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In this Supplementary Material, we present detailed derivations of all master equations for small and giant atoms
used in the main text. We perform these derivations for the most general cases, where both the coupling strengths for
different coupling points and the phases acquired between coupling points may differ. We prove the relations between
exchange interaction, individual decays, and collective decay in this general setting. We also give input-output relations
for multiple giant atoms with multiple connection points.

S1. SLH BASICS

We derive all master equations for the multi-atom systems in the SLH formalism [S1-S4] for cascaded quantum
systems. To make the treatment here self-contained, we first state the basic properties and rules of this formalism.
For more details, see the review in Ref. [S3].
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Figure S1. Illustrations of the operations covered by the three basic composition rules in the SLH formalism. (a) The series
product G2 < Gy. (b) The concatenation product Gi1 B G2. (¢) The feedback operation G,_,.

An open quantum system with n input-output ports can be described by an SLH triplet G = (S,L, H), where S
is an n X n scattering matrix, L is an n x 1 vector describing the coupling of the system to the environment at the
input-output ports (e.g., if a cavity with annihilation operator a is leaking photons at a rate x through one of its
mirrors, and this mirror constitutes the jth input-output port of the system, that will give an entry L; = \/ka in L),
and H is the Hamiltonian of the system.

To combine SLH triplets of cascaded quantum systems into a single triplet describing the entire setup, three
composition rules, illustrated in Fig. S1, are used: the series product <, the concatenation product B, and a feedback
operation. The series product, shown in Fig. S1(a), is used when the outputs from a system described by an SLH
triplet G are used as inputs to another system, described by an SLH triplet G2 with the same number of input-output
ports, such that the jth output from the first system becomes the jth input to the second system. The resulting total
SLH triplet is then

1
GyaGy = (sgsl, SyLy + Ly, Hy + Hy + o [Lgsle - L{SQLQD. (S1)

i
If two systems, described by G; and Gs, are combined in parallel, the resulting total SLH triplet is given by the
concatenation product

S; 0 L
GlEEGQ — ([01 SQ:| , |:L;:| ’Hl —‘,—Hg), (82)

shown in Fig. S1(b). Finally, if the jth output of a system described by the triplet G = (S, L, H) is fed back as the
kth input of the same system, as illustrated in Fig. S1(c), the rule for feedback reduction states that the resulting
system is described by the triplet G,y = (S, L, H), where

S=S;+8;(1-S5; )*1sj,;, (S3)
L=1L;+S;,(1- 8 'L, (S4)

H=H+ %[LTS%(I — Su) 'L, — Hc] (S5)
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Figure S2. Two small atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output flows
in the corresponding SLH calculation.

Here, S;; denotes S with the jth row and kth column removed, S3; denotes the kth column of S with the jth row
removed, Sj,*C denotes the jth row of S with the kth column removed, Sji is the element in the jth row and kth
column of S, S.; is the kth column of S, and H.c. denotes Hermitian conjugate.

When the SLH triplet G = (S, L, H) for a system has been found, the master equation for the system is given by

n

p=—ilH,p] + > DIL;lp, (36)

j=1

where D[X]p = XpXT — $XTXp — $pXTX are Lindblad operators. The output from port j of the system is simply
given by L;.

Note that the SLH formalism relies on the same physical assumptions as the standard Lindblad master equation,
i.e., weak coupling and the Markov approximation. In addition, the SLH formalism as presented so far also requires
the fields connecting various systems to propagate in linear, dispersion-less media, and that the propagation time is
negligible. Furthermore, it is also assumed that all input fields are in the vacuum state, but non-vacuum inputs can be
incorporated by introducing triplets for various sources. For example, if input port j of a system with N input-output
ports and triplet G = (S, L, H) is driven by a coherent drive supplying \oz|2 photons per second, this can be modeled
by G1 <«(Ij-1 BG, BIN_;), where I, = (14,0,0), 1 is the k x k identity matrix, and G, = (1, ,0), in the rotating
frame of the drive.

S2. MASTER EQUATIONS FOR TWO SMALL ATOMS

As a prelude to the calculations for giant atoms, we first re-derive the known master equation for two small atoms
in an open waveguide using the SLH formalism. We then also study the case of two small atoms in a semi-infinite
waveguide, which has similarities with giant-atom setups.

A. Open waveguide

We first consider the setup shown in Fig. S2(a), where the two atoms, with resonance frequencies w, and wy,
respectively, have relaxation rates ; and -9, respectively, due to their coupling to the waveguide. The distance
between the atoms is such that a signal propagating in the waveguide acquires a phase shift ¢ when traveling between
them. This phase shift is calculated as ¢ = k|zg — 21|, where k = wy /v is the wavenumber given by an angular
frequency wy and the propagation velocity in the waveguide, v. We assume wy = w, = wp. This is consistent with
the assumptions behind the SLH formalism. As long as the relaxation rates ; are small compared to the transition
frequencies wj, and the distance |z — x1| is not much more than a wavelength, only frequencies in a bandwidth of
about «y; will contribute to the dynamics. This bandwidth is small enough that variations in the phase shift, due
to different frequencies within this bandwidth, are negligible. If w, and wj; differ by more than ;, the exchange
interaction between atoms a and b will be negligible in the rotating-wave approximation.

