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Tunable Majorana fermion from Landau quantization in 2D topological superconductors
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We study Majorana fermions in a two-dimensional topological superconductor placed in a transverse magnetic-
field B. We consider a topological insulator/superconductor heterostructure and a two-dimensional p-wave
superconductor. A single field-generated vortex creates two Majorana fermions, one of which is hosted at the
vortex core. The wave function of the second Majorana state is localized in the superconductor volume along a
circle with a radius of r* o« B~! centered at the vortex core. In the case of many vortices, the sensitivity of 7* to
the magnetic field B may be used to control the coupling between the Majorana fermions. The latter property

could be an asset for quantum computations.
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I. INTRODUCTION

Majorana fermions (MFs) in condensed matter became the
focus of many studies [1-5], especially in connection with the
future possibility of topologically protected computation [6,7].
A necessary operation for such a computation is braiding,
which could be performed [8—10] by tuning the pairwise inter-
action between the MFs (“nontopological” qubit operations [7]
were also discussed in the literature, Refs. [11-16]). Different
structures have been proposed as possible hosts for MFs
[17-28]. Preliminary experimental hints of Majorana states
were observed in a nanowire with strong spin-orbit cou-
pling on top of a superconductor [29], in a ferromagnetic
atoms chain [30] and, most recently, in a topological insu-
lator/superconductor (TI/SC) heterostructure [31].

It is generally assumed that MFs localize at some hetero-
geneity separating media with different topological numbers,
which may be a vortex core in a superconductor or superfluid,
sample boundaries, interfaces in heterostructures, etc. (see,
e.g., Refs. [1,32]). The attachment of the MF to such a physical
“defect” may be disadvantageous for a number of reasons: The
presence of physical inhomogeneities in the system requires
additional effort at the fabrication stage, it introduces extra
disorder, and creates interfaces, whose properties are difficult
to control. In particular, binding a MF to some point in space
limits its control and manipulation options.

However, it is not a general law that MFs must be localized
near some “topological defect.” Below we consider two models
of a two-dimensional (2D) topological superconductor hosting
a vortex. Systems of this type have been studied experimen-
tally [33,34], and hints of a Majorana state at the vortex
core were reported [31]. From the theoretical standpoint,
these models are particularly interesting because, as will be
demonstrated below, they may serve as a platform where a
confinement mechanism unrelated to a physical heterogeneity
is realized. The MFs can arise only in pairs since only a
superposition of two MFs has a physical sense [2]. Therefore,
in addition to the well-studied MF at the core [22,35-37], a
second exterior Majorana state can emerge [28]. The second
MF is not necessarily pinned by some interface or sample
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edge. We show that it can be localized by a finite magnetic
field. For a uniform field B, the wave function of the exterior
MF can be calculated exactly. Its weight is centered at some
field-dependent mesoscopic radius * o« B~!, away from the
vortex center. In other words, the wave function is localized at
acircle with aradius of r*. Varying the magnetic field, we may
control r*. This feature could be useful for the manipulation of
Majorana states. We will analyze the tunability of the pairwise
splitting between MFs in the case of two vortices.

The paper is organized as follows. In Sec. II we discuss
the generation of the Majorana fermions in the topological
insulator-superconductor heterostructure. In Sec. III similar
ideas are applied to a p-wave superconductor. The discussion
and conclusions are in Secs. [V and V, respectively.

II. TI/SC HETEROSTRUCTURE

Given the recent success [31] in the fabrication of TI/SC
heterostructures, let us discuss this system first. Our model
describes the 2D states at the surface of the TI. Proximity
to the superconductor induces superconducting correlations
in these states. An external magnetic field B inserts a vortex
with integer vorticity / into the system, which is schematically
shown in Fig. 1. The corresponding Hamiltonian [17,20,22,27]
is a 4 x 4 matrix,

H = (o -p— Uyt — <0 - M)t + [AWIze ™, (1)

acting in a space of bispinor wave functions,
Y= (up,uy,vy, — vl)T~ 2

Above, p is the momentum operator, o is the vector of the three
Pauli matrices acting in spin space, t;’s are the Pauli matrices
acting in the charge space, U is the shift of the Fermi level
from the Dirac point, and vg is the Fermi velocity in the TI
surface. We introduce polar coordinates (r,¢p) with the origin
at the vortex core. In these coordinates, the proximity-induced
superconducting order parameter can be expressed as

A(r) = |Af(r)e 2. A3)
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FIG. 1. Topological insulator/superconductor heterostructure
with a vortex. A layer of a topological insulator (yellow) is covered
by a superconducting film (pink) with a s-wave order parameter.
The yellow hole in the superconductor represents the vortex with a
core-localized Majorana fermion. The dashed line corresponds to the
exterior Majorana fermion.

