QED [922,923]. The first experi-
mental demonstration of quantum jumps between macroscopic quantum states used an SQC where a phase qubit coupled
to two-level systems in a Josephson junction [924].

Circuit QEDprovides an excellent platform for studying quantum jumps and other types ofmeasurement back-action [361]
(see also Sections 9.2 and 9.3). Quantum jumps between states of a superconducting qubit have been observed in real
time by coupling the qubit to a microwave readout cavity [105]. In similar setups, such jumps have also been used to
investigate quasiparticle excitations limiting the coherence of a fluxonium qubit [925] and to test measurement back-
action [926]. Quantum jumps between photonic states have also been measured in a circuit-QED setup implementing
quantum nondemolition (QND) parity measurements on a resonator using a transmon qubit [116].

In qubit systems, it is usually quantum jumps between the two energy eigenstates, also called the longitudinal pseudospin
components, that is observed. However, a recent circuit-QED experiment has shown that quantum jumps also can occur
between transverse superpositions of these eigenstates [927]. This and the other experimentsmentioned above further settle
the dispute about whether the probabilistic predictions of quantum mechanics can be used to describe the dynamics of a
single quantumsystem. Furthermore, realtimemonitoring of a superconducting qubit and the observation of quantum jumps
are very important steps towards implementing quantum feedback control [558] and quantum error-correction codes (see
Section 10.2.3) in quantum information processing.
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Fig. 20. Three-wave-mixing processes. (a) Difference-frequency generation. The second-order nonlinearity makes it possible for a high-frequency pump
at ωp to be down-converted into a signal mode at ωs and an idler mode at ωi = ωp − ωs , aided by stimulated emission generated by a signal at ωs .
(b) Sum-frequency generation. The pump at ωp and the signal at ωs together excite the medium, leading to emission of up-converted photons in the idler
mode at ωi = ωp + ωs .

7. Nonlinear processes

In nonlinear optics, the response of amedium to an applied optical field depends nonlinearly on the strength of the applied
field [928–930]. In such a medium, the usual linear relation P(t) = ϵ0χ

(1)E(t) between the induced polarization P(t) and the
applied electric field E(t) is replaced by

P(t) = ϵ0
(
χ (1)E(t) + χ (2)E2(t) + χ (3)E3(t) + · · ·

)
, (35)

where ϵ0 is the vacuum permittivity and χ (i) is the ith-order nonlinear susceptibility [930]. When the field E(t) is sufficiently
strong, the effects of the higher-order terms become important. These effects include the Kerr effect and nonlinear wave-
mixing processes that can be applied for harmonic generation, frequency conversion, and amplification.

In this section, we briefly review quantum nonlinear processes in SQCs. We treat second-order nonlinearities in
Section 7.1 and third-order ones in Section 7.2. We mostly focus on nonlinear wave mixing and related phenomena, such
as strong photon–photon interactions arising from third-order nonlinear processes. Photon–photon interactions at the
single-photon level have many important applications in microwave photonics, e.g., single-photon switches, single-photon
transistors, all-microwave quantum logic gates, and quantum control solely via microwave fields.

7.1. Second-order nonlinearity and three-wave mixing

The second-order nonlinear susceptibility χ (2) enables three-wave mixing, which is widely used for frequency up- and
down-conversion. To see this, consider an input electric field consisting of two parts, a pump at frequencyωp with amplitude
Ep and a signal at frequency ωs with amplitude Es, such that the total electric field can be written as E(t) = Ep exp(−iωpt) +

Es exp(−iωst) + c.c., where c.c. denotes complex conjugate. Inserting this expression in the second-order term in Eq. (35)
results in components oscillating at the sum frequency ωp + ωs and the difference frequency

⏐⏐ωp − ωs
⏐⏐ (for more detailed

calculations of this and other wave-mixing processes, see, e.g., Refs. [417,930]).
To achieve difference-frequency generation, a nonlinear medium is pumped into a higher-energy level by a strong field

with frequency ωp, as sketched in Fig. 20(a). Due to the nonlinearity, the presence of a signal at ωs < ωp then stimulates the
generation of outputs at ωs and ωi = ωp − ωs. This results in amplification of both the signal at ωs and the idler mode at
ωi. The case ωi = ωs is known as degenerate amplification; it can be used to generate squeezed states (see Section 6.5). Non-
degenerate amplification, i.e.,ωi ̸= ωs, does not result in squeezing of the individual signal and idlermodes, but it nevertheless
creates correlations between the two modes, which is called two-mode squeezing [931]. In sum-frequency generation, shown
in Fig. 20(b), the pump and the signal combine to excite the medium to a higher energy level, resulting in emission into the
idler mode at ωi = ωp + ωs. In this case, neither amplification [932] nor squeezing is generated.

A prominent example of an SQC that can be used for three-wave mixing is the Josephson parametric converter (JPC) [104],
which also is discussed in Section 3.4 and illustrated in Fig. 6 of that section. A JPC consists of four identical large-area
Josephson junctions in a superconducting ring, which couples to three modes exploiting a Wheatstone-bridge symmetry.
When these three modes (pump, signal, and idler) satisfy the relation ωp − ωs = ωi, the JPC operates as a nondegenerate
parametric amplifier near the quantum limit [294]. For JPCs in this mode of operation, two-mode squeezing of the signal
and idler modes has been observed [299], even when these two modes were spatially separated [296]. The time-reversed
process, where the signal and idler modes are attenuated to generate pump photons, has also been demonstrated [298]. We
note that two-mode squeezing in circuit QED can also be generated by a Kerr-type interaction (see Section 7.2), as observed
in the experiment of Ref. [933].

The JPC can be used for more tasks than just simple amplification. When the three modes of the JPC satisfy the relation
ωp = |ωs − ωi|, the JPC can also operate as a noiseless tunable three-wave mixer [295], a beam-splitter enabling fully
coherent frequency conversion, or a photon combiner at the single-photon level [208]. Furthermore, by coupling two JPCs,
one can construct a directional amplifier, which eliminates the need for circulators [238]. A JPC can also used as a quantum
node to store microwave photons in a memory and entangle them with a propagating output mode [300].
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In nonlinear crystals, wave-mixing processes are restricted by the crystal symmetry [930]. For example, second-
order nonlinear processes can only occur in noncentrosymmetric media, i.e., in media without inversion symmetry. In
centrosymmetric media, interference extinguishes the second-order processes such that wave-mixing only occurs through
third- and higher odd-order processes. In SQCs, the intrinsic nonlinearity of an artificial atom enables symmetry breaking
(as discussed in Section 2.4) and thus three-wave mixing. There are various theoretical proposals for generating such
second-order processes in SQCs. For instance, degenerate parametric down-conversion and generation of squeezing can
be implemented by using two levels of a charge qubit operated away from its charge degeneracy point [864]. In such
a system, the gate charge controls the energy-level spacing and, thus, a qutrit (i.e., three-level system) can be tailored
for parametric down-conversion, assuming appropriate transition frequencies [77–79]. Such a qutrit needs to have cyclic,
∆-type transitions, which is possible in a variety of superconducting qubits, as discussed in Section 2.5. Using a ∆-type
configuration, controllable three-wave mixing can be achieved [80,934].

Closely connected to the discussion in the previous paragraph is the issue of when multiphoton excitation processes can
be used for frequency conversion. In natural atomic systems, the parity of a single-photon excitation is odd, but a two-photon
excitation is forbidden by selection rules (see Section 2.4) due to the inversion symmetry of the corresponding Hamiltonian.
However, for some superconducting qubits this symmetry can be broken, allowing excitation by both one- and two-photon
processes [316]. In experiments with a flux qubit coupled to a resonator, frequency up-conversion of microwave photons
through such multiphoton processes has been demonstrated [69,83,935], using that the symmetry of the potential well
for the flux qubit can be broken by applying an external magnetic flux. The experiment in Ref. [69] also demonstrated
coexistence of one- and two-photon processes, whichwas first predicted theoretically in Ref. [39].We also note that another
experiment has shown that transitions in a pair of coupled flux qubits can be selectively excited or suppressed by engineering
the corresponding selection rules [936].

Several SQC experiments have demonstrated frequency conversion based on other mechanisms as well. For example,
coherent frequency conversion between the two oscillation modes of a dc SQUID phase-qubit circuit with two internal
degrees of freedom has been observed [937]. Furthermore, using an impedance-matched Λ-type system (formed by a qubit
coupled to a resonator)with equal decay rates from thehighest energy level [340,938], efficientmicrowavedown-conversion
through Raman transitions has been demonstrated [341]. Frequency conversion has also been achieved in setups with
coupled tunable resonators [138,139].

Finally, we note that the generalized Rabi Hamiltonian, describing the coupling between a superconducting flux qubit
and a resonator, as discussed in Sections 4.1 and 4.3.2, allows for processes which do not conserve the number of excitations
in the system. These higher-order processes include multiphoton vacuum Rabi oscillations, where two or more photons
in the resonator are converted into a single qubit excitation and back [413,414], and a single photon exciting multiple
qubits in a similar fashion [415]. It was recently shown that almost any analogue of nonlinear-optics processes, including
all three- and four-wave mixing processes, the Kerr effect, etc., can be realized in circuit-QED setups with one or more
resonators ultrastrongly coupled to one or more qubits in this way [417]. These analogues work without any external drive,
deterministically converting single photons confined in resonators. Examples of such analogues include qubit-controlled
frequency conversion processes between photons in two resonator modes coupled to a single tunable qubit [416].

7.2. Third-order nonlinearity and Kerr interaction

Photons usually do not interact with each other. This makes them ideal information carriers, but also makes it difficult to
coherently manipulate their states. One way to make photons interact is to utilize the Kerr or cross-Kerr effects, which arise
in media which have a third-order nonlinear susceptibility χ (3). In the Kerr effect, the phase of a light field passing through
such a medium is changed by an amount proportional to the intensity of the field itself. In the cross-Kerr effect, the phase
of the propagating field is changed by an amount proportional to the intensity of another field. Since the χ (3) nonlinearity
in conventional materials is negligibly small at single-photon light intensities, photon–photon interaction is only possible
in such setups when high-intensity light is used. However, there are many applications in quantum information science for
quantum nonlinear optics that only uses single quanta of light [531].

To realize a Kerr interaction in SQCs, onemethod is to use the inherent nonlinearity of a Josephson junction. As discussed
in Section 2.1, this nonlinearity stems from the Josephson-energy term proportional to cosφ, where φ is the gauge-invariant
phase difference between the two superconducting electrodes of the junction. By expanding this term and introducing
bosonic operators a and a†, one of the terms that one obtains is the Kerr interaction K (a†a)2, where K is called the Kerr
coefficient.

Kerr interaction based on a Josephson junction has been widely used for the amplification, bifurcation, and squeezing of
quantum signals [103] (see also Section 9.3). In such Josephson parametric and bifurcation amplifiers, the Kerr nonlinearity
is usually weaker than the photon decay rate κ . However, theoretical studies have shown that embedding the Josephson
junction in a transmission line makes it possible to reach a wide range of values for K [409,939,940], including K > κ .
Such setups have also been used to enhance qubit-resonator coupling, which can reach the ultrastrong [390,404] and even
deep-strong [395] coupling regimes, as discussed in Section 4.3.

Another way to achieve Kerr interaction in SQCs is to couple the microwave field in a resonator dispersively to a
qubit [360,363,941]. Amore complicated setup, with two coupled charge qubit forming anN-type four-level system coupled
to a resonator, has also been predicted to give rise to a large Kerr interaction [942]. In the first experimental demonstration of
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Fig. 21. Collapse and revival of a coherent state due to the single-photon Kerr effect [155]. The system, a cavity with a Kerr nonlinearity induced by a qubit,
starts in a coherent state with an average photon number of four. From left to right, the time evolution of the Husimi Q function for the cavity is shown. The
upper row is experimental data; the lower row is a theoretical simulation. During the time evolution, it is clearly seen that superpositions of two, three,
and even four coherent states appear before the system returns to a single coherent state again, as predicted in Ref. [944]. Such two- and multi-component
macroscopically-distinct superpositions are often referred to as Schrödinger cat and kitten states, respectively.
Source: Reprinted figure by permission from G. Kirchmair et al., Nature 495, 205 (2013).
c⃝ 2013, copyright (2013), Macmillan Publishers Ltd.

the single-photon Kerr regime (K > κ), a 3D microwave resonator was dispersively coupled to a transmon qubit [155]. This
experiment confirmed that a coherent state in a Kerr medium experiences collapses and revivals, as shown in Fig. 21. During
this evolution, macroscopically distinct superpositions of two [943] and more [944,945] coherent states can be observed.
These superpositions are usually interpreted as Schrödinger cat and cat-like (kitten) states, respectively.

The cross-Kerr effect has been experimentally demonstrated in SQCs both with resonator modes coupled dispersively to
a qubit [946] and for two propagating microwave fields in an open transmission line interacting with separate transitions in
a three-level transmon [172]. In the setup with resonators, the single-photon-resolved regime of the cross-Kerr interaction
was reached. In the setup with propagating fields, a remarkably large phase shift of about 20 degrees per photon was
observed. This latter setup has been studied theoretically to evaluate its potential as a microwave single-photon detector, as
discussed further in Section 9.2. Somewhat surprisingly, it turns out that the cross-Kerr effect mediated by a single artificial
three-level atom cannot be used to detect a single photon [172]. However, a chain of such three-level atoms, interspersed
with circulators, can be used for this purpose [256].

8. Photon generation

The generation of nonclassical states of light, such as single photons, is essential to many protocols for quantum
computation and quantum communication. In quantum optics, single-photon generation has posed a greater challenge than
single-photon detection. As we will see in this section and in Section 9, for microwave photonics with superconducting
artificial atoms the situation is rather the opposite.

In this section, we review experimental and theoretical work on photon generation with superconducting circuits. We
begin in Section 8.1 with a brief overview of the methods that have been used for photon generation in quantum optics.
We then look at photon generation schemes for superconducting circuits in Section 8.2, dividing them into setups without
cavities, i.e., open transmission lines, setups with one cavity, and setups with two cavities (e.g., generation of NOON states).
For lasing in SQCs, see Section 6.4.