There are both right- and left-propagating modes in the waveguide. To handle this in the SLH formalism, the
easiest approach is to calculate the cascading operations separately for these modes and then concatenate the results.
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Explicitly, we divide the system into SLH triplets as shown in Fig. S2(b), separating the triplets for the atoms into two
parts with the Hamiltonians residing in the part coupling to the right-propagating modes (we use & = 1 throughout

this article):
_ e A _ Noa 0% M
orm (b [YA5) +F) -onmo= (B D)o F) o

_ \/>U _ _ 72 b 02 Y2 b
Gb—<|:0 1] { 20 wa =GyrBG,L = | 1, EU,,wb? Hi(1, 507’0, (S8)

The phase shift is included through the triplet G, = (ew, 0, 0). From the rule for the series product given in Eq. (S1)
we obtain the triplet for the right-propagating modes

Gr =Gpr<4G,AGuR = <€ »\/72 ’ QZ)
a b /
= <e“",ew\/§a 2 U_,wa?z b% + 1172 [ Yoo o4 — e“paiai]>, (S9)
T/ i

and, in the same way, the triplet for the left-propagating modes
GL =Go1. 4G, <Gy 1, = (ew, \/ %J‘i +e 722 ot Y= 7172 [ wa_,_a — ei“"ab_afﬂ). (S10)

Concatenating these triplets, the final result is
e¥ 0 e/ Lo 4+ /2gb ol o
G ot = G Bﬂ G = . 27— 2 7 — R ai —_=
tot R L ({0 ][\/?U“_+e"f’ w2+wb2+ 9
From the SLH triplet Giotr in Eq. (S11), we can extract the master equation for the system using Eq. (S6). In this
calculation, we use the following property of the Lindblad operators:

n o
2
=
2
)
<o

2 sin p[o® ol +a%o” ]> (S11)

Dla + blp = Dla]p + D[blp + apb’ + bpa’ — % [(a’o+b'a)p+ p(a’b+bla)]. (S12)

The resulting master equation is

p= =il VI

wa7+ b7+

5 5 5 sin (o o’ JrUiUll),p}

sin gp(o‘iai + aiof) , p}

+1 Do p+ 'ygD[JZi]p + /7172 cos go{o“pai + Jzipai - % [(0'1011 + Jia‘i)p + p(aioli + aiaf)} } (S13)

Assuming equal relaxation rates for the two atoms, i.e., setting v = 9 = -y, we see that the master equation in
Eq. (S13) reduces to Eq. (1) of the main text with the coefficients given in the second row of Table L.

B. Semi-infinite waveguide

Adding a mirror to make the open waveguide, to which the two small atoms couple, semi-infinite instead, we have
the setup shown in Fig. S3(a). The phase acquired when traveling from atom a to the mirror is /2, so the phase
acquired during a roundtrip from atom a to the mirror and back is .

To calculate the SLH triplet for this setup, we again start by separating the triplets for the atoms into parts
interacting with the left- and right-propagating modes in the transmission line, exactly like in Egs. (S7)-(S8). All
parts needed for the SLH calculation are shown in Fig. S3(b). Unlike in the open-waveguide case, here we do not use
the concatenation product to add up the left- and right-moving parts; instead, we combine through the series product
due to the presence of the mirror. The triplet for the whole system is

Gtot = Gb,R < thz < Ga,R < G<P1 < Ga,L < Ggp2 < Gb,L (814)
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Figure S3. Two small atoms in a semi-infinite waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.

Using the results in Egs. (S9)-(S10) leads to

b ~orve
Grot = < e RV Lo \/W o’ wa— + wp % + %[e“"zaioi - e“‘”dio”]) aGy,
<<ew2, g e [ Tat o ot - e“%liai]) (815)

By repeated application of the series-product rule, we arrive at the three components of Gygy:

Stor = €'(P1202), (S16)

Lo = €% (1 + ewl) \/72710“_ + (1 + ei(%"—m’”)) 1/ %Ui, (S17)

a b
. ol . ab
Hiot = (wa + % sin gol) > + [wb + % sin(p1 + 2@2)} 3 + 72172

[sin o + sin(p1 + ¢2)] (00 + 040" ).(S18)
To obtain the final form of Hi., we used the identity oyo_ = (14 0,)/2 and the fact that constant terms can be

excluded from the Hamiltonian since they do not contribute to the dynamics.
With the total triplet in hand, we extract the master equation in the same way as for the open-waveguide case:

p = —i[Hot,p] + D {6“"2 (1+e%)y/ %03 + (1 + 6““”1““”2)) \/ 7220’7] p
—i[Hiot, p) + 71 (1 + cos1)D [0 | p + 721 + cos(p1 + 2¢2)|D [0 | p

1
+/7172[cos w2 + cos(p1 + Lpg)]{aapai + Ulipai ~5 [(Uiai + Uﬂ’ra‘i)p + p(aj‘rali + aiaf)] } (S19)

If we assume equal relaxation rates for the two atoms (73 = 72 = 7) and equal phases (1 = @2 = @), Eq. (S19)
reduces to Eq. (1) of the main text with the coefficients given in the third row of Table I

S3. MASTER EQUATIONS FOR TWO GIANT ATOMS WITH TWO CONNECTION POINTS

We now use the SLH formalism to derive the master equations for all geometries with giant atoms coupled to an
open waveguide at two connection points. The remarks about approximations made for the phase shift for two small
atoms in the preceding section are valid here as well, and also for more than two giant atoms with more than two
connection points.

A. Separate giant atoms

We first consider two separate giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S4(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S4(b). The
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Figure S4. Two separate giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.

triplets for the atoms are first decomposed into the following parts:

/ o3
Ga,R,l - <17 ’So—a_,wa2>7 (820)
Gar2 = <1,,/7220‘1,0>, (S21)
Gapi = (1,./7210‘1,0), (522)
GaL2 = (17 \/ 7220(1_,0), (523)

Y3 b ab
Ghr,3 = (17 \/ 207%22), (S24)
Gora = (17 \/ %Ub,, 0), (S25)
Gors = (1, , /7230—’),0) (S26)
GoLa= (17 \/ 7240!’_,0) (S27)

The triplet for the right-moving part is then given by

GR = Gb7R,4 < ng < Gb,R,B < G@Q < Ga7R)2 < G’Lp1 < Ga7R71- (828)

Using the series product rule, the first part of this expression becomes

r [ [~ ] Vv b
Gb,R,4 < G<p3 < Gb,R,S = (6“’037 e'¥s % + % O'}i, <wb + 72374 sin (pg) o;), (829)

where we again removed a constant term in the Hamiltonian. From symmetry, we then immediately obtain

r b oy a
Gar,1 949Gy, <Gar2 = (e“"l, ey % + ,/% o, (wa + 72172 sin gpl> U;) (S30)

These results, together with repeated application of the series product rule, lead to Gg = (Sg, Lg, Hr) with

Sk = ei(wﬁwﬂ%)’ (S31)

Ly = [ eilerteates) m + eilp2tes) 72 o + [ eies 3 + 4 o’ (S32)
2 2 2 2
ob

/ a /
Hy = (wa + RANE sin Lpl) %z + <wb + 37 sin Lpg) =

2 2 2 2
1 . . ) .
+Zi [(ez(<ﬂ1+¢2+<ﬂ3)m + 61(802-‘1-#03)\/@ + 61(‘/’1+‘P2)\/'W + e'¥2 m) g’io’i — H.C.i| . (833)
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Figure S5. Two braided giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.