The phase of A(r) changes by 2w/ around the origin. The
absolute value |A(r)| = |A| f(r) varies with r: The function
f(r) vanishes if r < &sc and approaches unity when r > &gc,
where &gc is the coherence length inside the superconductor.
We assume that the magnetic field is homogeneous (this is
possible when the superconducting layer is sufficiently thin).
Below, the vector potential is chosen as

Br
2 9
The Hamiltonian H possesses particle-hole symmetry: Using

the complex conjugation operator K one defines the particle-
hole conjugation operator,

A=A, =0. )

E=o0,7yK suchthat EHE =—H. 5)

Thus, for any eigenfunction V., satisfying H, = ey, there
is another eigenfunction ¥_, = By, with eigenenergy —e.
Since the MF wave function satisfies

EYmr = Ywmr, (6)

the corresponding eigenenergy is zero ey = 0.
We introduce a spinor F*(r) = (f{', fs'. f3's — fi)T as

¥ = expl—ig(lt; — 02)/2 + ing]F(r), )

where the index p represents the total angular momentum of
the state. In the case of a vortex with single vorticity (I = 1),
the transformation (7) is well defined only when  is an integer.
We can express the equation Hyr = e as [28]

S(d 2u+il+1 r " A, (eF+UN
l(dr+ 2r ZZé)fz +hvpf3 _< hvg >‘1’

(d ou+l—-1 r\., A , (e+U
l(dr 2r +2l]23)1 hog " _< >f2’
(3)
(d 2u—I1+1 r U\ ..
l(dr+ 2 212)f4+ a _< F>f3’
(d 2u—1—-1 r
Z(J‘T‘@)ﬁ

- U
fz = (lgfiTF)ff,

where lé = hc/eB is the magnetic length. Majorana states
exist only when [27,28] ¢ = 0 and i = 0. If ¢ and p vanish,
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we introduce the following linear combinations:
Xi=if{ + £, Xe=iff = f}.
=iy + £, =iff — f)

for which Egs. (8) decouple into two independent systems of
equations for (X1,Y>) and (X»,Y)). Each of these systems can
be reduced to the following equation:

C))

I B 1 '—.2
x”+x;+x(U2—r———)=O, (10)

F=—, U= 11
r= oo (11
are used, and the quantity,
we = ¥ (12)
Ip

may be viewed as the cyclotron frequency for a massless
relativistic particle. Function x is connected to Y ; as follows:

Y1 = x(F)exp [—Ot /r f(f/)df/} (13)
0
Y2 = x(Fexp [a / , f(f/)df’}, (14)
0
where
_ lB _ FLUF
a_g and E_—|A|. (15)

The length scale £ is the familiar coherence length due to the
proximity effect. The substitution,

_2 2
X(F) = g(r_/ )

(16)

transforms Eq. (10) into a one-dimensional Schrodinger equa-
tion describing a quantum particle in an attractive Coulomb
potential. Using this analogy, it it easy to check that Eq. (10)
has a normalizable solution, provided that

U*>=2N >0, N is any non-negative integer.  (17)

When these conditions hold, we solve Eq. (10), and using
Egs. (7)—(9) we obtain the solution for the MF localized near
the vortex core in the form

1//V=Bvexp[—’jf i f f<r>—}wMF, (18)
LY /2)
_eem g (D 22 i
Ur(rg) = | DI TR g

(F/O)LY) (7 /2)e ¢
iLY(7/2)
where L(y)’s are generalized Laguerre polynomials [38] and

the normalization coefficient By is real. Note, if
U=N=0, thenL")/U =0. (20)
To prove that v, is a MF, it is enough to check that Evr, = .

125428-2



TUNABLE MAJORANA FERMION FROM LANDAU ...

The solution y, of Eq. (18) corresponds to Eq. (13). The
solution that corresponds to Eq. (14) describes yet another MF
state,

R e + [ [ e
=Beexp|— — — r'y— |t .
e e €Xp 4 4[]% A £ 2 YMF
In this expression Wyp is defined by Eq. (19), and the
coefficient B, is real. If N is not too large, the maximum

of the wave function weight |v|? is at
212 2cA
pert= 8o 20 (22)
& evpB

This means that Majorana fermion . localizes along a circle
centered at the vortex core with field-dependent radius r*(B).
We will refer to this state as the exterior MF (thus, the
subscript “e”).

There is an important distinction between these two MFs.
The state at the vortex core vy is localized by “the vorticity.”
That is, as long as the vortex is present, the wave function ¥,
remains normalizable even for a zero magnetic field (Ilg — o0)
with its weight mostly confined within a circle of a radius of
~E&, the latter quantity being field independent. Because of this,
it is permissible to neglect A in the model Hamiltonian. This
is a common approximation used in the literature dedicated to
the core-bound Majorana fermion [20,22]. However, including
the magnetic field B into the model is of central importance
to study the exterior MF v, since the MF weight concentrates
mostly at a field-dependent radius of r* ~ 1/B. If B decreases,
the radius r* grows. Eventually, at some very weak field, the
exterior state recedes to the outer boundaries of the system.