8.1. Approaches to photon generation in quantum optics

Ideally, a system for single-photon generation should be deterministic (able to produce photons ‘‘on-demand’’), not suffer
from losses or accidental emission of multiple photons, have arbitrarily high repetition rate, and be able to shape the photon
wavepacket. As reviewed in Refs. [947–953], deterministic sources investigated in quantum optics have usually been based
on single quantum emitters, which are first excited by a classical pulse and then emit a photon when relaxing to a lower
state. Examples of such quantum emitters (giving just a few references) are natural atoms [287,954–959], ions [960–962],
molecules, quantumdots [513,520,963–968], and color centers in diamond. Another approach is to drive a nonlinearmedium
to induce spontaneous parametric down-conversion (SPDC) [969,970] or four-wave mixing [971], producing photon pairs.
These methods are not deterministic, but probabilistic; however, the photon production can be heralded by detecting one of
the photons in the pair.

For deterministic photon generation from a single quantum emitter, the setup illustrated in Fig. 22 has been the subject
of much theoretical [958,972–976] and experimental [956–958,960,961] work. Here, a three-level atom in aΛ configuration
has one transition driven by a classical pulse and the other transition coupled to a cavity, such that a Raman process
can generate a single photon in the cavity. However, if the atom starts in its ground state and the classical drive is
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Fig. 22. A sketch of the level structure used for single-photon generation through a Raman process [974]. A classical drive with amplitude ΩT(t) is applied
to the transition between the ground state |u⟩ and the excited state |e⟩ of a Λ-type three-level atom. A cavity is coupled to the |g⟩ ↔ |e⟩ transition (but far
detuned from |u⟩ ↔ |e⟩) such that the excited atom can relax by emitting a cavity photon. In the vSTIRAP scheme, outlined in the main text, the drive is
changed adiabatically in a way that generates a photon without populating |e⟩ in the process.
Source: Reprinted figure from A. Kuhn et al., Appl. Phys. B 69, 373 (1999), with permission from Springer Science and Business Media.

increased adiabatically, the system can be kept in a dressed state involving only the two lower levels, resulting in the
generation of a single photonwithout ever populating the excited state of the atom. This scheme is called vacuum-stimulated
Raman adiabatic passage (vSTIRAP). By more advanced control of the drive, the shape of the photon wavepacket can be
designed [955,957,960,976]. For a recent review of STIRAP, see Ref. [977]. Photon shaping has also been implemented with
SPDC [970] and an atomic-ensemble quantummemory [978]. Heralded photon shaping can be achieved by modulating one
photon from a pair and then detecting it; the second photon can then acquire the same shape [979,980].

Another interesting approach to photon generation is through projective measurements. By measuring the phase shifts of
Rydberg atoms passing through a microwave cavity, the photonic Fock states in the cavity can be distinguished [922] (see
Section 9.1). Initializing the cavity in a coherent state using a classical drive, the measurement can then be used to project
the cavity into a Fock state [923,981]. In this case, the Fock state generated is random, but by adding feedback to the system,
either with excitations in the atoms or with coherent pulses, a specific Fock state can be created [982–986].

8.2. Photon generation with superconducting circuits

The strong coupling, tunability, and controllability of superconducting artificial atoms that make them promising for
quantum computation also makes them well suited for photon generation. As we will see below, this has allowed for
impressive engineering of Fock states in cavities, going well beyond what has been achieved in quantum optics previously.

8.2.1. No cavity
Neither a cavity nor an atom is actually necessary for photon generation. This is exemplified by the dynamical Casimir

effect (see Section 2.7), where a rapidly oscillatingmirror produces pairs of photonswhose frequencies sum to the oscillation
frequency of the mirror (note that the photon generation is not deterministic). With superconducting circuits, the moving
mirror can be implemented as a flux-tunable SQUID at the end of a transmission line [131–133] and photon pair production
has been demonstrated in such an experiment [134]. Photons have also been produced in this manner in a resonator with
a SQUID at one end [132,987] and could also be created in two resonators connected through a SQUID [137]. As reviewed
in Ref. [135], a number of other photon-generating relativistic effects, e.g., Hawking radiation, could potentially be realized
with superconducting circuits.

Other cavity-less approaches involve either a driven Josephson junction [988–990] or a superconducting artificial atom in
an open or semi-infinite transmission line. While it has been shown that an N-type four-level atom in an open transmission
line can give rise to photon blockade and increased probability of transmitting single-photon states of a coherent drive [629],
most works focus on a two-level atom. As discussed in Section 5.1.1, a two-level atom in an open transmission line can
only reflect one photon at a time from a coherent drive (the antibunching of the reflected signal has been measured in an
experiment [194]). However, there is still a large probability of the reflected part of a coherent pulse being a zero-photon
state, which means this will not be a deterministic photon source [136]. More promising is to excite a two-level atom,
strongly coupled to a semi-infinite transmission line, via a weakly coupled excitation line such that the atom relaxes by
releasing a photon in the single direction of the strongly coupled line [136,991]. An experimental demonstration of this
concept, yielding an efficiency above 50% over a wide frequency range with a frequency-tunable flux qubit, was recently
given [991]. There are also proposals [992] which do not require a separate excitation line, as shown in Fig. 23. A scheme
for multiphoton generation using a large number of driven multi-level atoms in a waveguide has also been proposed [698].
Finally, traveling Schrödinger cat states could potentially be implemented in circuit QEDby combining a Josephson traveling-
wave amplifier, a microwave beam-splitter, and a single-photon detector to subtract a single photon from a squeezed
state [993].
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Fig. 23. Two setups for photon generation with a single two-level superconducting artificial atom at the end of a semi-infinite transmission line [992].
(a) A coherent π-pulse αin excites the atom. The coherent part αout of the resulting output is removed by destructive interference with another coherent
drive β sent in through a beam-splitter with nearly perfect reflection, leaving only a single photon as output d. (b) A superconducting circuit for the setup
in (a), with a directional coupler as the beam-splitter and a transmon qubit as the atom. (c) Alternatively, the atom can be placed at a tunable distance from
the mirror. After the incoming pulse excites the qubit (weakly coupled to the transmission line), the distance is changed such that the coupling becomes
zero. At a later time, the distance is changed again and the coupling is increased to release a photon. (d) The effective distance to the mirror can be changed
either by tuning the qubit frequency or by terminating the transmission line with a SQUID.
Source: Reprinted figure with permission from S. R. Sathyamoorthy et al., Phys. Rev. A 93, 063823 (2016).
c⃝ 2016, American Physical Society.

8.2.2. One cavity
With a single resonator, usually coupled to an artificial atom, there are many possible schemes for generating photons.

We therefore sub-divide this section into parts dealing with the generation and control of Fock states in a cavity, shaping of
the photonwavepacket (using various tunable couplings), photon generation using ultrastrong coupling, and other schemes.

Fock-state engineering and control. A photon-generation scheme well suited for superconducting circuits is to excite an
artificial atom with a π-pulse, tune it into resonance with a resonator for half a Rabi oscillation period, and then tune it
out of resonance again. In this way, a single photon is deterministically generated in the resonator. By exciting the qubit
again, a second photon can be added to the resonator, and so on. Generalizing the scheme to include all qubit rotations
and varying interaction times, arbitrary superpositions of Fock states can be generated, which was shown theoretically
in the 90’s [994,995] and then suggested for implementation with superconducting circuits [86]; see also Fig. 24. Later,
it has been shown that arbitrary Fock states can be generated more rapidly, either by simultaneously driving multiple
sideband transitions in the Jaynes–Cummings Hamiltonian with the qubit resonant with the resonator during the whole
procedure [801], or by including longitudinal coupling to the qubit that makes multi-photon processes possible [317]. It is
also possible to generate Schrödinger cat states in a resonator coupled to a single qubit [996].

The first photon-generation experiment with superconducting circuits used a π-pulse to excite a qubit which then
emitted a photon as it relaxed (randomly) through Purcell decay [91]. In the following years, experiments using the scheme
outlined above deterministically transferred a single photon to a resonator [349], created single Fock states containing
several photons [353,357], created arbitrary superpositions of Fock states in the resonator [92,997] (see Fig. 24 for details),
and generated single photons leaving their resonators for further measurements [94,191,198]. Sideband transitions have
also been used to generate multi-photon Fock states [352]. Also, the generation of large cat states has been demon-
strated [367,997].

The next step beyond generation of arbitrary superpositions of Fock states is universal control, i.e., the ability to perform
arbitrary unitary operations on Fock states in the resonator [368,998]. This can be achieved in superconducting circuits
through a selective number-dependent arbitrary phase (SNAP) gate, which imparts phases θn on the different number
states |n⟩ [368,999]. An experimental demonstration, including the generation of the Fock state |1⟩, has been given with
a qubit dispersively coupled to a resonator strongly enough that the number-dependence of the dispersive shift to the qubit
frequency can be resolved [999].
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Fig. 24. Generation of arbitrary Fock-state superpositions in a cavity [92]. (a) Energy levels for the qubit-resonator system with arrows representing the
three types of operations used: undulating lines for driving the qubit (Q), straight horizontal lines for swapping states between the qubit and the resonator
by bringing them on resonance for a certain time (S), and circles for phase rotations of the qubit (Z). (b) Pulse sequence for the state preparation, showing
the qubit frequency in black, the resonator frequency in blue, and the pulses in red. The pulse sequence is calculated by starting from the desired final state
and calculating backwards to the ground state. After the state has been prepared, it is measured with quantum tomography. (Bottom)Wigner tomography
of several superposition states, showing theoretical simulations in the upper row and experimental results in the lower row.
Source: Reprinted figure by permission from M. Hofheinz et al., Nature 459, 546 (2009).
c⃝ 2009, copyright (2009), Macmillan Publishers Ltd.

Shaping photons. The wavepacket of a generated photon can be shaped by modulating the coupling strength between the
generating and receiving systems [561]. This has applications for the transfer of photons (and thus quantum information)
between separate resonators [1000–1003] since an exponentially decaying wavepacket will be partly reflected by the
receiving resonator. With superconducting circuits, an experiment has demonstrated absorption with efficiency above 99%
of a shaped coherent pulse arriving at a resonator [1004].

The coupling that ismodulated can be either between a qubit and the resonator or between the resonator and an outgoing
transmission line. Tunable qubit-resonator coupling has been implemented experimentally both using a tunable mutual
inductance, coupling a phase qubit and a lumped-element resonator [1005], using a three-island transmon qubit with a
tunable dipole moment [84,312,313], and using a three-level transmon where a tunable drive couples the states |g, 1⟩ and
|f , 0⟩ [1006,1007]. In the second setup, the coupling has been tuned by a factor of 1500 [313]. The last scheme has been used
to control both amplitude, phase, and shape of single microwave photons when generating them [1006].

Tunable coupling between a resonator and a transmission line has been demonstrated in two experiments. In the first,
an inductive coupler including a flux-tunable SQUID was used to rapidly tune the resonator decay rate by more than two
orders of magnitude and shape outgoing photons [1008]. In the second experiment, a second, frequency-tunable resonator
containing a SQUID was placed between the first resonator and the transmission line. By tuning the second resonator in and
out of resonance with the first, the decay rate of the first resonator was modified by three orders of magnitude [1009].

Ultrastrong coupling. In the regime of ultrastrong coupling (see Section 4.3) between a qubit and a resonator, the ground
state is not |g, 0⟩, but instead contains contributions from virtual photons and qubit excitations. By modulating the coupling
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strength, photon pairs can be generated in a way that is reminiscent of the dynamical Casimir effect [447,452,1010]. In
fact, even an unmodulated thermalized ultrastrongly coupled qubit-resonator system displays interesting photon emission
statistics. Usually, thermal radiation is bunched with g (2)(0) = 2. However, at low temperatures and ultrastrong coupling,
g (2)(0) approaches zero, which corresponds to single-photon emission [443].

If an auxiliary third level |s⟩, having lower energy than |g⟩ and with its transitions not ultrastrongly coupled to the
resonator, is added to the qubit, additional ways to generate photons from the ultrastrongly coupled system’s ground state
becomepossible. Simple spontaneous relaxation can then cause the system to sometimes endup in |s, 2⟩, not only |s, 0⟩ [458].
The transition to |s, 2⟩ can be stimulated with an external drive to make the process deterministic [459]; photons can also
be reabsorbed back into the vacuum using such a drive [460].

Other schemes. Beyond the photon-generation methods mentioned above, there are several more that have either been
experimentally implemented with or suggested for superconducting circuits. Theoretical proposals include using a Raman
scheme to generate single photons from a Λ system formed by a flux qubit [187], realizing parametric down-conversion to
produce photon pairs with a three-level Cooper-pair box in a resonator [77], implementing lasing by configuring a flux qubit
as a three-level delta system [70], using a superconducting single-electron transistor in a weakly anharmonic resonator to
squeeze the photon number distribution in the resonator [823], and pulsed driving of a nonlinear oscillator [1011]. STIRAP
(see Section 8.1) and other adiabatic-passage schemes have been considered in a number of theoretical works [1012–1017].

On the experimental side, photons have been generated through adiabatic passage from |e, 0⟩ to |g, 1⟩ by tuning
the frequency of a transmon qubit [95] and through driving the sideband transition |g, 0⟩ → |e, 1⟩ in a setup where
the cavity decays much faster than the qubit [1018]. Some more recent adiabatic-passage experiments can be found
in Refs. [782,1019,1020]; in Ref. [1020], Fock states with up to three photons were generated. Furthermore, photon
blockade [881] resulting from the nonlinearity of the Jaynes–Cummings Hamiltonian (see Section 4.2.1) has been used
to realize antibunched single-photon transmission through a resonator coupled to a transmon qubit [192]. Fock states
have also been manipulated with a resonator resonant with the second transition in a transmon qubit [1021]. Finally,
several theoretical [1022–1025] and experimental [834,1026] studies have explored a setupwith a voltage-biased Josephson
junction coupled to a resonator. When a Cooper pair tunnels across the junction, one (or more) photons can be created in
the cavity, provided that the Josephson frequency matches the resonator frequency.

8.2.3. Two or more cavities
Highly entangled states of photons in two modes, e.g., the NOON state (|N, 0⟩ + |0,N⟩)/

√
2, can improve measure-

ment sensitivity [1027] and have been realized in quantum optics experiments [1028–1030]. In the last few years, a
number of protocols have been proposed for the generation of NOON states in two superconducting resonators [318,801,
1031–1034], aided by one or two multi-level artificial atoms. In an experiment with three superconducting resonators
connected to two phase qubits, the creation of NOON (andMOON, (|M, 0⟩+ |0,N⟩)/

√
2,M ̸= N) states with N ≤ 3 has been

demonstrated [1035]. The experimental protocol is explained in Fig. 25. In a similar experimental setup, one and twophotons
created according to the protocol of Fig. 24 have also been shuffled between the resonators via the qubits in a ‘‘photon shell
game’’ and a ‘‘tower of Hanoi game’’ [1036]. Entangled photons can also be generatedwith a SQUID implementing parametric
frequency conversion between two cavitymodes [140] and in a setupwith an array of resonators coupled to a voltage-biased
Josephson junction [1037,1038]. The lattermethod is an extension of the schemediscussed above for a single resonator; here,
the resonator frequencies sum to the Josephson frequency.