From the symmetry that is apparent in Fig. S4(b), we can immediately deduce that the triplet for the left-moving
part, Gr, = (Sy, Ly, Hy,), is given by removing the w; parts in the Hamiltonian, making the substitution ¢1 <> ¢3,
and changing the non-y indices according to a <> b, 1 <> 4 and 2 <> 3 in the equations for Gg, i.e.,

S = e%(w-&-s&ﬁ% (334)

LL:( i(p1+p2+ps) /74 cile1te2) /73> (eiw /%4_ /721)0“, (S35)

HL = 72172 22 P)/2374 sin @3?

1 ) ] 4 ,
+E [<61(¢1+tp2+¢3)m+ ez(<ﬂ1+tp2)m_|_ ez(¢2+tp3)m+ I m) O_iali _ HC} (836)

The total triplet for the system is then Gy, = Gr B G, with the components

i(p1+p2+es)
etP1+p2tes 0 ] ($37)

Stot = [ 0 et(P1t+pates)

_ [(eftertonton) B gllenten) ot 4 (e'90 /5 4 \/F)o? 338
(VE -+t F)ot + (6030 4 eltonfonton ot | .

a b

. o : a;

Hiot = (wa + /7172 8in s01)7 + (wp + /7374 sin @3)7

1 . . s a a
+5 [VArsin(er + @2 + ¢3) + VAYasin(p2 + ¢s) + /5 8in(1 + p2) + V7275 50 o) (o%0h +o%at).
(S39)

Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:

[Htoh]JrD[(z(smwas)\/W z(wws)\/E)U +( \/73 W) }
A Er e e B B

= —i[Hior, p] + (11 + 72 + 27172 c0s 1) D [0 | p + (73 + 74 + 2y/337a cos @3)D [0 | p
+v 7173 cos(p1 + p2) + /A174 cos(p1 + P2 + p3) + /7273 €OS 2 + /F2V1 cos(p2 + p3)]

1
X {Jﬁpaﬁ_ + o’ pot — B [(c%0® +0%0%)p+ p(oto® +080%)] } (S40)

If we assume equal relaxation rates at all coupling points (y; = v2 = 73 = 4 = ) and equal phases (p; = @2 = 3 =
©), Eq. (540) reduces to Eq. (1) of the main text with the coefficients given in the fourth row of Table I.

B. Braided giant atoms

We now consider two braided giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S5(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S5(b). The



triplets for the atoms are first decomposed into the following parts:

/ o3
Ga,R,l = <17 ’};O—a_,wa2>7 (841)
Ga,R,3 = <17 \/ %0{7 O), (842)
Gapi = (1,./7210‘1,0), (S43)
GaL3 = (17 \/ 7230“_,0>, (S44)

Y2 ob
Ghr,2 = (17 \/ 207%;), (S45)
Gyra = (17 \/ 724017,0), (S46)
Gorao = (1, , /7220’),0) (S47)
Gy = (17 \/ 7240!’_,0) (548)

The triplet for the right-moving part is then given by

GR = Gb,R,4 < G¢3 < Ga,mg < G¢2 < G57R,2 < Gtm < Ga,R,l- (849)

Comparing to the calculation for two small atoms in an open waveguide in Eq. (S9), we see that the first and last
parts of this expression become

Grra<4Gpy AGe R 3 = (el% e'? \/ P ya \/ Jasb VST 73% WSU 0+ e‘iwaiai]), (S50)
b /
Gyr249Gy, <GaRr1 = < “pl /71 /’%20-(1, Wa% + Wb% + % [ewla’iai — e i1 Uia‘b]>, (S51)
1

and further application of the series product rule leads to Gr = (Sgr, Lr, Hr) with
Sk = ei(501+t/72+803) (852)

L ( i(p1+p2tes) [ 71503 \/%)O_ + ( i(p2+p3) IA/2 /’?)U , (853)
b
_z

I [ V13 V274
R = |Wa + 2 9

sin(g; + @2 )] >+ [ + sin(gpg +<p3)}

2
1
_‘_@{[( m+ev(@1+wz+@3)M+ewsm)a 0++6W2\/%0+U } Hc} (S54)

From the symmetry that is apparent in Fig. S5(b), we can immediately deduce that the triplet for the left-moving
part, G, = (S, Ly, Hy,), is given by removing the w; parts in the Hamiltonian, making the substitution 1 < 3,
and changing the non-p indices according to a <> b, 1 <+ 4 and 2 <+ 3 in the equations for GRg, i.e.,

S| = ei(<P1+tP2+<P3)7 (S55)
Ly = Ny eiterten) [T ga g (givr, [I2 4 cilerteates) [T) 50 (S56)
2 2 2 2
Vv a Vv b
Hy, = [ N sin(¢p1 + 902)} % + { 72274 sin(p2 + @3)} %

2
1
_,_ZZ{K ¢1m+el(ﬂal+W2+¢3)m+e‘Psm)a+o _’_ewzmg 04 HC} (557)
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Figure S6. Two nested giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.