When the value of U violates condition (17), strictly
speaking, the Majorana states disappear. Let us consider
a weak violation of (17): U = +2N + 8U, where 8U =
38U /hw,.. Treating the term §Ut, as a perturbation, one can
evaluate the matrix element SU (i |7;|¥.) and obtain the
corresponding energy splitting,

SE’”(SU\/Eex (—£> (23)
P\ )

This value characterizes the hybridization between the core
and the exterior MF states for nonzero §U. Because of this
hybridization, two MFs are replaced by a single Dirac fermion
with energy §E. The eigenenergy is an oscillating function
of U, vanishing each time when condition (17) is met. In
the limit £ < 7* (§ < I), the overlap between the Majorana
wave functions is exponentially small, and the hybridization
may be neglected.

These overlap oscillations are not uncommon in the
Majorana fermion physics: Similar phenomena were discussed
in other systems as well [39,40]. It is interesting that single-
parameter tuning is sufficient to nullify the hybridization
between the MFs. This is unlike a common two-level system,
which avoids level crossing unless multiparameter fine-tuning
is performed. Such a deviation from a generic behavior occurs
because a single (real) parameter 7, is enough for the complete
specification of the most general Hamiltonian,

Hy = itpyiys, 24)
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describing two coupled Majorana fermions ;. Thus, the
single-parameter fine-tuning condition #j, = 0 is sufficient to
guarantee the nullification of the Hamiltonian and the resultant
level crossing at zero eigenenergy.

III. SPINLESS TWO-DIMENSIONAL p-WAVE
SUPERCONDUCTOR

The two-dimensional p-wave superconductor [41]
Sr,RuQy is another system where an exterior MF can emerge.
The relevant description is very similar to the calculations
presented above. We write down the model’s Hamiltonian in
the form [1,39]

(ihV;eA/c)z —U
H — m
ik
;—F{A*,af}

—e{A.0;)

). 25)
YAl Ly

__(@ihv +eA/c)?

Here m is the electron mass, pr = mug is the Fermi momen-
tum, and the anticommutator is defined in the usual manner:
{A,0;} = A9, + 9, A, where

3, =@, +ir'9,). (26)

The order parameter, as before, is given by Eq. (3). For the case
of a single vortex (I = 1) we seek zero-energy eigenfunctions
in the form

Ume = (€7D upp,e O Dyyp)T 27

Similar to previous considerations, we derive a system of
differential equations for the radial part of Y.

Introducing the particle-hole conjugation operator for the
p-wave superconductor as E = 7, K, one can prove that the
Hamiltonian in Eq. (25) possesses particle-hole symmetry:
EHE = —H. This property, together with the fact that the
differential equations for the radial part of the wave function
are real, implies that the MF radial wave function satisfies the
conditions upr = Avmr, where A = £1. Using these relations
we derive the differential equation for function y,

’ =2
" X 7 2 2 1 r 1
= U—-a f"——=— — — = =0, 28
X+ +x ( “ft a5 2) (28)
which is connected to the MF wave function as follows:
umr = X (F)exp [?»a / f (f')df/} (29)
0
where
r _ 2miIZU 2U
F=—, U= B- _ , 30
" s 2 o (30)
and the cyclotron frequency for a massive particle equals w, =
eB/mec.

Approximating f(r) ~ 1 we notice that Eqs. (28) and (10)
have the same structure. Exploiting this, one can prove that the
Hamiltonian (25) admits two MF solutions if

1 20 1 1
= - B __—on, 31

where N is a non-negative integer. From Eq. (29) it is easy to
see that the core-localized MF corresponds to A = —1 whereas
the exterior MF corresponds to A = 1. Up to a normalization
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coefficient, the MF wave functions are

r

r (m d o 2 )L”)
Ve =5z P 5, /0 Jdr =z )bn
eilo—Cr/4)]
x (Ae—i[¢—(rr/4)])' (32)
One can verify that Evy. =AYy . and both MF wave
functions are orthogonal to each other. Hence, v .’s are two
independent MFs. When the condition (31) is violated, the
MFs are hybridized, forming a single Dirac electron as in the
previously discussed case of the TI/SC heterostructure.
We assumed above that f(r) &~ 1 whereas the function
f deviates from unity near the core. This deviation may be
accounted for by using perturbation theory. As a result, the

condition (31) and the wave functions (32) will be slightly
corrected.

IV. DISCUSSION

It is typically assumed that, in order to localize a MF, one
needs a boundary separating two parts of the system with
different topological numbers or some topological defect. The
two models considered above serve as counterexamples to this
statement: We have shown that the exterior Majorana wave
function is not “latched” to any inhomogeneity. Instead, the
localization radius r* is a magnetic-field-dependent quantity
and may be manipulated in real time.

The latter feature allows us to control the coupling between
the MFs. Let two vortices be pinned at a distance R from each
other. Each vortex hosts a core-localized state and exterior
Majorana states. Straightforward calculations show that the
splitting between the exterior MF of the first vortex and the
core MF of the second vortex is zero. However, the splitting
between the exterior MFs of different vortices is nonzero and
depends on B. When the magnetic field is high such that
R>»r"= 2[123 /&€ ~ 1/B, the coupling between two exterior
MFs is exponentially weak and can be neglected. With the
decrease in B the localization radius * grows and so does the
coupling between the MFs.