Schemes featuring two resonators can also be used for single-photon generation. A coherent drive on the first of
two coupled nonlinear resonators (a setup sometimes referred to as a Bose–Hubbard dimer) has been shown to generate
antibunched photons from the first resonator [904]. Actually, only the second resonator needs to be nonlinear (the
nonlinearity can be due to an atom coupling to the resonator) and the effect persists even if the nonlinearity is no larger than
the resonator linewidth [906]. This ‘‘unconventional photon blockade’’, which was first investigated in Refs. [902,903], has
been studied further in a number of theoreticalworks [905,907–910,912], with an explanation in terms of Gaussian squeezed
states being given in Ref. [911]. The setup has been realized in an experiment with superconducting circuits, although in this
instance it was used for quantum amplification instead of photon generation [913].

In a recent experiment, two resonators coupled to a superconducting transmon qubit realized a single-photon-resolved
cross-Kerr interaction [946]. This allowed for the implementation of a protocol, based on driving both resonators, to stabilize
a single-photon Fock state in one of the resonators. The same experimental setup, with the addition of a readout resonator
for the qubit, has also been used to realize a two-mode cat state distributed over the two resonators [1039]. Two resonators
coupled to a superconducting qubit with both longitudinal and transversal couplings can also be used to realize photon
blockade and single-photon generation [882].

9. Photon detection

For most experiments in microwave photonics with superconducting artificial atoms, it is necessary to measure and
characterize the photons in some manner. For a long time, this was an area where microwave photonics seemed to be
at a disadvantage when compared to traditional quantum optics. At optical frequencies, there are good single-photon
detectors [948,950,951,1040]. Furthermore, these detectors can be combined in different setups to realize homodyne and
heterodyne detection, and also various correlation measurements. In microwave photonics, on the other hand, realizing
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Fig. 25. An experimental protocol for the generation of NOON states [1035]. Three resonators, A, B, and C , are coupled to two artificial atoms, q0 and q1 ,
with levels |g⟩, |e⟩, and |f ⟩. In step 1, q0 is excited to |e⟩ by a π-pulse. In step 2, q0 is tuned into resonance with C for a quarter of a Rabi oscillation period,
forming the state (|0, e⟩ + |1, g⟩)/

√
2. Thereafter C is tuned into resonance with q1 for half a Rabi period, swapping its excitation to create the Bell state

(|e, g⟩ + |g, e⟩)/
√
2 in step 3. To form the NOON state with N = 1, q0 and q1 are then tuned into resonance with A and B to swap their respective states

(step 3a). To generate NOON states with higher N , the atoms are instead excited from |e⟩ to |f ⟩ (step 4) and then swap their higher excitations into A and B
(step 5). The process is repeated until there are N − 1 photons in the cavities. Then the excitations from the |e⟩ states are swapped into A and B (steps 6–7).
Source: Reprinted figure with permission from H. Wang et al., Phys. Rev. Lett. 106, 060401 (2011).
c⃝ 2011, American Physical Society.

a good single-photon detector is hard since the energy of a single microwave photon is roughly five orders of magnitude
lower than that of an optical photon. Consequently, detection in microwave photonics have so far mostly focused on
using amplifiers and linear detectors. In this way, not only homodyne and heterodyne detection, but also correlation
measurements, have been realized. Using Josephson-junction based amplifiers, the available experimental technology is
rapidly approaching ultimate quantum limits. In the last few years, there has also been considerable theoretical progress in
the area of single-photon detection for microwaves, which is now beginning to be implemented in experiments.

In this section,we review the current theoretical and experimental status for a number of detection schemes inmicrowave
photonics. We first consider photon-number detection of both photons in cavities (Section 9.1) and itinerant photons
(Section 9.2). We then turn to homodyne and heterodyne detection implemented with amplifiers and linear detectors
in Section 9.3. Finally, in Section 9.4, we look at how correlation measurements are realized. For the different kinds of
measurements, we also discuss the form of measurement back-action they give rise to, as well as the concept of quantum
nondemolition (QND) measurements [1041]. Note that we here only consider measurements on photons, not on atoms
(though atoms are often used to realize measurements of photons).

9.1. Quantum nondemolition measurements and detection of cavity photons

In general, detecting photons confined to a resonator is easier than detecting itinerant (traveling) photons. We therefore
review the former case first. However, before we begin it is pertinent to briefly review the concept of QND measurements.

Measuring an observable O in a QNDway implies that subsequent measurements of the same variable will give the same
result as the first measurement [1041,1042], i.e., once the measurement has projected the system into an eigenstate of O,
the subsequent measurement results are completely predictable. It is far from always that an observable can be measured
in a QND way. A simple example is the case of a free particle. Measuring the momentum p of the particle will unavoidably
introduce some uncertainty in the position x, but the momentum is conserved and subsequent measurements will give
the same result. Thus, the momentum can be measured in a QND way. However, measuring x cannot be done in a QND
way, because any measurement of x will introduce an uncertainty in p, which makes it impossible to predict the result of a
subsequent measurement of x.

For the case of photon detection, a measurement is QND if it preserves the photon number. For example, a QND
measurement of photons in a resonator can project a coherent state into a Fock state, but subsequent measurements should
give the same Fock state as a result (barring resonator decay).
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QND measurements were first considered in the 1970s for detection of gravitational waves [1042–1045], but were
soon expanded to more general back-action-evading measurements [1046]. There have been many proposals and imple-
mentations in traditional quantum optics [1047–1050] and lately also in quantum optomechanics and electromechan-
ics [1051,1052].

The basic idea for measuring microwave photons in a resonator is to let them interact with an atom and then make a
measurement on the atom.When the atom is on resonance with the resonator, we know from the Jaynes–Cummings model
(see Section 4.2.1) that there will be Rabi oscillations with a frequency Ωn ∝

√
n + 1 that depends on the photon number

n. Letting the atom interact for a fixed time with the resonator and then measuring the state of the atom will thus give
information about n. This scheme is not QND since excitations are exchanged between the atom and the resonator. This type
of measurement was first done with Rydberg atoms passing through a microwave cavity [355]. It has also been realized in
circuit QED with phase qubits and used to study the generation and decay of Fock states in the resonator [92,353,357,997].

A less invasivemeasurement can be realized by instead operating in the dispersive regime of the Jaynes–Cummingsmodel
(see Section 4.2.4). There, the photons shift the frequency of the atom by 2nχ without any exchange of excitations taking
place. Thus, a Ramsey experiment will reveal different phase shifts of the qubit depending on the photon number n. The
drawback of the method is that it still requires multiple measurements to measure these phase shifts. Again, this method
was first proposed [1053] and realized experimentally [1054] for Rydberg atoms passing through a microwave resonator.
The same setup has later been used for progressively more advanced measurements of the evolution of photon states in
a resonator [922,923,1055,1056] and also for feedback on these states [983–986]. An overview of the experiments with
Rydberg atoms can be found in Ref. [1057].

In circuit QED, the dispersive regime of the Jaynes–Cummings model has also been used to measure the photon number
in a resonator with a charge qubit [374]. There, both the dispersive shift of the qubit (2nχ ) and of the cavity (χσz) were
utilized, as shown in Fig. 26. The transmission of the resonator at a frequency ωrf close to the resonance corresponding to
the qubit ground state was measured while a second tone at frequency νs was applied directly to the qubit. When νs was on
resonancewith the shifted qubit frequency, the qubit was excited and a change in transmission atωrf was observed since the
resonator frequency had then been shifted by the qubit. In this way, by operating in the regime where χ is much larger than
both the cavity decay κ and the qubit decay γ , several Fock states could be distinguished. However, while the interaction
between the qubit and the resonator is QND, the measurement is strictly speaking not QND since the first probe tone affects
the cavity.

A true QND measurement of a single photon in a resonator was realized in circuit QED in 2010 [95,1058]. This time, a
transmon qubit was coupled to a photon storage resonator in the quasi-dispersive regime, and also to a second resonator,
used for qubit readout. By applying a π-pulse to the qubit at the frequency corresponding to a shift of n photons, and then
reading out the qubit state via the second cavity, a measurement of the type ‘‘are there exactly n photons in the storage
resonator?’’ was realized for n = 0 and n = 1. The quasi-dispersive regime was used to realize a trade-off between QND
interaction and large dispersive shifts, needed for the π-pulse to be frequency-selective. It should be possible to extend the
scheme to higher n.

Recently, a refined version of the same setup (one transmon qubit and two resonators) was used to measure the photon-
number parity rather than the photon number in a QNDway [116]. The procedure of that experiment is to start with the qubit
in the ground state, apply a π/2-pulse, wait for a time t = π/2χ , apply a second π/2-pulse, and finally read out the qubit
via the second resonator. During the waiting time, the qubit acquires a phase exp(inπ ). This means that the final measured
state of the qubit (|e⟩ or |g⟩) will correspond to an even or odd number of photons in the storage resonator. There is also a
proposal for measuring the phase of a superposition of Fock states in a resonator coupled to two qubits [1059].

9.2. Detecting itinerant photons

In traditional quantum optics, there are efficient detectors for itinerant photons, based on, e.g., photomultipliers,
avalanche photodiodes, superconducting transition-edge sensors, and superconducting nanowires [948,950,952,1040,
1060–1063]. What all these detectors have in common is that the absorption of the incoming photon gives rise to a signal
that can be amplified and read out. Thus, these detectors are not QND.

In the case of microwave photonics, the detection schemes mentioned above do not work due to the low energy of the
microwave photons. In the last few years, several theoretical proposals have been put forward to overcome this obstacle and
a few experiments have been carried out. This research field was recently reviewed in Ref. [1064] and there is also an earlier
review in Ref. [135], as well as a brief overview of photon generation and detection in Ref. [1065]. While the experimentally
available microwave-photon detectors are not yet as good as their optical counterparts, the use of superconducting artificial
atoms could allow the microwave-photon detectors to go further and realize QND detection.

Sincemicrowave photons trapped in a cavity can be detected, aswe saw in the previous section, one idea for the detection
of itinerant photons is to catch them in a cavity and perform the detection there. Recently, experiments employing resonators
with tunable coupling have demonstrated the capture ofmicrowave photonswith high efficiency [300,1004,1008]. However,
this requires detailed knowledge of the arrival time and pulse shape of the photon to be captured, which makes it an
impractical scheme for photon detection. There is a theoretical proposal for detecting an itinerant photon entering a cavity
which is dispersively coupled to a second cavity [747]. A strong coherent probe on the second cavity, read out by homodyne
detection, can then realize a QND detection, but the efficiency is limited by a conflict between interaction strength and



50 X. Gu et al. / Physics Reports 718–719 (2017) 1–102

Fig. 26. A circuit QED measurement of photon number in a resonator [374]. Top: Frequency diagram showing the resonator frequency ωr and the qubit
frequency ωa together with their shifted resonances in the dispersive regime. Bottom: Results from two-tone spectroscopy (driving the qubit at νs and
measuring the transmission of the resonator at ωrf) for different average photon numbers n̄ in the resonator. Since χ ≫ γ , κ , several peaks, corresponding
to different photon numbers, are clearly visible.
Source: Reprinted figure by permission from D. I. Schuster et al., Nature 445, 515 (2007).
c⃝ 2007, copyright (2007), Macmillan Publishers Ltd.

reflection of the photon to be detected. Finally, we also note that a recent experiment realized QND detection of an itinerant
optical photon by letting it reflect off a cavity containing a single three-level atom prepared in a superposition state [1066].
The reflection of a photon causes a phase flip of the atom state, which can be read out by a rotation followed by a projective
measurement. Note that in this case the arrival time of the photon will not be known.

In cavity-freephoton-detection schemes, the basic ingredient is usually two- or three-level systems coupled directly to the
open transmission line where the photon is propagating (see Section 5 for more general information about such waveguide-
QED systems). Early on, it was proposed that microwave photons emitted in a quantum point contact could be measured
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Fig. 27. A proposed setup for destructive detection of itinerant microwave photons [1069]. Top: A number of CBJJs (blue squares) are placed along the
transmission line where the photon propagates. Bottom: Each CBJJ is tuned to have a tilted washboard potential with two states in a potential well (right),
realizing an effective three-level system (left). When a photon with frequency γ is absorbed by the CBJJ, it will rapidly tunnel from the |1⟩ state to the
continuum |g⟩ (at a rate Γ ), leading to a voltage drop over the junction that can be read out.
Source: Reprinted figure with permission from G. Romero et al., Phys. Rev. Lett. 102, 173602 (2009).
c⃝ 2009, American Physical Society.

using a nearby double quantum dot (DQD) [1067] and this experiment was later realized [1068]. The detection scheme is
not QND since the photon is absorbed in the DQD.

In superconducting circuits, the first promising proposal suggested the use of current-biased Josephson junctions (CBJJs)
along a transmission line as shown in Fig. 27 [1069,1070]. A CBJJ can be made to realize a washboard potential with two
states |0⟩ and |1⟩ in one of the potential wells as shown in the figure. The tunneling rate Γ from |1⟩ to the continuum is
much greater than that from |0⟩ and thus the CBJJ can be thought of as a three-level system as the figure shows. The idea is
to let the CBJJ start in |0⟩ and let the itinerant photon be resonantwith the |0⟩ → |1⟩ transition.When the photon is absorbed,
a tunneling event will occur with high probability and this leads to a voltage drop over the JJ which is easy to detect. If only
a single CBJJ is used, the probability that it will absorb the photon is 50%, but if N CBJJs are placed along the transmission
line instead, the probability that one of them will absorb and detect the photon quickly approaches 100% as N increases.
Using more CBJJs also increases the bandwidth of the detector, but it was actually shown later that 100% absorption can
be achieved with a single CBJJ if it is placed in front of a mirror [727], which could possibly be formed by another artificial
atom [685]. Possible limitations to the efficiency of this type of photon detector includes tunneling from the |0⟩ state and
the relaxation process |1⟩ → |0⟩. The detector absorbs the photon and is thus not QND.