The total triplet for the system is then Gy = Gr B G1,, with the components

ei(tpl+<,02+903) 0
St = 0 et(P1teates) | (S58)
cerserten [ 4 b [R)at 1 (csten) B 4 /)t
Liot o i(p1t+p2) /3B 50 ipr /72 i(p1t+pates) /T 5b | (S59)
( 5 te 2)074‘(6 5 te \/2)07
a b
. g . g
Hiot = [wa + /7173 8i0(01 + @2)]72 + [wp + V7272 sin(p2 + ws)}f

1 . ) ) .
+§[\/’71W’2 sin 1 + /Y273 sin 2 + /Y374 sin w3 + /174 5in(01 + P2 + @3)] (a‘iai + aiab,). (S60)

Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:

p = —i[Hiot, p] + 'D[(ei(wﬂaﬁ«ps) /% L /'Y;’)aa_ + (ei(sozﬂos) /% + /724)0{]'0
+D[( /%+ei(<ﬁ1+<ﬁ2) /723)0“_+ (ewl /%J’_ei(tpl-‘rsﬁ-i-tps) /?)Oi}p

= —i[Hot, p] + [11 + 73 + 2y/7173 cos(01 + 02)ID [0 | p + [72 + a4 + 2y/727a cos(p2 + ©3)| D[’ ] p
+[VA172 CO8 @1 + /7273 €O 2 + /7374 €OS 3 + /Y174 cos(p1 + P2 + 3)]

X {o*apcfl}r +0° pot — %[(Uiaﬁ +0%0%)p+ploto’ +obo®)] } (S61)

If we assume equal relaxation rates at all coupling points (71 = 72 = 73 = 74 = ) and equal phases (1 = Y2 = 3 =
v), Eq. (S61) reduces to Eq. (1) of the main text with the coefficients given in the fifth row of Table I.

C. Nested giant atoms

Finally, we consider two nested giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S6(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S6(b). The
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triplets for the atoms are first decomposed into the following parts:

/ oz
GaRl = <]-7 ’gga_’wa2>7 (862)
Gara = <1,,/724a‘1,0>, (S63)
Gapi = (1,,/7210“_,0), (S64)
Gara= (17 \/ 7240‘1_,0>, (S65)

Y2 b ol
Gor2 = (1, \/ 20,%;), (S66)
Gor3 = (17 \/ 723017,0), (S67)
GhpLo = (1, . /7220’),0) (S68)
G,z = (17 fggffb_,())- (569)

The triplet for the right-moving part is then given by

GR = GQ)RA < G803 < Gb,R73 < Gs&z < Gb7R,2 < G’Lp1 < Ga7R71- (870)

Repeated application of the series product rule, aided by comparison with results from previous calculations, leads to
GRr = (Sr,Lr, Hr) with

Sk = i(</>1+¢2+s03) (571)

Lg = ( 1(‘P1+¢2+¢3)W /74> +( ¢2+¢3)W+61¢3 /é) li (872)
b
z

HR—|:a+ 274

O'
sin(¢1 + p2 + ©3) ol + | wy +

1 .
+4z{{( “"R/W%—e(“”ﬁm)vvwg)a o +( wwg)\/W%—ews\/W)aiaE] _H.c.}~ (S73)

From the symmetry that is apparent in Fig. S6(b), we can immediately deduce that the triplet for the left-moving
part, G, = (S, Ly, Hy,), is given by removing the w; parts in the Hamiltonian, making the substitution ¢; < 3,
and changing the non-p indices according to 1 <+ 4 and 2 <> 3 in the equations for Gg, i.e.,

S, = 6i(891+902+@3)7 (874)
L, = <1 / % + eilertoates) | 724)0‘1 + (ei“"lq / % + ei(%ﬂ@)ﬁ / 723>0’ll, (S75)
b
\/ 0' \/
Hy, = 72174 sin(@1 + 2 + @3) = 5 + 72273 sin @252

+4Z{(Z(saz+w3 \/W+ewsm)g ol + [( m+e’(ﬁal+¢2)\/ﬂ)a+o} Hc}. (S76)

The total triplet for the system is then Giot = Gr H Gy, with the components

ei(<P1+<Pz+<Pa) 0
Stot = 0 etP1t+pates) (877)
etlo1teates) /I + )0 +( i(p2+p3) 72 4 elvs
Ltot = [( 1 +ez(<p1+g02+<p3)\/l)0_ +( o1 /2 +el(tp1+<pz)\/7>d) :| (878)

a

. O-Z
Hioy = [wa + 7173 sin(@1 + @2 + 903)]7 + (wp + /7273 8in <P2) 5

1 . . . . a a
+§[\/7172 sin @ 4+ /173 8in(@1 + @2) + /271 sin(p2 + @3) + /7374 sin @3] (UJTZ + U+Ui). (S79)
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Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:

—i[Htot,p]+D{<ei(%+“&2+%)\/?+ ’M>0a+<ei(¢2+¢3)\/%+ei*03 /'V;)Jb}p
JrDK [ i(@lﬂ@ﬂ%)\/?) a ( / cilor+02) \/%) }

= —i[Hiot, p] + [71 + 74 + 27172 cos(p1 + @2 + <p3) D[o]p+ [v2 + 73 + 2y/7273 cos 2] D [0 ] p
+v/172 €os 1 + /173 cos(p1 + @2) + /Y271 cos(p2 + @3) + /Y374 cOS @3]

1
X {a“_pai + 0’ pot — 3 (040" +050%)p+ p(clo® +0%0%)] } (S80)

If we assume equal relaxation rates at all coupling points (y; = v2 = 73 = 4 = ) and equal phases (p; = @2 = 3 =
©), Eq. (S80) reduces to Eq. (1) of the main text with the coefficients given in the sixth row of Table I.

D. Comparison of the setups

To enable a detailed comparison of the properties of the various setups for two small atoms and two giant atoms,
we here reproduce Fig. 2 from the main text in a larger version as Fig. S7.

S4. MASTER EQUATION FOR MULTIPLE GIANT ATOMS

We now turn to the general case of [NV giant atoms, where each giant atom j is coupled to the waveguide at M; points.
The strength with which atom j couples to the waveguide at connection point j, (coordinate x;, ) is characterized
by the relaxation rate 7;,. The positive phase acquired when moving from j, to k,, is denoted ;, ., . From the
derivations for two giant atoms above, it is straightforward to generalize the SLH calculations to more atoms with
more connection points. We first decompose the system into triplets for individual coupling points and phase shifts,
interacting with right- and left-moving waves.