Changing the hybridization between the MFs allows one to
perform braiding without moving the vortices. Although the
topological computations are not the main topic of this paper,
we briefly outline a possible braiding protocol similar to the
one proposed in Ref. [9]. Consider first the motion of a single
MEF. Initially (+ = 0) we have one separate MF y; and one
Dirac fermion, the latter consisting of two coupled MFs y,
and y3. Transportation of MF y, from its initial position to the
position of y3 can be described by the Hamiltonian,

H(@) = tna@®)yry: + ([l — a(®)]y2ys, (33)

where ¢;;’s are the tunneling amplitudes between the ith and
the jth MFs. The coefficient «(#) changes adiabatically from
«(0) = 0 to «(#;) = 1. The equation of motion,

Yi = i[H(0),yi(1)] (34)

can be written as

y'a = 26athb)/Ca (35)
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FIG. 2. The braiding of two MFs. The consecutive steps are
shown in panels (a)—(d). Each step or shift is a transportation of a
single MF between two positions [see the discussion for Egs. (33)
and (37)]. This move (or shift) is represented by a dashed arrow.
Orange circles (points) correspond to an exterior (core) MF. When
two MFs couple and form a single Dirac fermion, the color is changed
to blue. Initially [panel (a)] we have two exterior MFs (1 and 2) on
vortices A and B. The MFs of vortex C are coupled into a single
Dirac state. In panel (d) everything is the same except that MFs 1 and
2 switched their positions.

where vector B is equal to
B(1) = [1 — a(1)]£23(1,0,0) + (1)£12(0,0, 1), (36)

and €, is the antisymmetric Levi-Civita tensor. Straightfor-
ward calculations give the solution,

y3(t1) = sgn(¢12¢23)y1(0). 37

Thus, the MF can be transported by tuning the interaction
between MFs. For exterior MFs, this interaction may be varied
by adjusting the local magnetic field.

The procedure described above can be used to implement
the braiding of the two exterior MFs. As a result of the braiding
protocol execution, the two exterior Majorana fermions swap
their positions. The protocol requires three pinned vortices.
One vortex is auxiliary, and two others serve as the starting and
ending locations for the Majorana fermions (denoted below as
MF 1 and MF 2) participating in the braiding, see Fig. 2.
Initially, MF 1 (MF 2) is in position A2 (B2), whereas the
MFs associated with vortex C are coupled to form a single
Dirac fermion. Next, MF 2 is transported to C 1. After that MF
1 goes to B2. Finally, MF 2 moves to A2, while MF 1 remains
in B2.

In our consideration of the TI/SC heterostructure, we
assumed that the magnetic field is uniform whereas the
suppression of the superconductivity by this field is negligible.
Therefore, the applied field must be much smaller than the
second critical field of the superconducting layer, that is, Ig >
&sc. Under this condition, the regime /g ~ & can be achieved
if £ > &gc. Taking the characteristic values |A| = 1 meV and
vp =5 x 107 cm/s, we obtain & &~ 400 nm. The condition
Ig ~ & corresponds to B ~ 4 mT, which is much smaller than
the second critical magnetic field for Pb or Nb. Even in the case
of smaller coherence length & =~ 100 nm, we have B ~ 64 mT,
which is still smaller than the critical magnetic field for Pb or
Nb. For the latter case, we can estimate the value of the Zeeman
splitting as V, = gugB/2 ~ 0.1 meV (where g = 50 is the
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Landé factor and up is the Bohr magneton). This energy scale
is much smaller than the superconducting order parameter and
can be neglected as we assumed above. Finally, in thin films
the London penetration depth is large (AL ~ 12000 nm, see
Ref. [42]). Consequently, the assumption that B is uniform is
reasonable.

V. SUMMARY

We analyzed the generation of MFs in topological super-
conductors in the presence of vortices. Discussing both (1)
the topological insulator/superconductor heterostructure and
(2) a spinless p-wave superconductor, we established that the
combined effect of the vortex and the transverse magnetic
field B gives rise to the generation of two MFs. The first
MF is well known: It localizes near the vortex core. The
second, the exterior MF, is localized by the magnetic field.
Its wave-function weight is centered along a circle of a radius

PHYSICAL REVIEW B 94, 125428 (2016)

of r* o« 1/B. Varying the magnetic field we can change the
positions of the MFs and tune the splitting between the core
and the exterior MFs of the same vortex or between the exterior
MFs of different vortices in real time. The tunability of the
pairwise couplings between MFs by a magnetic field may
open a new route for future topological quantum operations.