An experiment with CBJJs placed at the end of a transmission line achieved a detection efficiency η = 0.7 [1071]. In
that experiment, two detectors were employed at the two outputs of a microwave beam-splitter to realize correlation
measurements (a Hanbury-Brown–Twiss experiment [1072]). In this way, g (2)(t) was measured for both coherent and
thermal microwave photons. After this experiment, CBJJs as photon detectors in cavities have been analyzed further
[1073–1075], sometimes being referred to as Josephson photomultipliers (JPMs) to distinguish them from phase qubits which
are operated in a different parameter regime.

Itinerant photons can also be absorbed efficiently by a Λ system, which has been proposed and realized recently within
circuit QED using dressed states of a resonator and a driven superconducting qubit [340,341,938]. Placing this system at
the end of a transmission line and reading out the qubit via a second, open transmission line, it can work as a (destructive)
detector for itinerant microwave photons in the first transmission line [342]. A recent experimental implementation of this
setup reached a single-photon detection efficiency close to 0.7 [506].

Another approach to detecting itinerant photons is to induce an interaction between themand a coherent probe, resulting
in an effect on the probe that can then be read out with homodyne detection (which is available for microwave photons,
see Section 9.3). Usually, this interaction is of the cross-Kerr type,

H = χa†ab†b, (36)

with χ the interaction strength, a the annihilation operator for the signalmode, and b the annihilation operator for the probe
mode. The presence of a photon in the signal mode will then give rise to a phase shift of photons in the probemode, and vice
versa. Photon detection based on this principle has been theoretically investigated in quantum optics [1050,1076–1078], but
experiments had not been able to reach larger phase shifts than a milliradian per photon [1079–1081] until very recently a
phase shift of about 1 radian per photon was demonstrated with an atomic ensemble [501].
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Fig. 28. A proposed setup for QND detection of itinerant photons [256]. A control (signal) photon with a wavepacket shape ξ (t) is guided by circulators to
interact sequentially with the |0⟩ → |1⟩ transition of N three-level artificial atoms, while a coherent probe field interacts with the |1⟩ → |2⟩ transition.
The three-level atoms induce an effective photon–photon interaction, resulting in a large phase shift of the probe which can be read out with homodyne
detection. Since each atom sits at the end of a transmission line (i.e., in front of amirror) the circulators ensure unidirectional propagation of all the photons.
Source: Reprinted figure with permission from S. R. Sathyamoorthy et al., Phys. Rev. Lett. 112, 093601 (2014).
c⃝ 2014, American Physical Society.

However, in circuit QED an experiment with a single three-level artificial atom (a transmon) in an open transmission line
recently reported phase shifts of 20 degrees per photon [172]. In that experiment, the probe is close to resonance with the
|0⟩ → |1⟩ transition of the transmon, while the signal is close to resonance with the |1⟩ → |2⟩ transition. In the limit where
both the signal and the probe are far detuned from the respective transitions, the photon–photon interaction mediated by
the superconducting artificial atom reduces to the form of Eq. (36), but to account for the large phase shifts in the experiment
the dynamics of the atom has to be included in the description.

The possibility of using the system from the experiment in Ref. [172] as a detector was investigated theoretically in
Ref. [624]. There, it was found that the displacement of the probe induced by a single photon is not large enough to overcome
the inherent quantum noise in the probe. This negative result was in line with earlier theoretical investigations of the cross-
Kerr effect [1082–1084]. However, a following study revealed that photon detection is nevertheless possible if several three-
level atoms are cascaded after each other, using circulators to ensure unidirectional propagation as shown in Fig. 28 [256].
In this case, the phase shift of the probe accumulates and rises above the quantum noise. By coupling a resonator to each
atom and probing each resonator separately, the detector efficiency can be increased even further [1085]. Since the signal
photon propagates on after interactingwith the atoms in the above setups, the detection is QND, unlike all existing detectors
at optical frequencies (although there are proposals to achieve QND detection there also [605,1086]).

In addition to the proposals above, hot-electron nanobolometers are also being investigated as a possible microwave-
photon detector [1087–1089] and there may be more methods with Rydberg atoms that can be transferred to circuit QED
setups [1090]. We also note that a single-electron transistor [1091] has been used to detect propagatingmicrowave phonons
(in the form of surface acoustic waves) with single-phonon sensitivity after averaging [1092]. Thus, there are now several
promising schemes for detection of itinerant microwave photons, although some of them are still waiting for experimental
implementation. Consequently, the use of photon detectors in circuit QED has seen an increased theoretical interest lately,
with, e.g., qubit readout by a JPM [1093], multi-qubit parity measurements based on photodetection [1094,1095], and even
dark-matter axion detection [1096] being considered. Since earlier, it is well-known from quantum optics that photon
detection is crucial for applications such as optical quantum computing [183,184], quantum key distribution [1097,1098],
Bell-inequality tests [1099,1100], and quantum teleportation [1101].

To conclude this section, we briefly review how photon detection can be treated theoretically with stochastic master
equations (SMEs). Consider a cavity with Hamiltonian Hsys containing photons (with annihilation operator a), leaking out
to the environment at a rate κ . The master equation describing the time evolution for the density matrix ρ of the cavity is
then [553,1102,1103]

ρ̇ = −i
[
Hsys, ρ

]
+ κD [a] ρ, (37)

whereD [a] ρ = aρa†
−

1
2a

†aρ −
1
2ρa

†a is the Lindblad term [1104] describing the cavity decay. This equation describes the
behavior of the system averaged over many experiments. If we now place a photon detector outside the cavity, detecting a
fraction η of the photons that escape the cavity (η is the measurement efficiency), the time evolution of the system, taking
into account the information from the detector, follows the SME [919]

dρ =
(
−i
[
Hsys, ρ

]
+ (1 − η)κD [a] ρ

)
dt + G [a] ρdN(t) −

1
2
ηκM

[
a†a
]
ρdt, (38)

wherewe have introduced the notation G [a] ρ =
aρa†

⟨a†a⟩
−ρ andM [a] ρ = aρ+ρa†

−
⟨
a + a†

⟩
ρ. Here, dN(t) is the stochastic

increment in a stochastic process N(t), which counts the number of photons that have been detected up until time t . The
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Fig. 29. Two setups for homodyne detection (equivalent in the limit of strong local oscillator). Left: Simple homodyne detection. The system output and the
LO are mixed at a high-reflectivity beam-splitter, which reflects almost all the system output. This reflected signal is measured by a photon detector to give
the homodyne current j(t). Right: Balanced homodyne detection, which has been implemented in quantum optics [1107]. The system output is mixed with
a strong LO in a 50:50 beam-splitter and photon detectors are placed at both of the beam-splitter outputs. The homodyne current is given by the difference
of the photon detector outputs.

stochastic increment has the property dN(t)2 = dN(t), since in a small time interval one can only detect 0 or 1 photons, and
its expectation value is E [dN(t)] = ηκ

⟨
a†a
⟩
dt .

Eq. (38) can be interpreted as the detector allowing us to follow the quantum trajectory [338,552,919,1105] of a single
experiment. For every click in the detector, i.e., every time dN(t) = 1, the term G [a] ρ removes a photon from the cavity
to reflect our updated knowledge of the system. If η < 1, some photons escape the cavity without being detected, and
this evolution can still only be captured on average by the Lindblad term in Eq. (38). Note that if we average over many
experiments, the expectation value for dN(t) ensures that we recover Eq. (37).

9.3. Homodyne and heterodyne detection

Homodyne and heterodyne detection is used to measure one or both quadratures of incoming light, giving information
about amplitude and phase instead of just the number of photons. Due to the challenges of microwave photon detection
described above, homodyne and heterodyne detection has been the prevailing type of measurement used in experiments
in microwave photonics with superconducting artificial atoms, albeit with a slightly different implementation than in
traditional quantum optics [187,193] (a review of the latter is given in Ref. [1106]).

Two setups for homodyne detection are sketched in Fig. 29. The basic principle is to mix the system output to be
measured with a strong coherent signal from a local oscillator (LO) and record the resulting photocurrent. The phase of
the LO determines which quadrature is measured. Just as for photon detection, we can write down an SME for homodyne
detection [552,919,1103,1108],

dρ = −i
[
Hsys, ρ

]
dt + κD [a] ρdt +

√
κηM

[
ae−iφ] ρdW (t), (39)

where dW (t) is a Wiener increment and φ is the phase set by the LO. The Wiener increment is a random variable with
E [dW (t)] = 0 and variance dt . Using the first property, we see that averaging over many quantum trajectories given by
Eq. (39) once again lets us recover the ordinary Lindblad master equation, Eq. (37).

The measurement signal associated with the SME of Eq. (39) is the homodyne current

j(t)dt =
√

κη
⟨
ae−iφ

+ a†eiφ
⟩
dt + dW (t), (40)

which has two notable features. Firstly, changing φ indeed determines which quadrature is measured; if φ = 0, we obtain
information about

⟨
a + a†

⟩
, while if φ = π/2, we obtain information about i

⟨
a†

− a
⟩
. Secondly, the signal will be noisy, even

for a vacuum bath, due to the stochastic increment dW (t).
Aheterodynemeasurement,whichmeasures bothquadratures simultaneously, canbe realized by first splitting the system

output at a 50:50 beam-splitter and then doing separate homodynemeasurements, with a phase difference of π/2 between
the LOs, on the two outputs from the beam-splitter. An SME similar to Eq. (40) can be written down for this case, but the
measurement efficiency η for each quadrature cannot exceed 1/2 due to the splitting of the original output [919].

Since the setups above are based on photon detectors, they cannot be used straightforwardly for microwave photonics.
Instead, in experiments in this field, the system output is first amplified at cryogenic temperatures and only then measured
at room temperature, usually with a vector network analyzer (VNA). The measurement efficiency is limited by the noise of
the amplifier, and the best commercially available cryogenic amplifiers such as high-electron-mobility transistors (HEMTs)
have noise temperatures of a few Kelvin [1109–1111], which corresponds to upwards of at least 10 noise photons per
signal photon. Since this degrades measurement efficiency considerably, great efforts have been made in the last decades
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Fig. 30. Left: The input state with quadratures defined by ain = Xin + iPin . Center: The output for phase-preserving amplification. The unavoidable extra
added noise is shown in red. Right: The output for phase-sensitive amplification with φ = 0 in the limit of large gain, G ≫ 1. The X quadrature has been
amplified, without any extra noise added, while the P quadrature has been deamplified.
Source: Figure adapted from E. Flurin, The Josephson mixer - A swiss army knife for microwave quantum optics, Ph.D. thesis, Ecole Normale Superieure,
Paris (2014).

to build quantum-limited amplifiers using superconducting circuits. A thorough review on quantum amplification is given in
Ref. [1112], and some overview on the experimental developments can be found in Refs. [135,293,1113,1114]. Below, we
provide an overview of this field, which has seen much progress in the last few years.

To preserve the commutation relations
[
ain, a

†
in

]
= 1 =

[
aout, a

†
out

]
for the input/output modes ain/out, an amplifier

cannot simply give a pure amplitude gain
√
G via aout =

√
Gain, but has to obey [1115,1116]

aout =
√
Gain +

√
G − 1b†

in, (41)

where bin represents another input mode. Amplifying both quadratures equally in this way, i.e., phase-preserving (phase-
insensitive) amplification which is needed for heterodyne detection, will thus add at least half a photon of noise (the vacuum
noise of bin). However, by choosing bin = eiφain, it is possible to instead amplify one of the quadratures noiselessly at the
expense of deamplifying the other quadrature. Such phase-sensitive amplification is used to implement homodyne detection.
The two amplifying schemes are illustrated in Fig. 30. We note that another scheme, with non-deterministic heralded
noiseless phase-preserving amplification, has been realized in optics [1117].

Almost all cryogenic amplifiers trying to reach the quantum limit are based on Josephson junctions that provide a
nonlinearity for parametric amplification, where a strong pump at frequency ωp amplifies a signal at frequency ωs and
also produces additional photons at the ‘‘idler’’ frequency ωi (see Section 7.1). The amplifier is called degeneratewhen signal
and idler are in the same mode, and non-degenerate when they are not. Various Josephson-junction-based amplifiers were
investigated already several decades ago [858,859,1118–1124], but the field has seen renewed interest with the advent of
circuit QED.

One of the first amplifiers developed in this newwave was the Josephson bifurcation amplifier (JBA), based on a Josephson
junction in a resonator [102], reviewed in Ref. [103]. Here, the focus has mostly been on using the bifurcation for qubit
readout [97–99,112,1125–1128], but the JBA can also be used as a linear amplifier [1126,1129].

The JBA is part of a larger family of amplifiers, Josephson parametric amplifiers (JPAs), which are usually based on SQUID(s)
in some form of resonator [93,125,874,875,933,1130–1142]. There are additional SQUID-based amplifiers which could
also be included under the JPA umbrella [350,1143–1148]. The JPA is normally operated as a degenerate, phase-sensitive
amplifier, but it has also been used for phase-preserving amplification [933]. The JPA can be pumped not only through the
resonator, but also by modulating the flux through the SQUID [125,1135,1136,1140,1141].

Another type of amplifier is the Josephson ringmodulator (JRM), also called Josephson parametric converter (JPC), which is a
non-degenerate, phase-preserving amplifier, first proposed in Ref. [104]. This amplifier is based on a designwith four Joseph-
son junctions in a loop andhas seenmuch investigation in the last fewyears [104,206,293,295,297,298,926,1113,1149,1150].
Its uses as a mixer are discussed in Section 3.4. For directional amplification with JPCs and other Josephson amplifiers
[238–243], see Section 3.2.

There are also traveling-wave amplifiers [242,243,1151–1154], which have a large bandwidth and can be used to
create multi-mode squeezing [871], as well as amplifiers based on SLUGs (superconducting low-inductance undulatory
galvanometers) [1155], amplifiers with nonlinear resonators without Josephson junctions [1156], an amplifier using
cavity electromechanics [1157,1158], and the Josephson parametric dimer (JPD), consisting of two coupled SQUID-based
resonators [913].