Looking at the right-moving part,

GR = (SR,LR7HR) = GNMN,RQGQ“ <l...<1G<p11’_‘_ <1G11’R, (881)

N

we first note that the scattering matrix simply picks up a phase factor as we go from one connection point to
the next. The total phase acquired from the first connection point, 1;, to the last connection point, Nps,, is

©1,,Ny, - For Ly, each connection point j, contributes \/v;, / 209), which then is multiplied by phase factors
adding up to exp (icpjn NMN> as we reach the last connection point. In Hg, each pair of connection points j, and

Jm (x5, < zj,, le, n < m) belonging to the same atom j contributes a term VVin Vim bln((meJm)U(])/ll, and
each pair of connection points j, and k,, (z;, < x,,) belonging to different atoms j and k contributes a term

+ exp(icpjmkm)q/%n'ykma(j)o( ) Hc} The result is

SR = exp (7;(,011,NMN ), (882)
N M;
. Vin G
Lg = Z Z exp (upijMN ) \/ %o‘(j)’ (S83)
j=1ln=1
N ! ()
. V Vin Vim 0z
Hg = z; wj + z:l Z+1 SIN Q5 o 9
J= n m=n

N M; M;, 1
+ZZZ Z 23V Vin Vhm [eXp(wgn, oY )USF) Hc} (S84)

j=1k#jn=1 m=1
Tjn <Thm
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Figure S7. Exchange interaction (g, solid lines) and decoherence rates (I, individual: dashed lines; Ion, collective: dotted
lines) as a function of ¢ for the setups in Fig. 1 of the main text. The corresponding expressions are given in Table I of the
main text. The labels ab (small atoms in an open waveguide, black), aabb (separate giant atoms, blue), abab (braided giant
atoms, green), and abba (nested giant atoms, red) correspond to the ordering of connection points for the two atoms. The
case of small atoms in a semi-infinite waveguide [Fig. 1(b) in the main text] is not plotted separately, since it is qualitatively
equivalent to the case of nested giant atoms. Note that there are two red dashed lines, one for I, (overlapping the blue dashed
line) and one for I%.

From symmetry it follows that the components of the triplet G, for the left-moving part are

Sy, = exp(igall,NMN), (S85)
N M; r 4

Ly, = Z Z exp(ip1, 5, )1/ %U(_j), (S86)
j=1n=1

—1

N M;
Hi=% %,
j=1

n=1 m=n+1

M, .
2

S P, B

J

N &g ‘
+ZZZ Z 14 %‘,,’Ykm[exp(i%n,km)aff)a(,k)—H.c.] (S87)

j=1k#jn=1 m=1
Tjn <Tkp,
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The total triplet for the system is then Giot = Gr B Gy, with the components

exp (igpll,NMN) 0

Stot = .
0 exp (zgpthMN)

, (S88)

. S0 S exp (i, vy ) Vo (S89)
tot = ) . j ’
SISl explipn, 5,)y/ 0

N M;—1 M; U(j)
. z
Hov=) it D Y Vi Tim S0 —~
j=1 n=1 m=n+1
N-1 M; My

N
P Y Y B g (s9 + o0, o

j=1 k=j+1n=1m=1

This leads to the master equation

V Vin Vim . . . i
# [exp (l<pjn NMN) eXp(_ZQDjm,NMN) + exp(“pllyjn) eXp(_7'90117jm)] D [0(—])] p

N M; N M;
j j - Jin (5 , Vin (i
p = —i[Hior, p] + D ZZeXp(upg‘n,NMN)\/%a@ p+DIY D explipn i)y 75 oD p
j=1n=1 j=1n=1
N Mj; M;
= _i[Htotap} + Z Z

j=1ln=1m=1

M My
Vi ,L'Ykm
+ZZ Z Z g |:e p<Z<len7NMN) eXp( Z(Pkm,NMN) +exp(up11dn)exp( 101,k )}

Jj=1k#jn=1m=1

N M; M; )
= —i[Hyot, p] + Z Z VYin Vim €08 @5, 5, D [0 v )] p
j=1n=1m=1
N-1 N i My

Yin Ve COS Q5. ke |:<O'(J)p0'( ) _ 5 {U(J)a(, ), p}) + H.C.:| , (S91)

which is Eq. (2) of the main text. Note that the individual and collective decay terms also could be written together
in a more compact form:

N M, M,
Z VVjn Vim €08 gy P [U(f)] p
j=1
N—

N M; M,
_ o
FY S S v cospn | (00008 - Hola.p}) i)
=1m=1

G=1 k=j+1n=1
M; My,

N N
=2 00D VT €SPk (a(”po g ;{Ui) (_k)7p}> (892)

j=1k=1n=1m=1

This should be compared to the master equation for N small atoms, each with individual relaxation rate v;, where
the decay can be written as

N
j k
PRVAIEAL T (U(J)PU( : 2{053)0&)70})

jk=1

N
= Z v;D [a(j)} p+ Z V5K €OS Y (a(j)pa(f) - %{a(” ), p}) (593)
j=1

ik
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S5. INPUT-OUTPUT RELATIONS

For completeness, we note here that having access to the SLH components in Egs. (S88)-(S90) makes it straight-
forward to derive the Hamiltonian and input-output relations in case a coherent drive or a Fock-state pulse is sent
towards the giant atoms through the waveguide. For example, if a coherent drive at frequency wy with |0¢|2 photons
per second is sent in from the left, the resulting triplet is

G = (S7L,H) = Gtot < (Ga BE‘Hl) = Gtot < ([é (1):| , |:8l:| ,O>, (894)
which leads to
exp(isﬁl N ) 0
S _ 1 M ' , (895)
0 exp (“Ph,NMN)
i : M; . —
L Q exp (l(Pll,NMN) + Zjvzl D> onliexp (Z(‘pijMN)\/@U(j) s06)
o M; . — ,
L Z;V:1 anjl exp(lgoh,jn) %Tno'(_J)
N M;—-1 M; o)
H=3 A+ D> D Vi im S | 5
j=1 n=1 m=n+1
N-1 N M; M,
I B B) JELEE NI CUPCE)
j=1 k=j+1n=1m=1

=1
|:04 exp Z3011,NMN) Z Zexp( i@jn,NMN> \/ %7”0--(:) —H.c. ) (897)

where we have moved to a frame rotating with wq, introducing the notation A; = w; — wyq. The master equation for
the driven system then becomes