ACKNOWLEDGMENTS

We acknowledge partial support from the Dynasty Foun-
dation and ICFPM (MMK), the Ministry of Education and
Science of the Russian Federation Grant No. 14Y26.31.0007,
and RFBR Grant No. 15-02-02128. FE.N. was partially sup-
ported by: the RIKEN iTHES Project, the MURI Center
for Dynamic Magneto-Optics via the AFOSR Award No.
FA9550-14-1-0040, the Japan Society for the Promotion of
Science (KAKENHI), and a grant from the John Templeton
Foundation.

[1] J. Alicea, New directions in the pursuit of Majorana fermions in
solid state systems, Rep. Prog. Phys. 75, 076501 (2012).

[2] M. Leijnse and K. Flensberg, Introduction to topological super-
conductivity and Majorana fermions, Semicond. Sci. Technol.
27, 124003 (2012).

[3] C. Beenakker, Search for Majorana fermions in superconduc-
tors, Annu. Rev. Condens. Matter Phys. 4, 113 (2013).

[4] S. R. Elliot, M. Franz, Colloquium: Majorana fermions in
nuclear, particle, and solid-state physics, Rev. Mod. Phys. 87,
137 (2015).

[5] M. Sato and S. Fujimoto, Majorana Fermions and topology in
superconductors, J. Phys. Soc. Jpn. 85, 072001 (2016).

[6] A. Y. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. (N.Y.) 303, 2 (2003).

[7] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S.
Das Sarma, Non-Abelian anyons and topological quantum
computation, Rev. Mod. Phys. 80, 1083 (2008).

[8] M. Burrello, B. van Heck, and A. R. Akhmerov, Braiding of
non-Abelian anyons using pairwise interactions, Phys. Rev. A
87, 022343 (2013).

[9] J. D. Sau, D. J. Clarke, and S. Tewari, Controlling non-Abelian
statistics of Majorana fermions in semiconductor nanowires,
Phys. Rev. B 84, 094505 (2011).

[10] B. van Heck, A. R. Akhmerov, F. Hassler, M. Burrello, and
C. W. J. Beenakker, Coulomb-assisted braiding of Majorana
fermions in a Josephson junction array, New J. Phys. 14, 035019
(2012).

[11] S. Bravyi, Universal quantum computation with the v =5/2
fractional quantum Hall state, Phys. Rev. A 73, 042313 (2006).

[12] P. Bonderson, D. J. Clarke, C. Nayak, and K. Shtengel,
Implementing Arbitrary Phase Gates with Ising Anyons, Phys.
Rev. Lett. 104, 180505 (2010).

[13] K. Flensberg, Non-Abelian Operations on Majorana Fermions
Via Single-Charge Control, Phys. Rev. Lett. 106, 090503
(2011).

[14] T. L. Schmidt, A. Nunnenkamp, and C. Bruder, Majorana Qubit
Rotations in Microwave Cavities, Phys. Rev. Lett. 110, 107006
(2013).

[15] A. A. Kovalev, A. De, and K. Shtengel, Spin Transfer of Quan-
tum Information Between Majorana Modes and a Resonator,
Phys. Rev. Lett. 112, 106402 (2014).

[16] P. Zhang, F. Nori, Coherent manipulation of a Majorana qubit
by a mechanical resonator, Phys. Rev. B 92, 115303 (2015).

[17] L. Fu and C. L. Kane, Superconducting Proximity Effect and
Majorana Fermions at the Surface of a Topological Insulator,
Phys. Rev. Lett. 100, 096407 (2008).

[18] M. Sato, Y. Takahashi, and S. Fujimoto, Non-Abelian Topologi-
cal Order in s-Wave Superfluids of Ultracold Fermionic Atoms,
Phys. Rev. Lett. 103, 020401 (2009).

[19] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma, Generic
New Platform for Topological Quantum Computation Using
Semiconductor Heterostructures, Phys. Rev. Lett. 104, 040502
(2010).

[20] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma,
Robustness of Majorana fermions in proximity-induced super-
conductors, Phys. Rev. B 82, 094522 (2010).

[21] M. Sato, Y. Takahashi, and S. Fujimoto, Non-Abelian topologi-
cal orders and Majorana fermions in spin-singlet superconduc-
tors, Phys. Rev. B 82, 134521 (2010)

[22] A. L. Rakhmanov, A. V. Rozhkov, and F. Nori, Majorana
fermions in pinned vortices, Phys. Rev. B 84, 075141 (2011).

[23] P. A. Ioselevich and M. V. Feigel’man, Anomalous Josephson
Current via Majorana Bound States in Topological Insulators,
Phys. Rev. Lett. 106, 077003 (2011).

[24] T. D. Stanescu, R. M. Lutchyn, and S. Das Sarma, Majorana
fermions in semiconductor nanowires, Phys. Rev. B 84, 144522
(2011).

[25] R. P. Tiwari, U. Ziilicke, and C. Bruder, Majorana Fermions
from Landau Quantization in a Superconductor and Topological-
Insulator Hybrid Structure, Phys. Rev. Lett. 110, 186805 (2013).