An amplifier that is to be used for homodyne or heterodyne detection should ideally have a low noise, i.e., high η, together
with high gain (to overcome the noise of a following HEMT amplifier), large bandwidth (at least exceeding the bandwidth of
the photons to be detected), and frequency tunability (to detect photons at different frequencies). For the phase-preserving
JRM, the best reported η is 0.82 [293,1150], which comes with a gain above 20 dB and a bandwidth of a few MHz. For the
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Fig. 31. An example of a Hanbury-Brown–Twiss setup modified for microwave photonics [191]. The system to be measured, here a cavity with mode a
coupled to an artificial atom, releases photons to mode c , which is fed into a beam-splitter. The beam-splitter output modes e and f are fed through linear
amplifiers before undergoing heterodyne detection.
Source: Reprinted figure by permission from D. Bozyigit et al., Nat. Phys. 7, 154 (2011).
c⃝ 2011, copyright (2011), Macmillan Publishers Ltd.

phase-sensitive JPA, the highest reported η is 0.68 [1134], with a gain of 10 dB and a bandwidth of 20 MHz. Traveling-wave
amplifiers have bandwidths of several GHz, and very recently an η of 0.75 was reported [242].

9.4. Correlation measurements

In traditional quantum optics, single-photon detectors are not only used for the various measurements discussed in the
previous sections, but also to measure correlation functions of photons. The first-order correlation function G(1)(t, τ ) =⟨
a†(t)a(t + τ )

⟩
is important for interference experiments such as the double-slit experiment, but to decisively distinguish

quantum effects from classical ones, measurements of the second-order correlation function G(2)(t, τ ) =
⟨
a†(t)a†(t + τ )

a(t + τ )a(t)⟩, or its normalized version

g (2)(t, τ ) =
G(2)(t, τ )

(G(1)(t, 0))2
=

⟨
a†(t)a†(t + τ )a(t + τ )a(t)

⟩⟨
a†(t)a(t)

⟩2 , (42)

are needed [931]. Following the Hanbury-Brown–Twiss (HBT) experiment [1072], where a setup with a beam-splitter
followed by two intensity detectors was used to measure such correlations for the first time, a full quantum theory for
photon correlations was developed in the early 1960s [1159–1161].

For coherent light g (2)(t, τ ) = 1 for all τ , while thermal (chaotic) light has g (2)(t, 0) = 2, but approaches g (2)(t, τ ) = 1
for long τ (all types of light do). In the latter case, the photons are bunched, i.e., there is a higher probability for the photons
to arrive in pairs. Classical fields can never have g (2)(t, τ ) < 1. Truly quantum systems such as single-photon emitters
in the form of atoms or molecules, on the other hand, can give rise to anti-bunching, g (2)(t, τ ) > g (2)(t, 0), with g (2)(t, 0)
approaching 0 in the absence of photon pairs [1162]. This has been shown in several quantum-optics experiments employing
photon detectors in an HBT setup [1163–1166].

With single-photon detection at microwave frequencies being challenging, experiments in microwave photonics rely on
another way to measure correlation functions, replacing the photon detectors after the beam-splitter with homodyne or
heterodyne detection, implemented using linear amplifiers as discussed in the previous section. The first HBT experiments
with microwaves used square-law detectors after the amplifiers [186,1167], but after an experiment at optical frequencies
replaced the single-photon detectors with homodyne detection [1168], the theory was refined for this type of setup at
microwave frequencies [188]. It is now understood how this kind of setup, shown in Fig. 31, can be used to extract arbitrary
moments

⟨
(a†)nam

⟩
[190,193,196] and cumulants [1169], and experiments have been performed measuring these quantities

for microwaves [94,189–191,1169,1170]. Measuring moments of several orders allows for tomography of microwave
photons, reconstructing the Wigner function [94,193,1171].

Correlationmeasurements have also been used to show the anti-bunching (bunching) of the reflected (transmitted) signal
from a superconducting artificial atom in a transmission line [194], to observe photon blockade [192], and to demonstrate
the Hong–Ou–Mandel (HOM) effect [633] (two photons that are mixed at a beam-splitter are emitted as a pair from one of
the outputs) for microwaves [198,199] (the HOM effect for microwaves was also observed in the experiment of Ref. [140]).
However, it should be noted that an HBT experiment has been performed with microwave single-photon detectors as
well [647] and that this setup in general is faster if the photon detectors are good enough. This is because measuring
moments

⟨
(a†)nam

⟩
requires averaging over many measurements to filter out noise. The number of measurements needed

is proportional to (1 + N0)n+m, where N0 is the number of noise photons added in the amplification chain [188,196]. This
exponential increase makes measuring higher order moments impractical.

10. Applications of large-scale superconducting quantum circuits

In the previous sections, we mainly reviewed how superconducting quantum circuits (SQCs) can be used to explore
quantum optics and atomic physics in the microwave domain. However, these microwave-photonic devices can have many
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applications beside fundamental physics if they are scaled up to large numbers. In this section, we review the progress on
three important potential applications ofmicrowave SQCs based on Josephson junctions: quantum simulation (Section 10.1),
quantum information processing (Section 10.2), and metamaterials (Section 10.3).

10.1. Quantum simulation

More than three decades ago, Feynman proposed, in his pioneering work in Ref. [1172], to simulate one quantum system
by using another quantum system. Such quantum simulation is sometimes considered an intermediate goal on the road
towards universal quantum computation. Due to this, and also in view of the latest advances in coherent manipulation
and state control for quantum systems, quantum simulation has recently been attracting growing interest in many areas
of physics. In this section, we give an overview of some experimental achievements with SQCs for quantum simulation of
condensed-matter physics. More comprehensive reviews of quantum simulators in various physical systems can be found in
Refs. [135,148,1173,1174].We note that SQCs are particularly promising for quantum simulation, since they can be designed
in a plethora of configurations and can have many parameters tuned during an experiment. They also have long coherence
times and possess a strongly nonlinear element in Josephson junctions, which is useful for simulating nonlinear crystals.

In the context of quantum simulations, it is possible to get quite a lot of mileage out of just a single superconducting
artificial atom. Since a two-level system can be considered a pseudospin-1/2 system, a superconducting qubit can be used
to simulate the dynamics of a spin-1/2 system. For example, by geometrically manipulating a superconducting qubit with a
microwave field such that the qubit state completes a closed path on the Bloch sphere, a geometric Berry’s phase has been
demonstrated [1175–1177].

If the artificial atom supports d > 2 levels, it forms a qudit, an extension of qubits that can speed up certain computing
tasks and enable simpler implementation of some quantum algorithms [1178–1180]. A qudit can also be used to simulate
the dynamics of a large-spin system. In the experiment of Ref. [1181], a superconducting qudit with up to five energy levels
(which can be called a quintit) was used to emulate the dynamics of single spins with the principal quantum numbers S =

1/2, 1, and 3/2 [1182]. The experimentmeasured the Berry’s phase for closed-path rotations of such spins and demonstrated
the even (odd) parity of integer (half-integer) spins under 2π-rotation. In another experiment, a superconducting qutrit
(i.e., a quantum three-level system) was used to demonstrate non-Abelian and non-adiabatic geometric effects, which could
be important for future simulations of synthetic-gauge fields and non-Abelian anyon statistics [1183].

A fully controllable superconducting qubit can also be used to simulate condensed-matter physics, e.g., topological
quantum physics, a topic which has attracted great interest recently due to the discovery of topological insulators in two and
three dimensions [1184,1185]. It has been shown that certain robust topological invariants, such as a Chern number, can be
used to classify physical phenomena in such topological quantum systems [1186]. A change in the value of such a number,
e.g., an increment in the filling factor of a integer quantum Hall state, can correspond to a nontrivial topological transition
in the quantum system. The first Chern number is equivalent to the Berry phase, which can be obtained by integrating the
Berry curvature over a closed surface. In an experiment with a transmon qubit, topological transitions from Chern number
1 to 0 were observed by modifying a drive that controlled parameters in the qubit Hamiltonian [1187].

Topological phenomenawere further explored in an experimentwith a superconducting phase qubit, where themomen-
tum space of the topological Haldane model was mapped to the parameter space of the single-qubit Hamiltonian [1188].
In this experiment, the microscopic spin texture of the associated states and their evolution across a topological phase
transition were measured. The setup was then extended to two interacting qubits, where the emergence of an interaction-
induced topological phase was observed [1188]. Adding another qubit to form a triangular loop where photons can hop
between the qubits, synthetic magnetic fields, strong photon–photon interactions, and chiral ground-state currents for the
interacting photons have been realized [252]. This setup can be used as a building block for creating fractional quantum
Hall states [252]. We also note that the fractional statistical behavior of anyons, the use of which has been proposed for
implementing topological quantum computation, recently was emulated in a circuit-QED system with four qubits and one
resonator [1189], building on the theory in Ref. [1190]. There is also a proposal for using superconducting qubits to realize
Majorana qubits [1191].

Superconducting qubits can also be used to simulate other phenomena in condensed-matter physics. Examples that have
been demonstrated include weak localization [1192] and fermionic models [1193]. Recently, a scalable quantum simulator
with superconducting qubitswas used to perform electronic-structure calculations for a hydrogenmolecule [1194]. An array
of superconducting qubits can also be used for many other simulation purposes, e.g., for exploring quantum phases in a
Dicke–Ising model [1195].

Another venue for quantum simulations with SQCs is resonators connected in large lattices, in which each resonator
interacts with a superconducting qubit following the Jaynes–Cummings Hamiltonian. Quantum simulation in photonic
lattices is a large field with possible implementations in several types of systems [150,1196]; circuit-QED lattices constitute
one promising platform for such experiments [141,148,149,1197,1198]. These lattices can be used to study, e.g., strongly
correlated systems, both in and out of equilibrium,with broken time-reversal symmetry [147], the quantumphase transition
from a superfluid to a Mott insulator in the Bose–Hubbard model [1199], and artificial gauge fields.

Large circuit-QED lattices have already been implemented in several experiments and are being scaled up rapidly. In a
minimal such lattice, a Jaynes–Cummings dimer with two coupled resonators connected to one qubit each, a dissipation-
driven localization transition was observed [1200]. Other experiments have characterized the disorder in a 12-site lattice
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(forming a Kagome star) [1201] and demonstrated, in a 49-site Kagome lattice, that scanning defect microscopy can be used
to image the photon lattice states [1202]. Recently, a dissipative phase transitionwas observed in a driven 72-site 1D circuit-
QED lattice [151]. Some other related experiments, used for simulating quantumannealing problems, are summarized below
in Section 10.2.2 in the context of adiabatic quantum computing.

10.2. Quantum-information processing

Early progress in SQCs was stimulated by their potential applications for quantum-information processing (QIP). SQCs
have numerous features that are advantageous for QIP, including, e.g., scalability, low loss, high nonlinearity, tunability, easy
connectivity, and switching. However, to judge the potential of any platform for quantum computation, the gold standard is
the DiVincenzo criteria [1203]: scalable qubits, initialization, long coherence times, measurements, and universal gates, plus
the two additional requirements of error correction and quantum memory. For SQCs, the road towards fulfilling all these
criteria has been summarized into seven stages of development [26]. In Section 10.2.1, we review several (but not all) of
the achievements of SQCs in satisfying the DiVincenzo criteria. We also discuss adiabatic quantum computing and quantum
annealing with SQCs in Section 10.2.2, and devote the separate Section 10.2.3 to quantum error correction with SQCs. For a
recent, more comprehensive review of QIP (including quantum simulation) with SQCs, see Ref. [1204].

10.2.1. Five criteria for scalable quantum computing with SQCs
Out of the fivemainDiVincenzo criteria, qubit readout has already beendiscussed in Section 2.6,where it became apparent

that there are many well developedmeasurement methods. Likewise, methods for qubit initialization, beyond simply letting
the qubit relax to its ground state, have been developed and brought to high efficiency. Thesemethods include initializations
by measurements [1205–1207], through a drive [1208], and by modifying the coupling to an environment [1209,1210].
Methods for resonator reset have also been developed [1211–1213]. In the following, we go into some more detail about
coherence, switchable coupling, and implementations of universal gates.

Coherence. For QIP, long qubit coherence times T1 and T2 are crucial. The energy-relaxation time T1 characterizes how fast
a qubit decays from its excited state to its ground state. The dephasing time T2 is the time during which a qubit effectively
retains its phase coherence. In general, 1/T2 = 1/(2T1)+ 1/Tϕ , where Tϕ is the time scale for pure dephasing, describing the
relative-phase loss for a superposition state.

Spurred by the potential of QIP, the field of superconducting qubits has seen a remarkable development of coherence
times in recent years. As shown in Fig. 32, the distressingly short decoherence times of a few nanoseconds observed in the
earliest experiments have nowbeen extended to around a hundredmicroseconds. This is about a thousand times longer than
demonstrated time scales for initialization, read-out, and universal logic in circuit QED. These advances have been achieved
through improvements of materials and qubit designs [23]. However, the improvement of coherence times is still one of the
main tasks for superconducting QIP. Newmaterials and newmethods for device engineering on a superconducting chip will
likely be required to eliminate the remaining noise sources.

Coupling. When it comes to scaling up superconducting circuits tomany qubits, an important question is how to connect the
qubits. Connection can either be achieved through a quantum data bus, e.g., a single-mode microwave cavity field or an LC
oscillator, or by using a direct coupling between qubits. In order to implement universal gates and scale up the circuit for QIP,
it is crucial that the coupling is switchable. To couple and decouple two superconducting quantum elements connected by
an always-on coupling, a common solution is to tune their frequencies in or out of resonance [301,349,369,1215–1218]. This
method has been widely adopted, even in the most recent implementations of universal gates [1219–1222]. However, there
are limitations to this approach. For example, it becomes difficult to avoid problems with frequency-crowding in large-scale
circuits. Also, tuning the qubit frequencies will move the qubits away from their optimal working points, and when the
tuning is fast, the result is non-adiabatic information leakage.

Another way to switch off qubit–qubit coupling is to directly tune the coupling strength using an external magnetic
flux [8,1223]. This approach has been explored both theoretically [1224–1226] and experimentally [1227–1233]. A highly
coherent and rapidly tunable coupling circuit was recently demonstrated [63]. However, these quantum or classical
couplers increase the complexity of SQCs and introduce new decoherence sources. Thus, the development of efficient
quantum switches for the coherent coupling between different elements remains a big challenge for scalable SQCs. Recent
studies [316,1234] have shown that the coupling between two superconducting quantumelements canbeperfectly switched
on and off by a longitudinal control field. In this proposal, no auxiliary circuits or tunable frequencies for any quantum
elements are required, which means that it could be a good candidate for realizing scalable superconducting QIP. Additional
proposals for switchable coupling can be found in Refs. [1235–1238].