N Mj Mj

_Z'[Hdrivernp] + Z Z Z mCOS Sojn,JmD[o—(j)}p

j=1ln=1m=1

N—-1 N M; My
+ Z Z Z  Vin Vo COS P, ko |:<0‘(])p0'( ) Q{USf)a(k),p}) + H.c.], (S98)
j=1 k=j+1n=1m=1
where
N M;—1 M ()
Hariven = D[ 45+ D VY in Vim S Pjos %
j=1 n=1 m=n+1

i My,

n 3 % 7\/%2% sin@j, 4., (Ug Do) 4 oW (k:))

j=1 k=j+1n=1m=1

N M 4
ZZZ\/ [aexp (i1, 5, )0 — o exp(—ign, 5, )0 (7)] (599)
j=1n=1

The output traveling to the right from the atoms is given by the upper row of L in Eq. (S96) and the output traveling
to the left is given by the lower row of L in the same equation. From this, we can obtain the amplitude transmission
coeflicient ¢ and the amplitude reflection coefficient r:

NNV S ) YVin [ )
== (zgpll,NMN) + o Z Z exp(chijMN> \/7<0' >, (5100)

j=1n=1

N M;
r= ézz exp(ip1, j, \/%<U(j)>. (5101)
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S6. CONNECTION BETWEEN EXCHANGE INTERACTION, INDIVIDUAL DECAY, AND
COLLECTIVE DECAY FOR GIANT ATOMS

In this section, we give detailed proofs for the statements in the main text regarding the connections between the
exchange interaction g, the individual decays I';, and the collective decays Icon,j,,. We first consider two giant atoms
with two connection points each and then generalize to multiple atoms with multiple connections points.

A. Two atoms, two connection points

For two atoms with two connection points, there are three distinct geometries, shown in Fig. 1(c)-(e). Before
treating these cases one by one, we note that the individual decay rates in all these setups can be written

Ly = Y31 + Y2 + 2v/75075.2 008 05, (5102)

where ;1 and ;2 are the relaxation rates characterizing the coupling of atom j to the waveguide at connection
points 1 and 2, respectively, and ¢; is the phase acquired traveling between these two connection points. From the
inequality between the arithmetic and geometric means,

Y51+ V4,2

5 > \/Y5.174,25 (5103)

we see that I'; can only become zero if ;1 = ;2. Since we are interested in exactly those cases where the decay
rates for different setups go to zero, we will use ;1 = 7;,2 = 7; throughout this subsection.

1. Separate giant atoms

For separate giant atoms, the master equation is given in Eq. (S40), from which we read off

9 X /Ya[sin(p1 + p2) + sin(p1 + @2 + @3) + sin w2 + sin(p2 + ¢3)] (
Iy x Yo (1 + cos¢r), (5105

Iy o (1 + cos p3), (

Teon o< v/YaYolcos(p1 + p2) + cos(p1 + w2 + p3) + cos p2 + cos(p2 + ¢3)]. (

If we set the individual decay terms to zero, this implies 1 = (2n + 1) and 3 = (2m + 1)7 with n,m € Zx.
Inserting this into the expression for the collective decay gives

Teon o {cos[(2n + 1) + @] + cos[(2n + 1)7 + ¢o + (2m + 1)7] + cos pa + cos|ps + (2m + 1)7]}
= cos(p2 + ) + oS Y2 + cos Y2 + cos(pa + T) = 2[cos 3 + cos(p2 + )] = 2(cos w2 — cos pa) = 0. (S108)

For the exchange interaction, we similarly obtain

g x {sin[(2n + 1)7 + @2] +sin[(2n + 1)7 + w2 + (2m + 1)7] + sin s + sin[ps + (2m + 1)7]}
= sin(pa + ) + sin g + sin g + sin(ps + 7) = 2[sin o + sin(pg + 7)) = 2(sin g —sins) =0.  (S109)

Thus we conclude that if the individual decays are set to zero for separate giant atoms, both the collective decay and
the exchange interaction will also be zero.

If we instead set the exchange interaction to zero, neither the individual nor the collective decays need become zero.
A counter-example is provided by making all ¢; integer multiples of 27; this maximizes the individual and collective
decays while the exchange interaction becomes zero.

If we set the collective decay to zero, neither the individual decays nor the exchange interaction need become zero.
A counter-example is 1 = @3 = 2w and ¢ = 7/2, which maximizes both the individual decays and the exchange
interaction while making the collective decay zero.
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2. Braided giant atoms

For separate giant atoms, the master equation is given in Eq. (S61), from which we read off

g X v/ Yab[sin @1 + sin g + sin gz + sin(p1 + @2 + @3)] (5110)
I o< va[l + cos(p1 + ¢2)], (S111)
Iy o< yu[1 + cos(p2 + ¢3)], (S112)

Teon X /YaVo[COS 1 + €08 2 + cos 3 + cos(p1 + Y2 + ¢3)]. (5113)

If we set the individual decay terms to zero, this implies ¢1+¢2 = (2n+1)7 and Yo +¢3 = (2m+1)7 with n,m € Zx.
Solving in terms of ¢y, we obtain p; = (2n + 1)m — @9 and @3 = (2m + 1)1 — @9, which inserted into the collective
decay leads to

T'eon o [cos(m — pa) 4 cos(—p2) + cos g2 + cos(m — p2)] = 0. (S114)
For the exchange interaction, we similarly obtain
g o [sin(m — @2) + sin(—p2) + sin g + sin(m — @2)] = 2sin s. (S115)

This is possibly the most important result of the present work. Since g is a free parameter (we only fix ¢1 and ¢3
to make the individual decays zero), we can engineer a large exchange interaction, and choose its sign, even though
both the individual decays and the collective decay are zero.

If we instead set the exchange interaction to zero for the setup with braided giant atoms, neither the individual nor
the collective decays need become zero. The same counter-example as for separate giant atoms works here as well:
making all ¢; integer multiples of 27 maximizes the individual and collective decays while the exchange interaction
becomes zero.

