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Abstract

The potential applications of metamaterials with negative refraction are limited by their narrow
bandwidth and difficulty in fabrication. In order to broaden the bandwidth, we analyze different
factors which influence the negative refraction in solids and multi-atom molecules. We find that this
negative refraction can be significantly enhanced by simultaneous multi-electron transitions with the
same transition frequency and dipole redistribution over different eigenstates. We show that these
simultaneous multi-electron transitions and enhanced transition dipole broaden the bandwidth of the
negative refraction by at least one order of magnitude. Furthermore, we show the possible application
of this scheme in hyperbolic metamaterials using diamonds with NV centers.

1. Introduction

Metamaterials with negative refraction [ 1-7] have attracted broad interest because of their potential
applications, including perfect lenses [2, 8], fingerprint identification in forensic science [9], simulating
condensed matter phenomena and reversed Doppler effect [10, 11], controlling light polarization [12], and
electromagnetic cloaking [13—15]. In order to realize metamaterials, a number of routes have been proposed,
including (molecular) split-ring resonators [3, 16, 17], chiral approaches [ 18], hyperbolic dispersion [19-22],
dark-state mechanism [23-27], and topological routes [28—30]. However, none of these can effectively overcome
the difficulty of realizing broad-band negative refraction.

Generally, it is expensive to fabricate optical metamaterials, as most of these require producing a huge
number of split-ring resonators, which are of sub-optical-wavelength. Also, the size of a resonator in classical
metamaterials is of the order of the sub-wavelength of the electromagnetic field [31, 32]. However, sincein a
molecular medium the electromagnetic response results from quantum transitions, the size of a molecule can be
intrinsically smaller by 2 orders of magnitude than the size of a resonator for classical metamaterials.
Furthermore, molecular media are crystals of such molecules and thus can be easily fabricated by crystallization.
Therefore, these observations motivate us to consider fabricating metamaterials using chemical molecules.

In multi-atom molecules and solids, there are generally more than one electron which can respond to
applied electromagnetic fields. In previous investigations [9, 17, 23-25, 30, 33—-38], only transitions for a single
electron were considered. Because each atom contributes a 7-electron to the molecule, there are N m-electrons in
amolecule with Natoms. Thus, there would be N possible transitions for the 7-electrons in the molecule. Since
two or more transitions can effectively overlap with each other, it would be reasonable to expect a broadened
bandwidth of the negative refraction by simultaneous multi-electron transitions. On the other hand, Mébius
molecules with nontrivial topology have been synthesized [39—43] and proposed to realize, e.g., metamaterials
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Figure 1. Schematic illustration of broad-band negative refraction induced by simultaneous multi-electron transitions. Dashed curves
are for single-electron transitions, while the solid curve provides the overall simultaneous contribution. Inset: Top view of a Mbius
molecule with N = 12 carbon atoms in each ring. The adjacent atoms are linked with covalent bonds.

[28, 30, 44], quantum devices [45—47], dual-mode resonators and bandpass filters [48], topological insulators
[49], molecular knots and engines [50], and artificial light harvesting [51, 52].

As a concrete example for demonstrating the above principle, here we consider multi-electron transitions in
adouble-ring Mobius molecule [30, 47] with 2N m-electrons. Every energy level could be filled with two
electrons of different spins, due to Pauli’s exclusion principle. Because the lower energy level has a higher
probability to be filled with electrons, half of the N energy levels with lower energy can be filled. Furthermore,
electrons can transit from a highest occupied molecular orbital (HOMO) to alowest unoccupied molecular
orbital (LUMO). Because multi-electrons can be involved in the transitions of nearby frequencies, the
bandwidth of the negative refraction would be significantly broadened compared to previous findings
[23, 24, 30, 34, 36], as schematically illustrated in figure 1.

This paper is organized as follows: In the next section, we briefly introduce the relative permittivity and
permeability for simultaneous multi-electron transitions by linear-response theory. In section 3, we summarize the
selection rules for optical transitions in Mébius molecules from the transition matrices of electric and magnetic
dipoles, as given in appendix A. Then, we show the significantly-broadened bandwidths of the negative refraction
by simultaneous multi-electron transitions in section 4. Finally, the main results are summarized in section 5.