Gates. Arbitrary universal gates can be constructed by combining any nontrivial two-qubit gate [e.g., a controlled-NOT
(CNOT) gate, a controlled-phase (CPHASE) gate, or an iSWAP gate] and single-qubit rotations. A comparison of speeds for
various quantum gates can be found in Ref. [1239]. In SQCs, the first implementation of a conditional gate used two coupled
charge qubits [1240]. Later, the CNOT gate was demonstrated in a flux-qubit circuit [1241]. However, in these experiments
the coupling between the two qubits was always on. Using a controllable coupling instead, an iSWAP-like gate for two
flux qubits was realized around the same time [1228]. In setups with two transmon qubits coupled through a microwave
resonator, both the

√
iSWAP gate [369], and later the CPHASE gate [1242], have been demonstrated.
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Fig. 32. Similar to the famous Moore’s law for semiconductor industry, the coherence times of superconducting qubits also appear to exhibit exponential
scaling. The graph shows, on a logarithmic scale, the energy-relaxation time T1 achieved through the years in some state-of-the-art superconducting
qubits. T1 has increased by six orders of magnitude since 1999. This remarkable progress has been driven by novel circuit design, material and fabrication
improvements [23], and understanding of dissipation mechanisms [61,1214].

The three-qubit Toffoli gate, which inverts the state of a target qubit conditioned on the state of two control qubits, can
be used to construct a universal entangling gate. This gate can also be used for universal reversible classical computation
and is a key element for the realization of some quantum error-correction codes. The standard implementation of the
Toffoli gate, using only single- and two-qubit gates, requires six CNOT gates and ten single-qubit operations [1243]. Since
the CNOT gate itself usually requires a sequence of operations in SQCs, it would seem that realizing the Toffoli gate for
superconducting qubits would require very long qubit coherence times. However, by cleverlymaking use of auxiliary energy
levels in three transmon qubits coupled via a microwave resonator, the Toffoli gate has been implemented much more
efficiently in experiments [1219,1220]. This achievement opens up for realizing more complex quantum operations, useful
for, e.g., error correction, in SQCs [1220].

Two-qubit gates have been used in SQC experiments for a variety of purposes, e.g., for coherent storage and trans-
fer of quantum states [349], and to demonstrate a violation of Bell’s inequality [1244], following early proposals in
Refs. [1245,1246]. Quantum gates have also been applied to prepare the entangled Greenberger–Horne–Zeilinger (GHZ)
and W states in three phase qubits [1247], in three transmon qubits coupled via a transmission-line resonator [1248],
and with two phase qubits and a resonator mode [1249]; there have been many proposals for creating such states in
SQCs [371,414,750,1250–1259]. In the context of QIP, two-qubit gates have been used to demonstrate simple quantum
protocols and algorithms in two-qubit circuits. Recently, quantum algorithms have also been implemented inmore complex
circuits. For example, a circuit with seven superconducting quantum elements used

√
iSWAP and CPHASE gates together

with single-qubit operations to demonstrate a quantum von Neumann architecture by implementing the quantum Fourier
transform and a three-qubit Toffoli-like gate [1036]. Another experiment with a quantum processor, consisting of nine
elements, implemented Shor’s algorithm to find the prime factors of 15 [1260]. Recently,

√
iSWAP gates have also been

applied to generate 10-qubit entanglement [1261] and to solve linear equations [1262].
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Quantum gates for SQCs are continuously being refined. Recent experiments have demonstrated impressive gate fideli-
ties: above 99.9% for single-qubit gates [1263,1264] and above 99% for two-qubit gates [1263,1265]. Furthermore, different
gate implementations, e.g., the so-called cross-resonance [1265–1267] and resonator-induced CPHASE
[1268–1270] gates, as well as other schemes [798,1271,1272], have been developed that allow for gates between fixed-
frequency qubits, which can have longer coherence times than tunable qubits.

In conclusion, it can be said that the impressive progress for SQCs includes demonstrations showing that the five
DiVincenzo for scalable QIP have been fulfilled at a reasonable level of performance in small-scale circuits. Thus, there does
not seem to be any fundamental roadblock hindering the construction of a quantum computer in a large-scale quantum
circuits. In the following sections, we therefore review some more aspects of large-scale circuits (in addition to what we
already treated when discussing quantum simulation in Section 10.1): adiabatic quantum computing and quantum error
correction.

10.2.2. Adiabatic quantum computing and quantum annealing
An alternative to standard gate-based quantum computing is adiabatic quantum computing (AQC). In AQC, a controllable

physical quantum system is initially prepared in the ground state of a simple Hamiltonian. Computation is then performed
by changing the system Hamiltonian adiabatically, such that the system remains (with high probability) in its ground state
throughout the evolution [1273]. The idea of AQC is that the ground state of the final, non-trivial, Hamiltonian encodes the
solution of a given computational problem. AQC is theoretically equivalent to universal quantum computing [1274], and,
by definition, more robust against noise (though the trade-off between speed and protection against decoherence is not
trivial [1275]). For these reasons, AQC has attracted considerable theoretical and experimental interest. However, there is
as of yet no proof that AQC actually gives an exponential speed-up compared to classical computation. In this section, we
discuss some implementations of AQC in SQCs. For a recent detailed review on the theory of AQC, see Ref. [1276].

The first experimental steps towards realizing AQC with SQCs were taken with flux-qubit circuits, in which the ground
state of the system was systematically mapped out as a function of flux in a three-qubit system [1277]. Following this
experiment, it has been shown that it may be possible to speed up AQC with SQCs using feedback control [1278]. More
recently, an SQC experiment using up to nine qubits combined gate-based and adiabatic quantum computing to realize
digitized AQC [1222]. This experiment used up to 103 quantum gates to solve instances of the 1D Ising problem and some
other Hamiltonians with more complex interaction terms.

Another approach to quantum computing, closely related to AQC, is quantum annealing (QA) [1279]. Quantum annealing
is similar to the classical method of simulated annealing, where thermal fluctuations help to overcome energy barriers in the
search for the global minimum in an optimization problem. In QA, a known initial configuration at a non-zero temperature
evolves into the ground state of a Hamiltonian encoding an optimization problem. If the energy barriers in the configuration
landscape are tall and narrow, QA can outperform simulated annealing thanks to quantum tunneling. QA differs from AQC in
that, while both are methods to find the ground state of a problem Hamiltonian, the transitions in QA can be non-adiabatic
and the initial configuration for QA need not be a ground state.

There have been several experimental implementations of QA in SQCs. An early demonstration used an array of eight
flux qubits with programmable spin–spin couplings to find the ground state of the Ising model [1280]. In this experiment,
the temperature dependence of the evolution time at which the system dynamics freezes revealed a clear signature of QA,
distinguishable from classical thermal annealing. Later, an experiment with 16 flux qubits demonstrated robustness of QA
against noise [1281]. To further prove the viability of QA as a technology for large-scale systems of superconducting qubits,
more experiments studied entanglement in a system with eight flux qubits [1282] and correlations in a setup with more
than one hundred such qubits [1283].

Ideally, a quantum annealer should be programmable, i.e., the physical realization of QA should allow for changing
parameters to implement various problem Hamiltonians. Experiments with SQCs have demonstrated programmable QA,
scaling up from eight qubits tomore than one hundred qubits [1284]. Quantum error correction has also been developed and
demonstrated for such programmable QA in a systemwith antiferromagnetic chains formed by up to 344 flux qubits [1285].
This method can improve the success probability of QA, but full-fledged fault-tolerant QA remains an open problem.

Recently, even larger circuits, containing 512 qubits (D-Wave 2), 1152 qubits (D-Wave 2X), and 2048 qubits
(D-Wave 2000Q), have been fabricated and tested. It has been claimed that these large circuits can speed up certain
algorithms, but it remains a much debated, open question whether this is a quantum speedup [1286–1292].

10.2.3. Quantum error correction
Errors are inevitable in QIP. This makes quantum error correction (QEC) a fundamental requirement for fault-tolerant

quantum computing [176,1293,1294]. One of the simplest examples of QEC is how bit- or phase-flip errors in single
qubits can be corrected in a simple three-qubit code, which uses an entangled three-qubit state to encode a single-qubit
state [176,1295,1296]. This error-correction code was first demonstrated in SQCs using three superconducting qubits
coupled to a single-mode microwave field [1220]. The three-qubit error correction code has also been used in SQCs to
reduce the impact of intrinsic dissipation and improve the storage time of a quantum state [1297]. State preservation
for qubits has also been extended to a setup with a 1D chain of nine superconducting qubits [1298]. In this (and other)
setups, the occurrence of errors was tracked by repeatedly performing projective quantum non-demolition (QND) parity
measurements on pairs of qubits. Due to the importance of multi-qubit parity measurements for error correction codes,
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schemes for implementing such measurements in SQCs have been studied in several works [1094,1095,1299–1305]. In the
experiment of Ref. [1298], the outcomes of the repeated error detection were used to optimize gate parameters, showing
that both the drift of a single qubit and even independent drifts in all qubits can be removed. This method provides a path
towards controlling a large number of qubits for fault-tolerant quantum computing with SQCs [1306].

Fault-tolerant quantum computing has been proposed to be implemented with various error-correction codes. In
particular, surface codes [1307,1308] are considered a promising candidate for scalable quantum computingwith SQCs due to
their 2D layout with only nearest-neighbor qubit–qubit couplings and high error thresholds for fault tolerance. In a surface
code, qubits are arranged in a square lattice. Half of the qubits in the lattice function as code qubits, while the other half are
syndrome qubits, used to measure the stabilizer operators of surrounding code qubits.

Several significant steps towards large-scale QEC with SQCs have been taken in the last few years. For example,
autonomous stabilization of a Bell state for two transmon qubits has been demonstrated using a combination of continuous
drives and dissipation engineering [1309] and high-fidelity detection of the parity of two code qubits via the measure-
ment of a third syndrome qubit has been achieved using three transmon qubits connected by two coplanar-waveguide
resonators [1310]. Furthermore, arbitrary quantum errors have been detected through two-qubit stabilizer measurements
in a four-qubit sublattice of the surface code [1221], a four-qubit parity measurement has been implemented on a surface-
code plaquette [1311], and a five-qubit setup (three code qubits, two syndrome qubits) has demonstrated protection of a
logical qubit from bit-flip errors [1312]. Considering these achievements together with the fact that a recent experiment
with a five-qubit superconducting quantum processor demonstrated average fidelities of 99.92% for single-qubit gates and
99.4% for two-qubit gates [1263], it seems that SQCs are at the threshold of fault-tolerant quantum computing.

Although superconducting qubits are starting to reach quite long coherence times, the coherence times of microwave
photons in resonators can be much longer. It is therefore natural to contemplate implementing quantum computation with
microwave-photonic qubits instead. Recently, some research in circuit QED is shifting towards this direction.When it comes to
error correction for quantum computation withmicrowave photons, it has long been known that so-called bosonic codes can
protect quantum information stored in bosonic fields against amplitude damping [1313,1314]. Furthermore, Schrödinger cat
states, superpositions of two coherent states, can be used to encode logical qubits in schemes for correcting errors caused by
spontaneous emission [1315], but such cat-state encodings do not protect against dephasing [1316]. However, in the last few
years, renewed interest in the field has led to several new proposals for encoding and manipulating quantum information
in bosonic modes [368,753,999,1317–1322]. One such proposal describes a new class of bosonic quantum codes that can
correct errors stemming from both amplitude damping and dephasing [1323]. For a recent detailed overview of various
bosonic codes, see Ref. [1324].

With the recent theoretical work setting the stage for microwave-photonic quantum computing to reach new heights,
experiments with SQCs have followed. After a few experiments demonstrated methods for generation and manipulation
of cat states in a single resonator [116,367,1325], a recent experiment demonstrated entanglement of coherent states
of two microwave field in two separate resonators coupled to a superconducting qutrit [1039]. In this experiment, the
amplitudes of the entangled coherent states reached up to 80 photons. In another impressive achievement, a full QEC code
was implemented for cat states in a 3D circuit-QED system, using real-time feedback to encode, decode, monitor, and correct
errors from amplitude damping [1326]. This was the first experiment ever to reach ‘‘break-even’’ for QEC, meaning that the
lifetime of the protected logical qubit exceeded the lifetimes of all parts of the system.

10.3. Metamaterials

Metamaterials are artificial composite structures that can go beyond the limitations of naturalmaterials when it comes to
manipulating electromagnetic waves [22,1327–1329]. Since superconducting devices have low losses, compact structures,
and large nonlinearities, they can be utilized to make novel, nearly ideal metamaterial structures. For example, a tunable
superconducting metamaterial has been implemented by embedding 480 Josephson junctions in a resonator, and shown to
function as a parametric amplifier with high gain and large squeezing [874]. Also, SQUID-based metamaterials [1330,1331]
can exhibit strong nonlinearities and wide-band tunability along with unusual magnetic properties due to macroscopic
quantum effects [1332]. For extensive reviews on superconducting metamaterials, see Refs. [1333,1334]. In this section, we
limit ourselves to briefly describing quantum metamaterials [22,674,1335] constructed with superconducting qubits.

Superconducting qubits can couple coherently and strongly, even ultrastrongly, to microwave fields in resonators and
transmission lines, as discussed in Sections 4 and 5. This offers unique opportunities for designing artificial quantum
structures. For example, theoretical studies have shown that, in a quantum metamaterial made from an infinite chain
of identical charge qubits inside a cavity, it is possible to implement a breathing photonic crystal with an oscillating
band gap [674]. In such a metamaterial, the optical properties of the photonic crystal can be controlled by putting the
qubits in various superposition states [674]. Other studies of quantum metamaterials with qubits have proposed setups
without need for local control [676], explored the effect of dissipation in 1D setups [1336], and investigated the effects
of collective oscillations among many qubits in a resonator [1337]. Further theoretical proposals include making a low-
loss left-handed quantummetamaterial with negative magnetic permeability using SQUID-based qutrits [1338], generating
nonclassical photonic states from the interaction betweenmicrowaves and a quantummetamaterial [1339], and combining
a metamaterial with a regular transmission line to form a resonator that can achieve ultrastrong multimode coupling with
a superconducting qubit [408].
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There have only been a few experiments on superconducting quantum metamaterials so far [1340–1342]. In the
experiment of Ref. [1341], a prototype quantum metamaterial, consisting of 20 superconducting aluminum flux qubits
embedded in a niobium microwave resonator, was demonstrated. In the more recent experiment of Ref. [1342], 4300 flux
qubitswere coupled to an LC resonator. Amajor challenge in fabricating this kind of superconducting quantummetamaterial
is to make the qubits as identical as possible, since qubit-energy disorder degrades the metamaterial properties. Some
recent theoretical works discuss the properties of many-qubit systems with disorder and how such disorder can be
mitigated [1343–1345]. However, to find real practical advantages of quantummetamaterials over classical metamaterials,
many fundamental problems in this emerging field need to be answered both experimentally and theoretically in the near
future.