[26] J. Q. You, Z. D. Wang, W. Zhang, and F. Nori, Encoding a qubit
with Majorana modes in superconducting circuits, Sci. Rep. 4,
5535 (2014).

[27] R. S. Akzyanov, A. V. Rozhkov, A. L. Rakhmanov, and F. Nori,
Tunneling spectrum of a pinned vortex with a robust Majorana
state, Phys. Rev. B 89, 085409 (2014).

125428-5


http://dx.doi.org/10.1088/0034-4885/75/7/076501
http://dx.doi.org/10.1088/0034-4885/75/7/076501
http://dx.doi.org/10.1088/0034-4885/75/7/076501
http://dx.doi.org/10.1088/0034-4885/75/7/076501
http://dx.doi.org/10.1088/0268-1242/27/12/124003
http://dx.doi.org/10.1088/0268-1242/27/12/124003
http://dx.doi.org/10.1088/0268-1242/27/12/124003
http://dx.doi.org/10.1088/0268-1242/27/12/124003
http://dx.doi.org/10.1146/annurev-conmatphys-030212-184337
http://dx.doi.org/10.1146/annurev-conmatphys-030212-184337
http://dx.doi.org/10.1146/annurev-conmatphys-030212-184337
http://dx.doi.org/10.1146/annurev-conmatphys-030212-184337
http://dx.doi.org/10.1103/RevModPhys.87.137
http://dx.doi.org/10.1103/RevModPhys.87.137
http://dx.doi.org/10.1103/RevModPhys.87.137
http://dx.doi.org/10.1103/RevModPhys.87.137
http://dx.doi.org/10.7566/JPSJ.85.072001
http://dx.doi.org/10.7566/JPSJ.85.072001
http://dx.doi.org/10.7566/JPSJ.85.072001
http://dx.doi.org/10.7566/JPSJ.85.072001
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/PhysRevA.87.022343
http://dx.doi.org/10.1103/PhysRevA.87.022343
http://dx.doi.org/10.1103/PhysRevA.87.022343
http://dx.doi.org/10.1103/PhysRevA.87.022343
http://dx.doi.org/10.1103/PhysRevB.84.094505
http://dx.doi.org/10.1103/PhysRevB.84.094505
http://dx.doi.org/10.1103/PhysRevB.84.094505
http://dx.doi.org/10.1103/PhysRevB.84.094505
http://dx.doi.org/10.1088/1367-2630/14/3/035019
http://dx.doi.org/10.1088/1367-2630/14/3/035019
http://dx.doi.org/10.1088/1367-2630/14/3/035019
http://dx.doi.org/10.1088/1367-2630/14/3/035019
http://dx.doi.org/10.1103/PhysRevA.73.042313
http://dx.doi.org/10.1103/PhysRevA.73.042313
http://dx.doi.org/10.1103/PhysRevA.73.042313
http://dx.doi.org/10.1103/PhysRevA.73.042313
http://dx.doi.org/10.1103/PhysRevLett.104.180505
http://dx.doi.org/10.1103/PhysRevLett.104.180505
http://dx.doi.org/10.1103/PhysRevLett.104.180505
http://dx.doi.org/10.1103/PhysRevLett.104.180505
http://dx.doi.org/10.1103/PhysRevLett.106.090503
http://dx.doi.org/10.1103/PhysRevLett.106.090503
http://dx.doi.org/10.1103/PhysRevLett.106.090503
http://dx.doi.org/10.1103/PhysRevLett.106.090503
http://dx.doi.org/10.1103/PhysRevLett.110.107006
http://dx.doi.org/10.1103/PhysRevLett.110.107006
http://dx.doi.org/10.1103/PhysRevLett.110.107006
http://dx.doi.org/10.1103/PhysRevLett.110.107006
http://dx.doi.org/10.1103/PhysRevLett.112.106402
http://dx.doi.org/10.1103/PhysRevLett.112.106402
http://dx.doi.org/10.1103/PhysRevLett.112.106402
http://dx.doi.org/10.1103/PhysRevLett.112.106402
http://dx.doi.org/10.1103/PhysRevB.92.115303
http://dx.doi.org/10.1103/PhysRevB.92.115303
http://dx.doi.org/10.1103/PhysRevB.92.115303
http://dx.doi.org/10.1103/PhysRevB.92.115303
http://dx.doi.org/10.1103/PhysRevLett.100.096407
http://dx.doi.org/10.1103/PhysRevLett.100.096407
http://dx.doi.org/10.1103/PhysRevLett.100.096407
http://dx.doi.org/10.1103/PhysRevLett.100.096407
http://dx.doi.org/10.1103/PhysRevLett.103.020401
http://dx.doi.org/10.1103/PhysRevLett.103.020401
http://dx.doi.org/10.1103/PhysRevLett.103.020401
http://dx.doi.org/10.1103/PhysRevLett.103.020401
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevB.82.094522
http://dx.doi.org/10.1103/PhysRevB.82.094522
http://dx.doi.org/10.1103/PhysRevB.82.094522
http://dx.doi.org/10.1103/PhysRevB.82.094522
http://dx.doi.org/10.1103/PhysRevB.82.134521
http://dx.doi.org/10.1103/PhysRevB.82.134521
http://dx.doi.org/10.1103/PhysRevB.82.134521
http://dx.doi.org/10.1103/PhysRevB.82.134521
http://dx.doi.org/10.1103/PhysRevB.84.075141
http://dx.doi.org/10.1103/PhysRevB.84.075141
http://dx.doi.org/10.1103/PhysRevB.84.075141
http://dx.doi.org/10.1103/PhysRevB.84.075141
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevB.84.144522
http://dx.doi.org/10.1103/PhysRevB.84.144522
http://dx.doi.org/10.1103/PhysRevB.84.144522
http://dx.doi.org/10.1103/PhysRevB.84.144522
http://dx.doi.org/10.1103/PhysRevLett.110.186805
http://dx.doi.org/10.1103/PhysRevLett.110.186805
http://dx.doi.org/10.1103/PhysRevLett.110.186805
http://dx.doi.org/10.1103/PhysRevLett.110.186805
http://dx.doi.org/10.1038/srep05535
http://dx.doi.org/10.1038/srep05535
http://dx.doi.org/10.1038/srep05535
http://dx.doi.org/10.1038/srep05535
http://dx.doi.org/10.1103/PhysRevB.89.085409
http://dx.doi.org/10.1103/PhysRevB.89.085409
http://dx.doi.org/10.1103/PhysRevB.89.085409
http://dx.doi.org/10.1103/PhysRevB.89.085409