If we set the collective decay to zero, this does not mean that the exchange interaction or all of the individual decay
will be zero. A counter-example is ¢1 = 27/3, w2 = 7/2, and ¢35 = 7/3 which makes the collective decay zero, but
the exchange interaction and the individual decays all become nonzero.

8. Nested giant atoms

For nested giant atoms, the master equation is given in Eq. (S80), from which we read off

g X \/Yap[sin g1 + sin(p1 + @2) + sin(ps + @3) + sin 3] (S116)
Iy o Ya[l + cos(p1 + @2 + ¢3)], (S117)
Iy oc (1 + cos p2), (5118)

Teol X v/YaTb[cos o1 + cos(p1 + @2) + cos(pa + ¢3) + cos p3]. (S119)

If we set the individual decay terms to zero, this implies p2 = (2n+1)7 and 1 +@2+¢3 = (2m+1)7 with n,m € Zx.
Using these two constraints to express ¢3 in terms of 1, the collective decay becomes

Teon o [cos 1 + cos(p1 + ) + cos(m — 1) + cos(—¢1)] = 0. (5120)
For the exchange interaction, we similarly obtain
g x [siny +sin(py + 7) + sin(m — 1) + sin(—p;)] = 0. (S121)

Thus we conclude that if the individual decays are set to zero for nested giant atoms, both the collective decay and
the exchange interaction will also be zero.

If we instead set the exchange interaction to zero for the setup with nested giant atoms, neither the individual nor
the collective decays need become zero. The same counter-example as for separate and braided giant atoms works
here as well: making all ¢; integer multiples of 27 maximizes the individual and collective decays while the exchange
interaction becomes zero.

If we set the collective decay to zero, this does not mean that the exchange interaction, nor all of the individual
decay terms, will be zero. A simple counter-example is p; = w3 = 7/2 and @y = 27, which makes the collective decay
zero, maximizes the exchange interaction, maximizes the individual decay of atom b (the inner atom) and makes the
individual decay of atom a zero.
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Figure S8. A sketch showing the relevant parameters for a 1D chain of giant atoms with nearest-neighbor couplings protected
from relaxation.

B. Multiple atoms, two connection points

From Eq. (2) in the main text, we know that all interactions occur between pairs of atoms. If we have multiple
atoms with two connection points each, we can consider two atoms at a time and check whether they are separate,
braided or nested. When this classification has been determined, the conclusions from the previous subsection applies
to the master-equation terms for this pair of atoms.

For the case of two braided atoms in the previous subsection, it was clear that g could be set arbitrarily through
the free parameter 5 while using ¢ and 3 to ensure that all the individual decay terms, and thus also the collective
decay, remained zero. For more than two braided atoms, setting all decay terms to zero may introduce too many
constraints to also allow for arbitrary control of all g; . Below, we explicitly show whether this is the case for the
two setups in Figs. 3 and 4 of the main text, i.e., for atoms connected in a 1D chain with nearest-neighbor couplings
or in a setup allowing pairwise couplings between all atoms.

We briefly remark here on how our schemes for connecting multiple atoms compare to the setup with a quantum
bus discussed in the introduction of the main text. In the scheme with a cavity bus, the atoms are all detuned from
the cavity. Two atoms will interact with each other via virtual photons in the cavity if they are on resonance with each
other. If three atoms are all on resonance with each other, they will have all possible pairwise interactions, similar
to the scheme in Fig. 4 of the main text. However, when these three atoms are all on resonance, we cannot chose to
only have certain pairwise interactions and not others (e.g., atom 1 interacting with atom 2, but not with atom 3).
With our setup with giant atoms, however, this is possible, as shown by the scheme in Fig. 3 in the main text. We
thus have greater freedom in designing the connectivity between atoms in our scheme with giant atoms than in the
cavity-bus setup. Another way to put this is that a cavity bus erases information about the spatial ordering of the
atoms, while our scheme does not, which means that we can realize a greater variety of connection geometries. We
also have greater freedom in setting the strength of each pairwise coupling.

1. 1D chain with nearest-neighbor couplings

The setup for a 1D chain of N braided giant atoms is shown in Fig. S8 with all phases and coupling strengths
marked. Just as before, we note that the individual decay rate I'; for the jth atom only can become zero if the couples
to the waveguide with equal strengths, denoted ;, at each of its two connection points. The N constraints that make
all individual decay rates zero are then

w1+ p2 = (2n1 + D), (5122)

P2+ @3+ 4= (2n2 + 1)m, (S123)

P4+ 5 + w6 = (2n3 + 1), (S124)

Yan—6 + Pan—5+ pan—a = 2ny_2 + 1), (5125)

Yan—4+ Pan-—3 + pan—2 = (2nn_1 + 1), (S126)

Yan—2 +pan—1 = (2ny + 1), (S127)

where ny,ng,...,ny € Z>g. From the calculation for two braided giant atoms in Eq. (S115), we see that the nearest-

neighbor couplings can be expressed as

9j.+1 = \/ViVj+1 80 pa;. (S128)
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Figure S9. A sketch showing the relevant parameters for three giant atoms braided such that all possible pairs of atoms can
achieve decoherence-free exchange interaction.

This implies that all the nearest-neighbor couplings can be tuned individually by choosing ¢y; for j =1,2,..., N —1.
Since there are in total 2N — 1 phases, this leaves N free parameters, ;1 for j = 1,2,..., N, which is exactly what
is needed to satisfy the constraints in Eqgs. (S122)-(S127) and make all the individual decay rates zero.

2.  Pairwise coupling between all atoms

If we braid more giant atoms (with two connection points each) than just the nearest neighbors in a 1D chain, as
shown for three giant atoms in Fig. 4 in the main text and again with more detailed notation in Fig. S9, the number
of constraints that need to be satisfied to ensure that all decay rates are zero remains unchanged (N constraints for N
atoms). The number of connection points is still 2V, so the number of phases that can be set is still 2N — 1. However,
if all atoms are to be pairwise connected, the number of exchange couplings becomes N(N — 1)/2, which, for N > 3,
exceeds the number of free parameters, N — 1, remaining after satisfying the constraints for zero relaxation. Thus, we
will not be able to set all exchange-coupling strengths arbitrarily when the connectivity exceeds that of the 1D chain
treated in the previous subsection.