11. Summary and perspectives

In summary, both experimental and theoretical research on Josephson-junction-based superconducting quantumdevices
has made dramatic progress in the past 20 years. Many phenomena from atomic physics and quantum optics have now
been demonstrated in experiments in the microwave domain, often with unprecedented clarity, as shown in Table 5.
Moreover, these superconducting quantum devices, functioning as macroscopic quantummachines, also provide a platform
for exploring newphenomena and regimes that are hard to reach in traditional quantumoptics and atomic physics, e.g., ultra-
strong coupling and deep-strong coupling at the level of a single microwave photon. These new experimental capabilities
open up new research directions like quantum nonlinear optics at the single-photon level, and will also help to improve
understanding of the counterintuitive properties of quantum mechanics. Indeed, much new and interesting physics is
emerging as circuit QED continues to develop.Wenote here that the study ofmicrowave photonics using SQCs has benefitted
greatly from the use of QuTiP (Quantum Toolbox in Python), which is a free open-source software (available on all major
platforms) that is now being used at many institutions around the world for simulating the dynamics of open quantum
systems [1346,1347].

Due to rapid development of device design, as well as progress in materials and fabrication methods, the coherence time
of superconducting qubits has been improved by five orders of magnitude, going from nanoseconds to the threshold for
error correction and fault-tolerant quantum computation. The coherence can be improved even further, e.g., by applying
active feedback control methods [558]. Along with the improvements in coherence time, basic quantum-computation
operations have been experimentally demonstrated with reasonable levels of performance using superconducting qubits.
There does not seem to be any fundamental obstacle for realizing superconducting quantum computation on a larger scale.
These developments are stimulating both academic laboratories and commercial companies, e.g., Google, Intel, and IBM,
to announce aggressive strategies for designing and building practical quantum computers using superconducting qubits.
For example, IBM is building a cloud-based, world-first commercial universal quantum computing service. Such a cloud
quantum computer can be used by researchers around the world.

In order to successfully commercialize superconducting quantum computing, there are still many scientific and techno-
logical challenges to overcome; examples include error correction, quantum-information storage, and unwanted crosstalk
between different circuit elements. The next crucial step for superconducting quantum computation is to implement error
correction well enough that a complete algorithm for quantum digital logic can be run within the effective coherence time
of a large scalable circuit. Since current error-correction approaches require large numbers of physical qubits to encode a
single logical qubit, such an implementationwould increase the complexity of circuit control,measurements, and fabrication
beyond our current technological ability. While these challenges make building a large-scale universal quantum computer
a long-term goal, efforts are being made to enable superconducting quantum-computing circuits to accomplish certain
tasks, such as quantum simulation and quantum-assisted optimization, in the near future even without error correction.
For example, D-Wave Systems has a quantum computing service which may be used for optimization. There is also work
towards realizing quantum sampling and quantum machine learning using superconducting circuits. Researchers expect
that quantum sampling with a 7 × 7 lattice of superconducting qubits can become the first example of quantum supremacy
(a quantum computation surpassing a conventional computer), perhaps as early as 2017.

Superconducting quantumcircuits can be coupled tomanyother solid-state quantumcomponents to formhybrid devices,
as has been demonstrated in several experiments [25]. The main objective for such work is to harness the strengths of the
different systems, such as the fast control possible in superconducting circuits, the long coherence times of nuclear spins,
and the long-distance transfer possible with optical light, to better implement quantum information processing. A hybrid
quantum computer might thus consist of a spin system acting as a quantum memory and a part with superconducting
circuitry used as a quantum processor. Other hybrid devices being explored include superconducting circuits combinedwith
semiconductors that can host Majorana fermions. If such an approach is successful, then topological quantum computing
based on braiding of Majorana zero-modes might become possible.

Research on superconducting quantumdevices andquantumcomputation is still developing at a rapid pace. New research
topics continue to emerge in this field and the collaboration between industry and academia looks set to push the research
on superconducting quantum computation significantly forward. We expect that these developments will have a profound
impact both on fundamental physics and on applications of quantum microwave devices.
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Appendix A. Circuit quantization

In several sections of this review,we havewritten downHamiltonians for artificial atoms and resonators formed by SQCs.
In many cases, these Hamiltonians are the same as those used in quantum optics with natural atoms and optical cavities.
To understand how SQCs are used to implement quantum optics with microwave photons, and also how SQCs allow us
to design the artificial atoms and their interactions with those photons, it is instructive to see how these Hamiltonians are
derived from circuit models. Following early work in the 1970s [1348], the process for quantizing circuits based on canonical
quantization has been well described in Refs. [11,27,939,1349–1352]. To make this review more self-contained, we cover
the main points in these references below, including some pertinent examples from the treatments in Refs. [1353–1355].

A.1. Quantization procedure

To arrive at a quantum description given an electrical circuit, the first step is to write down the classical Lagrangian
L [1356] of the circuit. It turns out to be convenient to work with node fluxes

Φn(t) =

∫ t

−∞

Vn(t ′) dt ′, (A.1)

where Vn denotes node voltage at node n, and node charges

Qn(t) =

∫ t

−∞

In(t ′) dt ′, (A.2)

where In denotes node current. Note that Kirchhoff’s laws apply and may reduce the number of degrees of freedom in the
circuit. For example, the total voltage drop around a loop l should be zero, and therefore∑

b around l

Φb = Φext, (A.3)

where Φext is an external magnetic flux threading the superconducting loop and the Φb are the branch fluxes (not to be
confused with the node fluxes) around the loop. The external flux is subject to the flux quantization condition Φext = nΦ0,
where n is an integer andΦ0 = h/2e, where e is the elementary charge, is the flux quantum,which also enters in expressions
for the Josephson junction below.

With the node fluxes as our generalized coordinates, the Hamiltonian H follows from the Legendre transformation [1356]

H =

∑
n

∂L

∂Φ̇n
Φ̇n − L. (A.4)

The generalized momenta ∂L/∂Φ̇n will often, but not always, be the node charges Qn.
Up to this point, everything (bar the quantization condition for the external flux) has been completely classical. To proceed

to quantummechanics, we promote the generalized coordinates andmomenta to operatorswith the canonical commutation
relation[

Φn,
∂L

∂Φ̇m

]
= ih̄δnm, (A.5)

where δnm is the Kronecker delta (δnm = 1 if n = m, δnm = 0 if n ̸= m).
For quantum optics with superconducting circuits, three basic elements are needed: capacitors, inductors, and Josephson

junctions, illustrated in Fig. A.1. A Josephson junction consists of a thin insulating barrier between two superconducting
leads, and it can be modeled as a capacitor in parallel with a nonlinear inductor characterized by the Josephson energy EJ.

The Lagrangians for capacitors and inductors are straightforward. The energy of a capacitor with capacitance C is

CV 2

2
=

C
(
Φ̇1 − Φ̇2

)2
2

, (A.6)
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Fig. A.1. The three basic circuit elements used in quantum optics for superconducting circuits. From left to right: capacitance C , inductance L, and a
Josephson junction with capacitance CJ and Josephson energy EJ .

where V is the voltage across the capacitor, and for an inductor with inductance L it is

LI2

2
=
{
V = Lİ

}
=

(Φ1 − Φ2)
2

2L
, (A.7)

where I is the current through the inductor. In the Lagrangian, capacitive terms (terms with Φ̇) represent kinetic energy
and give a positive contribution, while inductive terms (terms with Φ) represent potential energy and give a negative
contribution. We thus have

LC =
C
(
Φ̇1 − Φ̇2

)2
2

, (A.8)

LL = −
(Φ1 − Φ2)

2

2L
. (A.9)

For the Josephson junction, the contribution from the capacitive part with CJ follows immediately from the previous
discussion. To get the contribution from the nonlinear inductor, we use the Josephson equations [28,1357]

IJ = Ic sinφ, (A.10)

φ̇ =
2e
h̄
V (t), (A.11)

where IJ is the supercurrent through the junction, Ic is the critical current (themaximumvalue of IJ), V (t) is the voltage across
the junction, and φ = 2e (Φ1 − Φ2) /h̄ = 2π (Φ1 − Φ2) /Φ0 is a phase difference across the junction. These equations give∫ t

−∞

I(t ′)V (t ′) dt ′ = EJ (1 − cosφ) , (A.12)

where we have identified the Josephson energy EJ = h̄Ic/2e. The Lagrangian for the Josephson junction is thus

LJJ =
CJ
(
Φ̇1 − Φ̇2

)2
2

− EJ (1 − cosφ) . (A.13)

Note that the inductive term is a cosine function rather than the quadratic function for a normal inductor; this is why the
Josephson junction can be seen as nonlinear inductance. This nonlinearity is essential formaking artificial atomswith various
level structures. From normal capacitors and inductors we can only make harmonic LC oscillators.

Once the device is fabricated, the Josephson energy is fixed. However, two Josephson junctions in a superconducting ring,
i.e., a DC superconducting quantum interference device (SQUID) structure, effectively function as a single junctionwhere the
Josephson energy can be tuned by an external flux threading the superconducting ring.

A.2. Hamiltonian for a Cooper-pair box

The prototypical superconducting artificial atom is the Cooper-pair box (CPB), discussed in Section 2.2.1. The circuit
diagram of a CPB is shown in Fig. A.2. The CPB consists of a small superconducting island connected to a superconducting
reservoir via a Josephson junction, which allows Cooper pairs to tunnel on and off the island. The model also includes an
external voltage source Vg coupled to the island via a gate capacitance Cg, to determine the background charge ng = CgVg/2e
(measured in units of Cooper pairs) that the environment induces on the island.

Using Eqs. (A.8) and (A.13) gives the CPB Lagrangian

LCPB =
Cg
(
Φ̇ − Vg

)2
2

+
CJΦ̇

2

2
− EJ

(
1 − cos

2eΦ
h̄

)
(A.14)

Applying the Legendre transformation, identifying the conjugate momentum (the node charge) Q = (CJ + Cg)Φ̇ − CgVg, and
removing constant terms that do not contribute to the dynamics, we arrive at the Hamiltonian

HCPB = 4EC(n − ng)2 − EJ cosφ, (A.15)
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Fig. A.2. Circuit diagram for a Cooper-pair box. The Josephson junction is modeled by the capacitance CJ in parallel with a nonlinear inductor having
Josephson energy EJ . The node between the gate capacitance Cg and the Josephson junction is called the ‘‘island’’.

Fig. A.3. Circuit diagram for a transmission line. C0 and L0 denote capacitance per unit length and inductance per unit length, respectively, and∆x is a small
distance which will go to zero in the continuum limit.

where EC = e2/2(Cg + CJ) is the electron charging energy, n = −Q/2e is the number of Cooper pairs on the island, and
φ = 2eΦ/h̄.

We now promote Φ and Q to operators as described around Eq. (A.5). This translates into a commutation relation for n
and φ, which since the Hamiltonian is periodic in φ should be expressed as [29,1358][

eiφ, n
]

= eiφ . (A.16)

From this follows that e±iφ |n⟩ = |n ∓ 1⟩, where |n⟩ is the charge basis counting the number of Cooper pairs. Using the
resolution of unity [1359] and cosφ = (eiφ + e−iφ)/2 we can then write the Hamiltonian in the charge basis as

HCPB =

∑
n

[
4EC(n − ng)2 |n⟩ ⟨n| −

1
2
EJ (|n + 1⟩ ⟨n| + |n − 1⟩ ⟨n|)

]
, (A.17)

which is Eq. (3).

A.3. Quantizing a 1D infinite transmission line

An open transmission line, the basis for the physics reviewed in Section 5, can be modeled by the circuit depicted in
Fig. A.3 [117,122]. From this circuit model, using Eqs. (A.8) and (A.9), we immediately obtain the Lagrangian

LTL =

∑
n

[
C0∆x
2

(
Φ̇n(t)

)2
−

1
2L0∆x

(Φn+1(t) − Φn(t))2
]

, (A.18)

from which we can identify the conjugate momenta

∂LTL

∂Φ̇n
= C0∆xΦ̇n(t), (A.19)

which are the node charges Qn(t). Applying the Legendre transformation [Eq. (A.4)] to LTL, inserting the definition of the
node charges, and taking the limit ∆x → 0 (or rather ∆x → dx) gives the Hamiltonian

HTL =
1
2

∫
∞

−∞

dx

[
Q (x, t)2

C0
+

1
L0

(
∂Φ(x, t)

∂x

)2
]

, (A.20)
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where Q (x, t) and Φ(x, t) denote charge density and flux density, respectively. The Lagrangian can also be written in a
continuum form

LTL =

∫
∞

−∞

dx L =

∫
∞

−∞

dx

[
C0

2

(
Φ̇(x, t)

)2
−

1
2L0

(
∂Φ(x, t)

∂x

)2
]

, (A.21)

and applying the Euler–Lagrange equations [1360]

∂

∂µ

⎛⎝ ∂L

∂

(
∂Φ
∂µ

)
⎞⎠−

∂L
∂Φ

= 0, µ = x, t (A.22)

to the Lagrangian density L gives the wave equation

∂2Φ(x, t)
∂t2

−
1

L0C0

∂2Φ(x, t)
∂x2

= 0. (A.23)

This tells us that there will be left- and right-moving flux waves,

Φ(x, t) = ΦL(kx + ωt) + ΦR(−kx + ωt), (A.24)

moving in the transmission line with velocity v = 1/
√
L0C0 and wavenumber k = ω/v.

So far, all calculations have been classical. To quantize the field in the transmission line, we promote the generalized
coordinates and momenta to operators with the commutation relation[

Φ(x),Q (x′)
]

= ih̄δ(x − x′), (A.25)

where the delta function, rather than the Kronecker delta, appears since we are working with a continuummodel. From the
form of the Hamiltonian in Eq. (A.20) it can be seen that we have a collection of harmonic oscillators. We can thus rewrite
the generalized coordinates andmomenta in terms of annihilation and creation operators. The left- and right-moving fluxes
become [576,1349]

ΦL/R(x, t) =

√
h̄Z0
4π

∫
∞

0

dω
√

ω

(
aL/R,ωe−i(±kx+ωt)

+ H.c.
)
, (A.26)

where the annihilation and creation operators obey the commutation relations[
aX,ω, a†

X′,ω′

]
= δ(ω − ω′)δXX′ , (A.27)

and Z0 =
√
L0/C0 is the characteristic impedance of the transmission line.