2. Simultaneous multi-electron transitions

The electric displacement field Dand magnetic induction B canbe writtenas [31, 32]
D = 80E+ﬁ = Eoer, (1)
B = py(H + M) = pypH, )

where E is the applied electric field, Pisthe polarlzatlon, goand g 8, are, respectively, the perm1tt1v1ty of the
vacuum and medium, H is the applied magnetic field, M isthe magnetization, o and 1, u, are, respectively, the
permeability of the vacuum and medium. In order to simulate the electromagnetic response of the Mobius
medium in the presence of applied fields, we employ linear-response theory [53] to calculate the electric
permittivity and magnetic permeability. When there is an electric field applied on the Mobius molecule, the
molecule is polarized as

) = [Es@E@e, 3
where
Bw) = f T dt Btye (4)
is the Fourier transform of the time-dependent electric field
E(t) = Eycoswt, 5)
with amplitude E, and frequency w,
Sw) = —J(w) — J*(~w). (©)
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Here, the dipole-dipole correlation function reads
J@) = =i [ e Te[d0dpO)1e, %)
0

where p(0) is the initial state of the molecule.
Because of the dipole approximation [31, 32], the molecular electric dipole can be calculated as

- E,fﬁﬁl:f(t)
d)~ - R s 8
) ; e[ni/i(w—Aﬁ+i7)] ®

where d if is the transition electric dipole between the initial state |{) and the final state | f) with level spacing hA;
n; ! is the number of electrons occupying the initial state, /i is the Planck constant. Here, we phenomenologically
introduce the decay rate v to describe the decoherence effects on the excited states. This is equivalent to
approximately solving the master equation by the quantum jump approach when the decoherence effects are
much slower than the typical frequency of the system Hamiltonian [54, 55]. In a similar way, the molecular
magnetic dipole is calculated as

ity - H(t
(i)~ —Y Re| T HO ©)
iof nifi(w— Ag + iy)
where #i;¢ is the transition magnetic dipole between the initial state |7) and the final state | f), H isthe applied
magnetic field. Under the dipole approximation, according to linear-response theory [53], the relative
permittivity and permeability are given by [9, 17, 22-25, 30]
e=1-5 T Re —|, (10)
i=f n; hcgvy w— A+ iy
“ fioThig i 1
;= 1 — Re ; > (1 1)
s ; n; /v (M—Aﬁ—i—z’y]

where v, is the volume of the molecule.

In obtaining (10), (11), we assume that all molecules are identical, and every molecule responds equally to
the applied electromagnetic field. Due to the response of the molecules, the actual electromagnetic field inside
the medium is different from that in the vacuum. However, it can be proven by Lorentzian local-field theory that
both the center and bandwidth of the negative refraction will not be modified significantly [22—24, 30]. Only the
magnitudes of permittivity and permeability are significantly modified. Furthermore, the dipole-dipole
interaction between molecules can be omitted as long as it is smaller than either the decoherence rate of the
molecular excited states [56, 57] or the static disorder [58].

3. Selection rules for transitions

As aspecific case, we consider a Mobius molecule with double rings consisting of 2N carbon atoms [41], as
shown in figure 1. The jth atomic position of ring a (b) is ﬁj+ (R ;) with

Rjy = (R + Wsin?])cos apjéx + W cos ?]éz + (R + Wsin ?J)sin (,Djéy, (12)

where the radius and width of the M6bius molecule are, respectively, Rand 2W , with W the radius of the carbon
atom, ¢; = jé,and 6 = 27m/N. According to the Hiickel molecular orbital theory [59], the Hamiltonian of the
Maobius molecule for the single electron is [30, 47]

N-1
H=Y [A]TMAJ» — g(AJTAJ-+1 + h.c)l, (13)
j=0
where A; = (aj, b]-)T with a; (b;) the annihilation operator at the jth site of ring a (b),
e =V
m=| V] (14)
¢ is the on-site energy difference between the two rings, and V (§) is the inter-ring (intra-ring) resonant integral.
Because of the Mébius boundary condition, the last atom of each ring is linked to the first atom of the other ring,
ie.ay = by,and by = an.
The Mébius boundary condition can be canceled by alocal unitary transformation, i.e. B; = (¢jy, ¢j)T =
UiAj, By = By, where cj, is the annihilation operator of an electron at jth atomic site with o pseudo-spin label,
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1 —ip; /2 _ p—ip;)2
U=—1]€¢"" e i ] 15
] \/EI: 1 1 (15)
Therefore, the Hamiltonian with periodic boundary condition can be rewritten as
N-1
=3 [BJTVUZBJ» — 5(3} QBj1 + h.o)l, (16)
j=0
where
ei§/2 0
= . 17
Q [ 0 1 17)