For completeness, we here show explicitly some coupling-strength configurations that can be achieved for the setup
with three pairwise connected atoms, shown in Fig. S9. The constraints ensuring zero relaxation through the waveguide
are

@1+ 2 + o3 = (2n1 + 1), (S129)
P2 + 3+ pa = (2nz + 1), (5130)
p3 + @4+ @5 = (2n3 + L), (S131)

where n1,n2,n3 € Z>o. The pairwise couplings are

g1.2 = V7172 sin(p2 + ¢3), (S132)
91,3 = /7173 5in @3, (5133)
92,3 = /7273 sin(ps + @a). (S134)

The constraints in Eqgs. (S129) and (S131) can be satisfied without affecting the exchange interactions by choosing
suitable ¢ and 5, respectively. If v = 5 = 3, we can make all pairwise couplings equal and satisfy the constraint
in Eq. (S130) at the same time by choosing @2 = @3 = ¢4 = 7/3. We can also satisfy the constraint in Eq. (S130)
and engineer the couplings to obey g1.2 = g2,3 = —g1,3 by choosing 2 = ¢4 = 47/3 and @3 = 7/3.

C. Multiple atoms, multiple connection points

For the general case, with NV giant atoms, where atom j has M; connection points, we can still divide each pair
of atoms j and k into one of the three categories separate, braided, and nested. Explicitly, the atoms are separate
if Ting, < Thys i.e., if all connection points of atom j are situated to the left of all connection points of atom k. The
atoms are nested if, for some n, x;, <z, <wj,,, Vm,ie., if all connection points of atom k are situated in-between
two subsequent connection points of atom j. All other cases are braided atoms, where some of the connection points
of atom j are situated in-between some of the connection points of atom k.
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To prove the connections between exchange interaction, individual decay, and collective decay for these general
cases, it is convenient to look back at the derivation of the general master equation in Sec. S4. We observe that the
individual decay rate I'; of atom j can be expressed as [S5]

2 2

M; M;
F] = Z Vv ryjn exp(i¢j17j7l) = Z V ’y]n eXp (7/@]”7-71\/1]) ? (8135)
n=1 n=1

since

M; M,
> VA expliv;, j,) = exp<—i<Pj1,ij) > VA exp (ijij) : (S136)
n=1 n=1

This means that I'; = 0 implies Z,le:’l Vi exp(ivj, j,) = 0 and Zan’l Vi €XP (igojijj> =0.

From the derivation in Sec. S4, we see that the collective coupling can be written as

Mj ]\/fk
vV Vin Ve, . . . ,
Teonjk = Z ]T [exp(l¢jn,NMN) eXP<—ka,NMN) + exp(ip1, j,) eXP(—lipll,km)}

n=1m=1

M; M,

1 . 3 ' k .

2 exp (Z(ijj Ny ) Z vV Vin €XP (upjijj ) Z V Ve €XP (_Z(pk'myNMN)
n=1 m=1

=0if ;=0
1 M; My,
5 exp(ig1,00) D VA XP(951.3.) D Tk XP(=i01, ), (5137)
n=1 m=1
=0if ;=0

and hence we conclude that I'; = 0 implies Icon,j,1x = 0 VE.

Finally, we study the exchange interaction g;j for a pair of atoms where, without loss of generality, we assume
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2j, < Tk,. Using similar manipulations as above, it can be written

Mj; M, Mj; M,
\/’an’Ykm 1 .
j k= Z Z Sln((lpjvu m Z Z ]n rYkWL [exp(leny WL) - exp(_zgp]nvkm)]
n=1m=1 n=1m=1

M; M
1 J k ' ]
=4 Z Z [, /Y., €XP (chjijj ) Yk, €Xp <Z<Pij,km) . H.c.}
n=1 =

szj <Lk,

M; M
1 & - , ;
A3 8 (i) vmen(Cis, ) e
n=1 m=1
Ting; > Thm >Tin
1 M; My
ta e O [V ew (i, )ik ep (i, k) e
n=1 m=1
ZTjn >Thm
] M; My,
=4 Z Z [ /i, €XP (ingn,ij ) V Yk, €XP (i@ij kn) - HC'}
n=1 m=1
TJM]. <zk7n
1 M; My,
5 > [\/m exp (i%n dug ) Vb eXP(—WJ‘Mj ’f) - H'C'}
n=1 m=1
.,CJ'Mj STk
1 M; My
+2 x YA Z |:\/’7],,, eXp( Z(p]ijj)\/’yTWGXp (up.]M ; m) He ]
n=1 m=1
Zjn >Thm
1M M, M
T4 > i exp (i@jmm) > Ak, exp (i%ijkm) ~Het+ ) \/meeXp(*isoij ”“’"’) —He
1 m=1 m=1
zj]\/[. <zk7n ij' >mk1n
=0if ;=0 ! ’

M My,
0D e S k- (S138)

n=1 m=1
Tjp >Thpm

If the atoms are separate, x; ay, < Thos and thus the second line of the final expression in Eq. (S138) contain no
terms, which means that I'; = 0 implies g;; = 0 in this case.

If the atoms are nested, x;, <z, < Zk,, < zj,,, (p < M;), the second line of the final expression in Eq. (5138)
can be rewritten as

M; My M; My
Y Ve s k) = D > Vi Tk S(P) k)s (S139)
n n=p+1m=1

m=
Tjp > Ty,

which we recognize as the expression for the interaction between two separate giant atoms, where the first giant atom
is atom k and the second giant atom is atom j only connected at the connection points from j,11 to ju,. We can
thus conclude that I'; = 0 and I, = 0 together imply that g;, = 0 for the case of nested atoms.

If the atoms are braided, the second line of the final expression in Eq. (S138) may be nonzero. The implications of
setting all individual decay terms to zero in the three different geometries are thus the same for giant atoms with an
arbitrary number of connection points as for giant atoms with two connection points.

As for the implications of setting the collective decay or the exchange interaction to zero, we have already shown
for the case of giant atoms with two connection points that such a condition does not necessarily have to make any
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other terms zero. Thus, that is also true for giant atoms with an arbitrary number of connection points.
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