It is illustrative to calculate the spectral density of the voltage fluctuations in our open transmission line using Eq. (A.26).
Using V = ∂tΦ , we have [1112]

SVV [ω] =

∫
∞

−∞

dt eiωt
⟨V (t)V (0)⟩ =

∫
∞

−∞

dt eiωt h̄Z0
4π

∫
∞

0

dω′

√
ω′

∫
∞

0

dω′′

√
ω′′

(−iω′)(−iω′′)

×

⟨(
aL,ω′e−i(kx+ω′t) + aR,ω′e−i(−kx+ω′t) − H.c.

) (
aL,ω′′e−ikx

+ aR,ω′′eikx − H.c.
)⟩

=
h̄Z0
4π

∫
∞

−∞

dt eiωt
∫

∞

0
dω′

√
ω′

∫
∞

0
dω′′

√
ω′′2e−iω′tδ(ω′

− ω′′)

=
h̄Z0
2π

∫
∞

0
dω′ω′2πδ(ω − ω′) = Z0h̄ω, (A.28)

where we assumed negligible temperature such that the only contribution from the expectation value is terms on the form⟨
aa†
⟩

= 1. The result shows that the left- and right-traveling modes each contribute h̄ω/2 to the power spectral density
SVV [ω]/Z0, which agrees well with our expectations for the quantum vacuum fluctuations.

We can now proceed to introduce boundary conditions in the open transmission line. Grounding one end at x = 0 gives
the boundary conditionΦ(0, t) = 0; it is equivalent to inserting amirror in open space. It is also possible to connect one end
of the transmission line to ground via a capacitance or via a SQUID (the latter gives a tunable boundary condition, a moving
mirror, as discussed in Section 2.7).
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A semi-infinite transmission line still has a continuumofmodes, but the boundary condition gives rise to amode structure.
This can be seen as an interference effect between waves approaching the mirror and waves that have been reflected off the
mirror. As discussed in Section 5.1.1, this mode structure, which is imposed also on the vacuum fluctuations, was explored
in Ref. [173] by placing an artificial atom close to a mirror and varying its resonance frequency. The relaxation rate of the
atom is proportional to the spectral density of the voltage fluctuations at the atom transition frequency, which given the
boundary condition Φ(0, t) = 0 becomes SVV [ω]/Z0 = 2h̄ωsin2(kx).

If we introduce boundary conditions at two points x = 0 and x = d in an open transmission line,we create a resonator (see
Section 2.7). Using Eq. (A.26) to satisfy Φ(0, t) = 0 = Φ(d, t), we see that these boundary conditions enforce aL,ω = −aR,ω

and sin(kx) = 0. Thus, only modes with frequencies

ωn =
nπv

d
=

nπ
d
√
L0C0

, (A.29)

where n is an integer, remain.Wenowhave a discrete, yet still infinite, collection of harmonic oscillators. Inmost applications
only the fundamental mode ω1 ≡ ωr is used, leading to the well-known harmonic-oscillator Hamiltonian

H = h̄ωr

(
a†a +

1
2

)
, (A.30)

where a now is the annihilation operator for this localized mode.

Appendix B. Unitary transformations and the Jaynes–Cummings model

The paradigmatic model for light–matter interaction is the Jaynes–Cummings Hamiltonian, as discussed in detail
in Section 4. As a complement to that section, we here give a few examples of how various unitary transformations and
approximations are used to derive the Jaynes–CummingsHamiltonian and related versions of it. The treatment here ismostly
based on Ref. [1355]. Throughout this section, we set h̄ = 1.

B.1. From Rabi to Jaynes–Cummings with the rotating-wave approximation

As a simple first example, we consider transforming the quantum Rabi Hamiltonian, Eq. (19),

HRabi = ωra†a +
ωq

2
σz + gσx

(
a + a†) , (B.1)

to a rotating frame by applying the unitary transformation

Urot = exp
(
iωrta†a + i

ωq

2
tσz

)
. (B.2)

This will clarify the time dependence of the coupling terms and show when the RWA is valid.
The transformed Hamiltonian H̃ is given by

H̃ = UHU†
+ iU̇U†. (B.3)

Since the transformation in Eq. (B.2) is time-dependent, we must include the second term of Eq. (B.3), which becomes

iU̇rotU
†
rot = i

(
iωra†a + i

ωq

2
σz

)
UrotU

†
rot = −ωra†a −

ωq

2
σz . (B.4)

Clearly, the first two terms in Eq. (B.1) commute with Urot, so we only need to find the transformations for the third term.
Using the Baker–Hausdorff lemma and the commutation relation [σ−, σz] = 2σ−, we obtain

Urotσ−U
†
rot = σ− + i

ωq

2
t [σz, σ−] +

1
2!

(
i
ωq

2
t
)2

[σz, [σz, σ−]] + · · ·

= σ−

(
1 − iωqt +

1
2!

(
−iωqt

)2
+ · · ·

)
= σ−e−iωqt , (B.5)

which also leads to

Urotσ+U
†
rot =

(
Urotσ−U

†
rot

)†
= σ+eiωqt . (B.6)

In the same way, remembering that
[
a, a†a

]
= a, we obtain
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UrotaU
†
rot = ae−iωrt , (B.7)

Urota†U†
rot = a†eiωrt . (B.8)

Combining all these results, we arrive at the transformed Hamiltonian

Hrot = UrotHRabiU
†
rot + iU̇rotU

†
rot = g

(
σ−e−iωqt + σ+eiωqt

) (
ae−iωrt + a†eiωrt

)
= g

(
aσ+ei(ωq−ωr)t + a†σ−ei(ωr−ωq)t + aσ−e−i(ωq+ωr)t + a†σ+ei(ωq+ωr)t

)
. (B.9)

The last two termswill always oscillate rapidly and can be discarded in the RWAprovided that g is small compared toωq+ωr.
This leads to the Jaynes–Cummings Hamiltonian, Eq. (14).

B.2. The driven Jaynes–Cummings model

The resonator mode in the Jaynes–Cummings model can be driven by a classical drive (pump) through the beam-splitter
interaction described by

(
a + a†

) [
ϵ∗(t)eiωdt + c.c.

]
, where c.c. denotes the complex conjugate term, ωd is the driving field

frequency and ϵ(t) is the coupling strength between the resonator and drive. Under the RWA, this interaction simplifies to

Hdrive = aϵ∗(t)eiωdt + a†ϵ(t)e−iωdt . (B.10)

We can transform the driven Jaynes–Cummings Hamiltonian, Eqs. (14) plus (B.10), to the rotating frame at the drive
frequency ωd using Eq. (B.3) with the unitary operation U = exp

[
iωdt

(
a†a + σz

)]
. This gives

H̃ = (ωr − ωd) a†a +

(
ωq − ωd

)
2

σz +
Ω0

2

(
aσ+ + a†σ−

)
+ aϵ∗(t) + a†ϵ(t). (B.11)

The drive acting on the cavity field can be switched directly to the two-level atomwith the displacement transformation
D = exp

[
α(t)a†

− α∗(t)a
]
[331], provided that α(t) satisfies the equation−iα̇(t)+ (ωr − ωd) α(t)+ ϵ(t) = 0. Thus, we have

H̃ = (ωr − ωd) a†a +

(
ωq − ωd

)
2

σz +
Ω0

2

(
aσ+ + a†σ−

)
+

Ω0

2

[
σ−α∗(t) + σ+α(t)

]
. (B.12)

When the drive frequency is detuned from the resonator frequency, we have effectively a single-qubit gate operation
H = σ−α∗(t) + σ+α(t) [331], i.e., σxReα(t) + σyImα(t) can be interpreted as a rotation on the Bloch sphere.

B.3. The dispersive regime of the Jaynes–Cummings model

As discussed in Section 4.2.4, the Jaynes–Cummings Hamiltonian Eq. (14) can be approximated by Eq. (18) in the
dispersive regime, where g ≪ |∆| =

⏐⏐ωq − ωr
⏐⏐. Below, we show how Eq. (18) can be derived.

We begin from the Jaynes–Cummings Hamiltonian in Eq. (14), dividing it into noninteracting and interacting parts:

H = H0 + HI, (B.13)

H0 = ωra†a +
ωq

2
σz, (B.14)

HI = g
(
aσ+ + a†σ−

)
. (B.15)

We then follow the main idea of the Schrieffer–Wolff transformation [1361], i.e., we choose a unitary transformation
U = exp(S) such that [S,H0] = −HI. This choice leads to a cancellation of terms in the expansion with the Baker–Hausdorff
lemma:

exp (S)H exp (−S) = H + [S,H] +
1
2!

[S, [S,H]] + · · ·

= H0 + HI + [S,HI] − HI +
1
2
[S, −HI] + · · ·

= H0 +
1
2
[S,HI] + · · · . (B.16)

This transformation iswidely used in circuit QED (andother areas of physics), e.g., in Refs. [836,843],where [S,HI] contributes
to important physical phenomena.
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Noting that

[
aσ+ − a†σ−, a†a

]
= aσ+ + a†σ−, (B.17)[

aσ+ − a†σ−, σz
]

= −2
(
aσ+ + a†σ−

)
, (B.18)[

aσ+ − a†σ−, aσ+ + a†σ−

]
= 2Nσz, (B.19)

N = a†a +
1
2

+
σz

2
, (B.20)

where we have used
[
a, a†

]
= 1, [σ+, σ−] = σz , and [σz, ±σ±] = ±2σ±, we can see that S = λ

(
aσ+ − a†σ−

)
, where λ is

to be determined, is a suitable choice for our Schrieffer–Wolff transformation. Actually, the Jaynes–Cummings Hamiltonian
can be diagonalized exactly by choosing λ = −θ/2

√
N , where tan θ = 2g

√
N/∆ [360,1362]. The result is

eSHe−S
= ωra†a +

(
ωr −

√
∆2 + 4g2N

) σz

2
. (B.21)

To satisfy the condition [S,H0] = −HI, we instead use λ = g/∆. In the dispersive regime, |λ| = |g/∆| ≪ 1 is the relevant
small parameter in the perturbative expansion of the dispersive transformation Udisp = exp

[
λ
(
aσ+ − a†σ−

)]
. Below, we

show how individual operators transform under Udisp, which can be useful in some contexts [360].
The Baker–Hausdorff lemma gives

UdispaU
†
disp = a + λ

[
aσ+ − a†σ−, a

]
+

λ2

2

[
aσ+ − a†σ−,

[
aσ+ − a†σ−, a

]]
+ O

(
λ3)

= a + λσ− +
λ2

2
aσz + O

(
λ3) . (B.22)

In a similar fashion, we calculate

UdispσzU
†
disp = σz + λ

[
aσ+ − a†σ−, σz

]
+

λ2

2

[
aσ+ − a†σ−,

[
aσ+ − a†σ−, σz

]]
+ O

(
λ3)

= σz − 2λ
(
aσ+ + a†σ−

)
− λ2 [aσ+ − a†σ−, aσ+ + a†σ−

]
+ O

(
λ3)

= σz − 2λ
(
aσ+ + a†σ−

)
− λ2σz

(
1 + 2a†a

)
+ O

(
λ3) , (B.23)

where we used σ+σ− = (1 + σz)/2 and discarded constant terms since they do not affect the dynamics if they are included
in the Hamiltonian. Finally, we also calculate

Udispσ−U
†
disp = σ− + λaσz + O

(
λ2) , (B.24)

where we only need to include the first-order terms since σ− only appears in the weak interaction term of the Hamiltonian.
Applying our results to the transformation of the full Hamiltonian yields

UdispHJCU
†
disp = ωra†a + λωr

(
aσ+ + a†σ−

)
+ λ2ωrσz

(
a†a +

1
2

)
+

ωq

2
σz

− λωq
(
aσ+ + a†σ−

)
− λ2ωrσz

(
a†a +

1
2

)
+ g

(
aσ+ + a†σ−

)
+ λgσz

(
2a†a + 1

)
+ gO

(
λ2)

= ωra†a +
ωq

2
σz + λgσz

(
a†a +

1
2

)
+ O

(
λ2) . (B.25)

Introducing the notation χ = g2/∆, the transformed Hamiltonian can, to first order in λ, be written

Hdisp = (ωr + χσz) a†a +
ωq + χ

2
σz, (B.26)

which is Eq. (18).
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Appendix C. List of acronyms

1D, 2D, 3D — one-dimensional, two-dimensional, three-dimensional
2DEG — 2D electron gas
AQC — adiabatic quantum computing
ATS — Autler–Townes splitting
CBJJ — current-biased Josephson junction
CNOT — controlled-NOT gate
CPB — Cooper-pair box
CPHASE — controlled-PHASE gate
CPT — coherent population trapping
CPW — coplanar waveguide
DCE — dynamical Casimir effect
DQD — double quantum dot
DSC — deep-strong coupling
EIT — electromagnetically induced transparency
EIA — electromagnetically induced absorption
HOM — Hong–Ou–Mandel
HBT — Hanbury-Brown–Twiss (e.g., experiment)
HEMT — high-electron-mobility transistor
JC — Jaynes–Cummings (e.g., model)
JDA — Josephson directional amplifier
JPC — Josephson parametric converter
JPM — Josephson photomultiplier
JRM — Josephson ring modulator
LO — local oscillator
LWI — lasing without (population) inversion
LZSM — Landau–Zener–Stückelberg–Majorana (e.g., transitions)
MEMS — microelectromechanical system(s)
NV — nitrogen vacancy
QA — quantum annealing
QAD — quantum acoustodynamics
QEC — quantum error correction
QED — quantum electrodynamics
QIP — quantum information processing
QND — quantum nondemolition (e.g., measurement)
QST — quantum-state tomography
RWA — rotating-wave approximation
SAW — surface acoustic wave
SME — stochastic master equation
SNAP — selective number-dependent arbitrary phase (gate)
SPDC — spontaneous parametric down-conversion
SQ — superconducting qubit
SQC — superconducting quantum circuit
SQUID — superconducting quantum interference device
TLS — two-level system
USC — ultrastrong coupling
VNA — vector network analyzer
vSTIRAP — vacuum-stimulated Raman adiabatic passage
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