By using the Fourier transformation, B; = 3, e~"¥Cy, the Hamiltonian of the Mébius molecule is diagonalized
as

H = C/EG, (18)
where C; = (¢, ¢ )T with
N-1
G = — ST emitk=0/2i (af — b, (19)
AN part J j
N . +.
= gy X e+ ) @)
Ey 0
Ek_[ 0 Eu] (21)

with Egp = V — 2€ cos (k — g) and Ey| = —V — 2£ cos k the eigenenergies of the upper and lower bands,
respectively.

In (10), (11), we apply linear-response theory to rewrite the relative permittivity and permeability in terms of the
transition matrix elements of the electric and magnetic dipoles, i.e. d if and 711r. According to (10), (11), we would
expect negative permittivity and permeability close to the transition frequencies A; = (Ef — E;)/h. The selection rules
of transitions are explicitly provided by the matrix elements of the electric and magnetic dipoles as given in appendix A.

Using the dipole approximation, the interaction Hamiltonian with the electric field is written as [31, 32]

H{; =—d- EO cos wt, (22)

where the molecule is subject to an electric field with amplitude Ey = (E{, E{, E§) and frequency w. The electric-
dipole-induced transition is allowed if the corresponding matrix element is nonzero. By using the relation
<¢>j5 | 7| qu/s/> = Rj;0;7 6, [59], the selection rules for the electric-dipole-induced transitions are summarized as

Ik 1) 2 k1), (23a)
Ik, 1) = 1k + 26, 1), (23b)
Ik 1) 2 1k + 6, 1), (23¢)
Ik 1) = 1k — 6, 1), (23d)

where the superscripts over the arrows indicate the polarizations of the electric fields. In the following calculations,
we only consider the transitions from the lower band to the upper band because of the rotating-wave approximation
[60, 61] and initial condition. However, it has been shown that the counter-rotating terms will essentially influence
the quantum dynamics in combination with some specific initial states [60, 62]. Here, we remark that when the
temperature is sufficiently high or the initial state is prepared on purpose, the transition from the upper band to the
lower band will also participate in the response of metamaterials to the applied electromagnetic fields. Under the
dipole approximation, the interaction Hamiltonian with the magnetic field is written as [31, 32]

Hy= — - By coswt, (24)

where By = (Bf, B{, B§). A straightforward calculation in appendix A shows that the selection rules for the
magnetic-dipole-induced transitions are the same as (3).

The transitions allowed by both electric and magnetic dipole couplings are depicted in figure 2, in
combination with initial and final conditions. Because a transition can take place from the HOMOs, denoted by
solid symbols, to the LUMOs, denoted by empty symbols. The initial state |i) of the molecule is occupied by n; !
electrons with ), n; ~! = 2N the total number of -electrons. Particularly, we obtain that n; = 1 when
li) = |k, |)for (== 7 < <k < g), denoted by the blue solid squares, or |i) = |k, 1) for (fg <k < g), denoted by

theredsolid circles; n; = 2when i) = | + %’T, 1), denoted by the green squares.

4
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Figure 2. Selection rules for transitions in a Mobius molecule. The curve marked with circles (squares) represents the upper (lower)
energy band. The solid red circles and blue squares are the levels occupied by two 7 electrons with spin up and down, while the empty
symbols are unoccupied. The green squares are occupied by one 7 electron. The curves connecting two bands indicate the selection
rules for transitions. Hereafter, we choose the following parameters: y~' = 4 ns[30], V = £ = 3.6 eV [63], W = 0.077 nm [42],and
R = NW/T.