AKZYANOV, RAKHMANOYV, ROZHKOV, AND NORI

[28] R. S. Akzyanov, A. L. Rakhmanov, A. V. Rozhkov, and F. Nori,
Majorana fermions at the edge of superconducting islands, Phys.
Rev. B 92, 075432 (2015).

[29] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A.
M. Bakkers, and L. P. Kouwenhoven, Signatures of Majorana
fermions in hybrid superconductor-semiconductor nanowire
devices, Science 336, 1003 (2012); M. T. Deng, C. L. Yu, G.
Y. Huang, M. Larsson, P. Caroff, and H. Q. Xu, Anomalous
zero-bias conductance peak in a nanoribbon-InSb nanowire—
nanoribbon hybrid device, Nano Lett. 12, 6414 (2012); L.
P. Rokhinson, X. Liu, and J. K. Furdyna, The fractional a.c.
Josephson effect in a semiconductor-superconductor nanowire
as a signature of Majorana particles, Nat. Phys. 8,795 (2012); A.
Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and H. Shtrikman,
Zero-bias peaks and splitting in an AllnAs nanowire topological
superconductor as a signature of Majorana fermions, ibid. 8, 887
(2012).

[30] S. Nadj-Perge, L. K. Drozdov, J. Li, H. Chen, S. Jeon, J. Seo, A.
H. MacDonald, B. A. Bernevig, and A. Yazdani, Observation
of Majorana fermions in ferromagnetic atomic chains on a
superconductor, Science 346, 602 (2014).

[31] J. P. Xu, M. X. Wang, Z. L. Liu, J. F. Ge, X. Yang, C.
Liu, Z. A. Xu, D. Guan, C. L. Gao, D. Qian, Y. Liu, Q.
H. Wang, F. C. Zhang, Q. K. Xue, and J. F. Jia, Exper-
imental Detection of a Majorana Mode in the core of a
Magnetic Vortex inside a Topological Insulator-Superconductor
Bi,Te; /NbSe, Heterostructure, Phys. Rev. Lett. 114, 017001
(2015).

[32] M. Stone and R. Roy, Edge modes, edge currents, and gauge
invariance in p, + ip, superfluids and superconductors, Phys.
Rev. B 69, 184511 (2004).

PHYSICAL REVIEW B 94, 125428 (2016)

[33] J. R. Williams, A. J. Bestwick, P. Gallagher, S. S. Hong, Y.
Cui, Andrew S. Bleich, J. G. Analytis, I. R. Fisher, and D.
Goldhaber-Gordon, Unconventional Josephson Effect in Hybrid
Superconductor-Topological Insulator Devices, Phys. Rev. Lett.
109, 056803 (2012).

[34] M. Veldhorst, M. Snelder, M. Hoek, T. Gang, V. K. Guduru,
X. L. Wang, U. Zeitler, W. G. van der Wiel, A. A. Golubov, H.
Hilgenkamp, and A. Brinkman, Josephson supercurrent through
a topological insulator surface state, Nature Mater. 11, 417
(2012).

[35] G. E. Volovik, Fermion zero modes on vortices in chiral
superconductors, JETP Lett. 70, 609 (1999).

[36] D. A. Ivanov, Non-Abelian Statistics of Half-Quantum Vortices
in p—Wave Superconductors, Phys. Rev. Lett. 86, 268 (2001).