4. Broad-band negative refraction

According to the selection rules, there are four possible transitions from a given initial state. In order to
investigate the effects of simultaneous multi-electron transitions on the negative refraction, we explore the
relative permittivity and permeability for different detunings Aw = w — A In(21), thelower-band Ey | is
symmetric with respect to k = 0, while the upper-band Ej ; is symmetric with respect to k = ¢/2. In Figure 2,
the following four pairs of transitions possess the same transition frequencies, respectively: |k, |) < |k, T)and
|—=k, |) = |—k + 8, 1), denoted by the green curves; |k, |) < |k + 6, TYand|—k, |) < |—k, 1), denoted by
the magenta curves; |k, |) < [k — 6, T)and|—k, |) & |—k + 26, 1), denoted by the black curves;
Ik, |) = |k + 26, TYand|—k, |) = |-k — 6, 1), denoted by the blue curves, which also fulfill the selection
rules (3) for the transitions in Mobius molecules.
Generally speaking, the permittivity is a second-rank tensor with nine matrix elements, i.e.
Zr = Z Ei’jé,‘é]’. (25)
L]=X,)2

In addition to the selection rules of optical transitions, the electric response can only occur at those transitions
from the HOMOs to the LUMOs. The relative permittivity ;, can be further simplified as

=1+ 3 3 X (26)

keHOMO k'€ LUMO

where the components of the tensor

o
Xew = 2 X&) @7)
L,j=X,,2
are, respectively,
Xk = Xich = Mg
Xk = 41}
X = =Xl

.
=i Okk = Ok krs — Ok k26 + Ok k—0)s

E,zx

E,xz _ _ /
Xk = "Xk — lznk,k/(ék’,k = Ok kr6)s

Eyz _  Ezy _ /
Xk,{’ = Xk,k;/ = —277k,k/(5k’,k+5 + Ok k)-
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Here, 77;( i 1s the real part of
1 e’W?

Mew = —. (28)
kk l6ggvy /o — (Exy — Exp) + iley
Following the same procedure, we can calculate the nine components of the relative permeability, i.e.
Z ui’jéiéj. (29)

L,j=X,),2
In addition to the selection rules of optical transitions, the magnetic response can only occur at those transitions

from the HOMOs to the LUMOs. The relative permittivity Er isrelated to XE, 4 by

L=1+ > 3 xi (30)

ke HOMO k’€eLUMO

where the components of the tensor

Xpw = 2o Xpu iy (31)
Lj=X,,2
are, respectively,
Xkd = Xpd = — 0k
XE ]?’Z = 4ﬁi k’77;<,k/(5k/,k+6 + (Sk',k),
Xex = —Xpn
= lak,k’nk,k/(ék/,k — Ok ks — Ok kt26 + Ok k—6)s
Xf’ffz = —Xl;?’;ff‘ = ik Bk Mo Gk — Sk irs)s
Xllj = Xk & = =200k Bk M o ks s + Ok )
with
R [ B
apr =—19 V + €| cos(k — ) —cos(k—|— —) ,
o fic{ i 2
« _R V+s_cos(k+6)—cos(k é)
kk+6 ﬁc i 2 >
« R V+€_cos(k+5)cos(k+é)
kkt2 = 5 )
R [ 8
Qpr—s = —4V + ¢| cos(k — 6) — cos (k —) ,
7z { i 2

Bk ——2;%8' (k — %)sinécos%,

2Re 6 )
= ——sin|k + —|sind cos —.
Brk+s P ( 4) 1

In figure 3, we show the widest bandwidth for the negative refraction which corresponds to the transitions
labeled by the thick green curves in figure 2. The bandwidth of the negative refraction is 80 peV, which is about
20 times that of [30]. To explore the underlying broadening mechanism, we investigate the relevant
contributions from all simultaneous transitions. Generally, the magnetic response is much smaller than the
electric response. In appendix B, it was proven that for E-polarized incident fields, the bandwidth is determined
by the zeros of smallest principal value of the negative permeability. Therefore, the bandwidth of the negative
refraction is mainly given by bandwidth of the negative permeability. In figure 4, we investigate the effect of
simultaneous transitions on the negative refraction by the relative permeability. At the transition frequency,
there are two degenerate transitions, denoted by the thick green curves in figure 2. One is from the initial state

‘ —= > to the final state ‘ o 1 >, denoted by the green circles in figure 4. The other transition is from ‘ g, ! > to

‘ > 1), denoted by the black curve. The summation of the two transitions, denoted by the red dotted curve, is

nearly the same as that of all contributions.
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Figure 3. Relative permittivity €, (blue dotted curve) and permeability 1, (green curve) of Mébius molecules versus the detuning Aw.
Here we only show the lowest eigenvalue.
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Figure 4. Effects of simultaneous multi-electron transitions and enhanced transition dipole on the relative permeability of Mébius

molecules. The green circles is for ‘ — %, L> = | 72, T >, and the black curve are for | g, l> = | g, T>, and the red dotted curve
sums up the two resonant transitions.

For the transitions |k, |) < |k/, 1) (K’ = k, k + 6), the three eigenvalues of ;:; are, respectively,
1
My

2
=1 - 22 Oék’k/’]']lk,kl,
kK’

,Uf =1~ 22(5i,k' + ﬁk,k’\/zai,k’ + 5i,k/)77'k,k’>
kK’

'u:: =1 — ZZ(ﬂi)kr — ﬂk’ku 204%),(, + 5i,k’)77/k,k“
kK’

For the transitions |k, |) <5 |k/, T) (k' = k — 8, k + 26), the three eigenvalues of Zr are, respectively,

1 2 2 3
p=1=23 ajpprs p; = =1
K,k

In both cases, the lowest eigenvalue is ,ui ,because (By.x /i 1)? ~ 62 < 1. The bandwidth of the negative
refraction is determined by the zeros of the lowest eigenvalue of Zr, ie.

ui =1- ZZai’k/n’k,k/ =0, (32)
kK’




I0OP Publishing J. Phys. Commun. 3 (2019) 015010 J-J Chenget al

Table 1. Comparison of the bandwidths (BWs) of the negative refraction in the literatures and

present paper.
References Present [30] [23,24] [36] [34]
BW (Hz) 1.9 x 10" 0.97 x 10° 2 x 10° 5.0 x 10* 1.6 x 10°

Table 2. The bandwidths (BWs) of the negative refraction
around different transition frequencies A In the third
column, the participating transitions are explicitly given.

BW (ueV) participating transitions

80 150215 h=-50=21-51
36 =)= -5 ) =1-51
15 I 1) = |5i, 1 2”, H=1-%7)
39 150 =215 =50 =1-51
45 150 =15 - ,l>: -2, 1)

where 7’y is of the same form for different transitions but with a different central frequency. Among four
possible oy x’s, the maximum of oy and o i s are generally larger than those of ay s and o g1 25 Assuming
thate = V, wehave

o s RV(1 4o 3‘5) ~ IRV (33)
22 fic 4 4/
ot RV(1 4+ 25in 2 ) 7RV (34)
R 4 e
In [30], negative refraction was considered for the single transition |0, |) = |0, 1) with
Qo = ﬂ(1 — ZSinésin ﬁ) ~ ﬂ (35)
fic 2 4 16/c

Since oz,z%,% = a?,

: ™ 505 o,the transition dipoles have been enlarged by a factor of /5. Furthermore, there

s s
22 3

are four simultaneous transitions with the same transition frequency,i.e. ‘ %, 1 > = ’ g, T> and

| — %, l > = ‘ — g , 7 > with two different electronic spins,the bandwidth of the negative refraction is about 20
times of our previous observation in [30]. Compared to other discoveries as listed in table 1,our proposed
bandwidth is about: 10° fimes that of [23, 24],4 x 10° times that of [36],and 121 times that of [34].

As shown in figure 2, there are 20 possible transitions on account of the initial condition, where there is an
electron occupying the HOMOs, and the final condition, where there is no electron occupying the LUMOs. By
scanning over all transition frequencies, we obtain the bandwidths of the negative refraction for all transitions, as
listed in table 2. Due to simultaneous multi-electron transitions, the bandwidths of the negative refraction are
generally larger than the corresponding single-electron transition and that in [30]. Interestingly, the bandwidths
of five transitions are larger than the previous observation by one order of magnitude.

5. Discussion and conclusions

In the previous sections, we use the Mobius molecule as an example to demonstrate broad-band metamaterials
by simultaneous multi-electron transitions. Although the currently broadened bandwidth, 22.2 GHz, is much
narrower than that of the traditional split-ring resonator, 10 THz [64], we show that this scheme might be
possibly applied to other solids. In [22], due to anisotropic electric response to the applied electromagnetic fields,
the diamond with NV centers can realize hyperbolic dispersion relation and thus negative refraction with
bandwidth about 10GHz at the room temperature. The experimental observation of the NV center suggested a
six-electron model [65, 66], where the electrons consist of the five unpaired electrons of the nearest-neighbour
nitrogen and carbon atoms to the vacancy and an additional trapped electron. The manifold of the electronic
ground state includes spin-triplet states, i.e. |® ., ,, ) (ms = £1,0) with [®f, ., ) degenerate in the absence of
static magnetic fields. The manifold of the electronic excited state contains two sets of spin-triplet states, i.e.
[PE x51,m,) and | D% i1 4, ). When the static magnetic fields and strain fields are absent, there are two sets of two
transitions with the same transition frequencies, respectively. Notice that the bandwidth is inversely
proportional to the square decoherence rates of excited states, cf equations (10), (11). The bandwidth can be
increased by nearly 2 orders of magnitude if the temperature is decreased to 10 K due to a sharp decline of the

8
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decoherence rate from 0.1 GHzto 16.2 MHz [67]. If the density of NV centers is further increased to 10 ppm, a
bandwidth of negative refraction about 45.4 THz may be observed.