[37] Y.E. Kraus, A. Auerbach, H. A. Fertig, and S. H. Simon, Testing
for Majorana Zero Modes in a p, + ip, Superconductor at High
Temperature by Tunneling Spectroscopy, Phys. Rev. Lett. 101,
267002 (2008).

[38] F. W.J.Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, NIST
Handbook of Mathematical Functions (Cambridge University
Press, New York, 2010).

[39] M. Cheng, R. M. Lutchyn, V. Galitski, and S. Das Sarma,
Tunneling of anyonic Majorana excitations in topological
superconductors, Phys. Rev. B 82, 094504 (2010).

[40] A. A.Zvyagin, Majorana bound states in the finite-length chain,
Low Temp. Phys. 41, 625 (2015).

[41] C. Kallin, Chiral p-wave order in Sr,RuQOy4, Rep. Prog. Phys. 75,
042501 (2012).

[42] T. Cren, L. Serrier-Garcia, F. Debontridder, and D. Roditchev,
Vortex Fusion and Giant Vortex States in Confined Supercon-
ducting Condensates, Phys. Rev. Lett. 107, 097202 (2011).

125428-6


http://dx.doi.org/10.1103/PhysRevB.92.075432
http://dx.doi.org/10.1103/PhysRevB.92.075432
http://dx.doi.org/10.1103/PhysRevB.92.075432
http://dx.doi.org/10.1103/PhysRevB.92.075432
http://dx.doi.org/10.1126/science.1222360
http://dx.doi.org/10.1126/science.1222360
http://dx.doi.org/10.1126/science.1222360
http://dx.doi.org/10.1126/science.1222360
http://dx.doi.org/10.1021/nl303758w
http://dx.doi.org/10.1021/nl303758w
http://dx.doi.org/10.1021/nl303758w
http://dx.doi.org/10.1021/nl303758w
http://dx.doi.org/10.1038/nphys2429
http://dx.doi.org/10.1038/nphys2429
http://dx.doi.org/10.1038/nphys2429
http://dx.doi.org/10.1038/nphys2429
http://dx.doi.org/10.1038/nphys2479
http://dx.doi.org/10.1038/nphys2479
http://dx.doi.org/10.1038/nphys2479
http://dx.doi.org/10.1038/nphys2479
http://dx.doi.org/10.1126/science.1259327
http://dx.doi.org/10.1126/science.1259327
http://dx.doi.org/10.1126/science.1259327
http://dx.doi.org/10.1126/science.1259327
http://dx.doi.org/10.1103/PhysRevLett.114.017001
http://dx.doi.org/10.1103/PhysRevLett.114.017001
http://dx.doi.org/10.1103/PhysRevLett.114.017001
http://dx.doi.org/10.1103/PhysRevLett.114.017001
http://dx.doi.org/10.1103/PhysRevB.69.184511
http://dx.doi.org/10.1103/PhysRevB.69.184511
http://dx.doi.org/10.1103/PhysRevB.69.184511
http://dx.doi.org/10.1103/PhysRevB.69.184511
http://dx.doi.org/10.1103/PhysRevLett.109.056803
http://dx.doi.org/10.1103/PhysRevLett.109.056803
http://dx.doi.org/10.1103/PhysRevLett.109.056803
http://dx.doi.org/10.1103/PhysRevLett.109.056803
http://dx.doi.org/10.1038/nmat3255
http://dx.doi.org/10.1038/nmat3255
http://dx.doi.org/10.1038/nmat3255
http://dx.doi.org/10.1038/nmat3255
http://dx.doi.org/10.1134/1.568223
http://dx.doi.org/10.1134/1.568223
http://dx.doi.org/10.1134/1.568223
http://dx.doi.org/10.1134/1.568223
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.101.267002
http://dx.doi.org/10.1103/PhysRevLett.101.267002
http://dx.doi.org/10.1103/PhysRevLett.101.267002
http://dx.doi.org/10.1103/PhysRevLett.101.267002
http://dx.doi.org/10.1103/PhysRevB.82.094504
http://dx.doi.org/10.1103/PhysRevB.82.094504
http://dx.doi.org/10.1103/PhysRevB.82.094504
http://dx.doi.org/10.1103/PhysRevB.82.094504
http://dx.doi.org/10.1063/1.4928919
http://dx.doi.org/10.1063/1.4928919
http://dx.doi.org/10.1063/1.4928919
http://dx.doi.org/10.1063/1.4928919
http://dx.doi.org/10.1088/0034-4885/75/4/042501
http://dx.doi.org/10.1088/0034-4885/75/4/042501
http://dx.doi.org/10.1088/0034-4885/75/4/042501
http://dx.doi.org/10.1088/0034-4885/75/4/042501
http://dx.doi.org/10.1103/PhysRevLett.107.097202
http://dx.doi.org/10.1103/PhysRevLett.107.097202
http://dx.doi.org/10.1103/PhysRevLett.107.097202
http://dx.doi.org/10.1103/PhysRevLett.107.097202