To summarize, we explore the possibility of significantly broadening the negative refraction of metamaterials
by simultaneous multi-electron transitions. As a specific example, we calculate the optical properties of M6bius
molecules based on the Hiickel molecular orbital method and linear-response theory. The simultaneous multi-
electron transitions provide parallel contributions to the overlapping negative refraction. Furthermore, in each
transition, the negative refraction is significantly broadened by the enhanced transition dipole. As a result of these
two broadening effects, the bandwidth for the negative refraction is larger than the previous discoveries in [23, 34]
by atleast two orders of magnitude. Therefore, we clearly show that the contributions of multi-electron transitions
and enhanced transition dipoles can lead to a large broadening of the negative-index interval. Moreover, as
metamaterials consisting of M6bius molecules are based on quantum transitions, their size is smaller by 2 orders of
magnitude than in classical metamaterials. Instead of producing a huge number of split-ring resonators,
metamaterials of M6bius molecules are chemically synthesized and self-assembled by crystallization. In
conclusion, this work provides a possible route for broad-band negative refractive-index of metamaterials.
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Appendix A. Transition matrices of electric and magnetic dipoles

Insection 2, we apply linear-response theory to rewrite the relative permittivity and permeability in terms of the
transition matrix elements of the electric and magnetic dipole, i.e. d if and 171 ¢. According to (10), (11), we would
expect the negative permittivity and permeability to be close to the transition frequency Ay. Hereafter, the selection
rules of transitions are explicitly provided by calculating the matrix elements of the electric and magnetic dipole.
Under the dipole approximation, the interaction Hamiltonian with the electric field is written as [31, 32]

H,'; =—d- Eo Cos wt. (A.1)

The electric-dipole-induced transition is allowed if the corresponding matrix element is nonzero. By using the
relation (¢ | 7|¢;) = Rjs67 05 [59], the non-vanishing matrix elements are explicitly listed as

B E{  E}
(0] CkTH}/zC;jﬂm = ITO + TO + 70)€W cos wt,
Ey E}
(0] CkTHI';C]j+5)T|O> = 70 - 170)6Rcoswt,
+ .E} E}
(0] CkTH,'ng‘M)ll@ = —170 - TO)eW cos wt,
Ef E!  E}
(0] Cle,';C,j+5)T|O> = lTO + TO + 70)6‘/\/ cos wt,
Ef E{
(0] CleéC,L(s)llO} = 70 - 170 eR cos wt,
E} J
(0] CkTHfECkT_mlO> = 70 + i=% |eR cos wt,
Ey J
(0] Cle,/:-C,j_&ﬂO} = 70 + i=% |eR cos wt,
- E§ E{
(0] G Hg Gy, 554110) = 717 s eW coswt. (A2)




10P Publishing

J. Phys. Commun. 3 (2019) 015010 J-J Chenget al

For example, because in the above equations, the matrix element is nonzero between the states |k, 7)) and
|k, 1)), and there are contributions from all three components of the electric field, the transition |k, T)) = |k, |))
can be electric-dipole induced for all three polarizations of the electric field. Based on the above equations, the
selection rules for the electric-dipole-induced transitions are summarized as (3).

Under the dipole approximation, the interaction Hamiltonian with the magnetic field is written as [31, 32]

Hj = —i# - Bycoswt. (A.3)
Straightforward calculations show the following non-vanishing matrix elements,
(0] CkTHIQC,jTlO} = —{2W?[cos(k — §) — cosk]B{ + [W2(cosk — cos(k — 26)

— cos(k — 6) + cos(k + 9)) + 4R2(cos (k + g) — cos (k — %6))]%}% coswt,

(0] CkTH{;C,jﬂO) = —{[V—i— f(cos(k —6) — cos(k + g))](Bé‘ — iB{)

+ 2i€ cos é[cos (k — i) — cos (k + i(5)]BOZ}ERW cos wt,
4 4 4 47

(0] Cle{;C;ﬂO) = —[W2Boy sing — (2R2 + W2cos g)BOZ siné]% sin k cos wt,

2
(0] CkTH§C2+5,T|O> = [cos(k — &) — cos(k + &)](iB§ + B — Bg)e‘é\/ﬁﬁ cos wt,

(0] CkTngclj+5,1|0> = —{[V—i— f(cosk — cos(k + %))](Bg — iB{)

— 2i€ cos é[cos (k - i) — cos (k + ié)]Boz}eRW
4 4 4 87

(0] Cle{;CZ+6)T|0> = {[V+ E(cos(k + 6) — cos(k - g))](Bé‘ — iB}) — i&[cos(k — 6)

cos wt,

— cos(k + 6) — cos (k + ﬁ) + cos (k — g)]BOZ eRW coswt,
2 2 47
2
(O] CLHACL, 5 10) = [(k -2 cos(k 3)]«35‘ + 8~ B cosun,
’ 2 2 87
2
(0] CkTH{gC,L(S)T|O> = —[cos(k — 26) — cosk](iBf — B{ + B{) e‘é\;f cos wt,
(0] C,leéCk,5,T|0> = —{V + f[cos(k —6) — cos(k — g)]}(Bé‘ + iBOY)ei;V coswt,
2
(0] Cx HEC{ l|0> = [cos(k - ﬁ) - cos(k + é)](—iBéc + B} — B()Z)eW 3 cos wt,
’ 2 2 87
. 2
(0] CkTHéC]:-+25)T|O> =i[cosk — cos(k + 8)1(Bf — iBJ) e?;f coswt,
(0] Cr H Gyl o5110) = {V + §[cos(k +6) — cos(k + g)]}(B(;‘ — iBOy)ei?;’ cos wt,
2
(0] Cle1§C1j+25,l|0> = i[cos (k + g) — cos(k + %)](B(f — iB{) e:;\/ﬁf cos wt. (A.4)

Therefore, we have the same selection rules for the magnetic-dipole-induced transitions as given in (3).
Appendix B. E-polarized incident fields

For the transitions |k, |) < |k/, T) (k' = k, k + ), the relative permittivity is approximated as

1—4m, 0 0
e=| 0 1—dn, =8, | (B.1)
/ /
0 =8, 1 —1lén,
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Generally, B is smaller than oy by one order of magnitude. To the zeroth order of Gy, the relative
permeability is approximated as

| sedy 0 0
py = 0 1 — 4agm), Of (B.2)
0 0 1
When an E-polarized electromagnetic field,
Ei = E, éxei(kfy)""'kizZ*Wt)’ (B.3)
isincident on the metamaterial, the refracted field,
Et = tcEOéxei(ki}'y+kt227Wt)) (B4)
is governed by the Helmholtz equation
ke % () (ke < Bl = —wtigeq & Ey. (B.5)
By inserting (B.1), (B.2) into the above equation, we obtain
CORE K = G = 0, @6
with the solution
ky = ki\/(l — dagm,)(cos? 0 — 4n,). (B.7)
The refracted magnetic field can be calculated by the Maxwell equation k, x E, = Wity jl—l:rﬁt as
t.E k
H, = ==(—kyé, + —=¢,). (B.8)
Whg Y

Therefore, the time-averaged Poynting vector vector of the refracted electromagnetic field is

5 _ %Re (E x B = zf; Ifo (ktyé}, n z;yez) (B.9)
The occurrence of negative refraction is determined by the following three criteria, i.e.
0>k S, (B.10)
0 < (1 — 4ajn;,)(cos?0 — 4, (B.11)
0<S,= kit B (B.12)

2wipty(1 — 404%,(77;(,() ’

where the first criterion implies the reversal of the phase velocity to the Poynting vector, the second criterion
requires a real wavevector in the metamaterial, the last criterion is required by the causality that the normal
component of its Poynting vector is in the same direction as that for the incident light. The bandwidth of
negative refraction is determined by the zeros of the second equation, i.e. (1 — 4, n;d() (cos?6 — 477;(,() =0,

which is confirmed by our numerical simulation. Since o}, < 1, the bandwidth is given by the zeros of
1 — 403, n?{k = 0, which is consistent with our analysis presented in the main text.
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