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Supplementary Text

Evanescent modes and transverse spin in the Dirac equation

One of the basic models of 3D topological insulators is based on the Dirac equation for a
relativistic electron (37, 32). Therefore, we provide here an analysis of evanescent Dirac
waves and their spin properties.

We write the 3D Dirac equation in the standard representation in units with Zz=c=1:

i0,y =(ou-p+pBmy, (S1)

where l//(r,t) is the Dirac bispinor, p= —iV_ is the momentum operator, and m is the

mass. We also used the 4 X4 Dirac matrices:

| 0 © 1T 0
(a5} s3]

where o are the Pauli matrices

0_201,0_720—1',0_:10’
L1 o i 0 L0 -1

and I'and 0 are the 2 X2 identity and null matrices.
The plane-wave solutions of Eq. (S1) can be written as (34)

v, (r,t):W(p)exp[i(pm—Et)}, (S2)
(83)

Here E ==/ p’+m’ corresponds to two spin-degenerate energy bands (i.e., four bands

w,
in total), and w= " |, wiw=1, is the normalized 2-component polarization spinor,
w
2

which determines the spin state of the electron in its rest frame.
The spin density in Dirac waves can be obtained using the canonical spin operator

= %[ ((: 0 ] . In particular, the spin density in the plane wave (S2) and (S3) is
(6

E 2

s:w*zw=%s+(1—ﬁj¥ (S4)



1 . ) ..
where s = 5 w' 6w characterizes the electron spin in the rest frame (34).

The evanescent-wave solution of Eq. (S1) can be written as a plane wave (S2) and
(S3) with a complex momentum p . Assuming an evanescent wave propagating in the z-

direction and decaying in the positive x -direction, we have p=p Z+ixX, where

p’—x*=p’=E>—m’. Substituting this in Egs. (S2) and (S3), we obtain
Ve = Wevanexp[i(pzz—Et)—Kx} , (S5)

\/1+m/EW1
\/1+m/Ew2
W =— . (S6)

1
o \/E Nl-m/E (pzwl+in2)/p
Nl-m/E (iKW1_psz)/p

We now calculate the spin density in the Dirac evanescent wave (S5) and (S6) akin
to Eq. (S4). Representing the result in the general vector form yields

S =V (uwZV o =S, +8,, (S7)

s - %s+(l—%) Rep(Re[;.s)_(1_%j(RepxImp2)[(Rep2x Imp).s} o (s8)
(Rep) p (Rep)

e (9)

This is a very interesting result, where we separated two distinct contributions S = and

S . The first one, Eq. (S8), depends on the polarization spinor w via the rest-frame spin

vector s, akin to the usual propagating-wave spin (S4). The second contribution,
Eq. (S9), is a transverse spin, which is independent of the polarization and is entirely
similar to the transverse spin in evanescent electromagnetic waves (20, 21), Eq. (5). Note
that, unlike the electromagnetic-wave case, the polarization-dependent spin S = can also

have a transverse component in the direction of (Rep X Im p) .

Thus, the above results show that the polarization-independent transverse spin S |
equally appears in evanescent waves in Maxwell and Dirac equations, Egs. (5) and (S9).



Jackiw-Rebbi surface modes of the Dirac equation

A planar interface between two half-spaces, where ‘electrons’ are described by the
Dirac equations with positive and negative masses, supports topological surface states.
These modes are known as Jackiw-Rebbi solutions (37, 32, 35), see Fig. S1.

We consider the x=0 interface separating two regions with different electron
masses:

m >0 for x>0
m(x)= . (S10)
m, <0 for x<0

The surface-state solutions have the form

W, =Woexp|i(p.z— Et)—x,|o], (S11)

2

where p?—x],=E’—m/,

and the “1,2” subscripts correspond to the x>0 and x <0

half-spaces, respectively. Substituting Eq. (S11) into the Dirac equations (S1) with (S10),
we find the decay factors x,=m, and x,=-m,, as well as the dispersion relation
p.=%E, similar to the light cone. Hereafter, the “+” (or “F”) signs indicate waves

propagating in the positive and negative z-directions. The polarization bi-spinor of the
mode (S11) can be written as

p—

o= | T (S12)

surf 2\/% +1

Here N = "Ml ¢ ocen for th lization | w! w, dx=1
cre = 2m |m ‘ 1S ¢nhoSen 10r the normalization _wl//surfll/surf X=1.
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the rest-frame spin s, = iay. Thus, the rest-frame spin of the surface Jackiw-Rebbi

The bi-spinor (S12) corresponds to the polarization spinor w, . = L( ! ], ie.,

mode is purely transverse, and opposite spins s, <0 and s >0 are attached to the
opposite directions of propagation p >0 and p, <0. Moreover, the forward- and

backward-propagating waves have orthogonal polarization spinors w,. This is

intimately related to the fact that the topological Jackiw-Rebbi modes represent helical
massless fermions, which have suppressed backscattering and are robust against disorder
(7, 8).

The above features are usually interpreted as spin-momentum locking in the quantum
spin Hall effect and 3D topological insulators. However, quite surprisingly, the total spin
density (S7)—(S9) vanishes identically in the Jackiw-Rebbi mode:



Ssurf = l//:uerll/surf = O . (813)

This happens because the transverse polarization-independent spin (S9) exactly cancels
the polarization-dependent contribution (S8) for the above polarization:
S =-S, = s L EL’zzye‘z’W : (S14)
2N (E + ml,z)

Since both contributions above are locked to the momentum (as in the quantum spin Hall
effect), one can say that opposite spin-momentum locking appears in the two spin
contributions, while the total spin vanishes. Thus, the surface modes of the Dirac
equation exhibit remarkable topological properties but do not provide any spin transport,
i.e., the quantum spin Hall effect.

The cancellation of the spin in the Jackiw-Rebbi modes can be explained by the
fact that the m, = —m, interface does not break spatial-inversion (P ) symmetry. Indeed,

the P transformation results in the global change of the sign of the mass, which is not
detectable. At the same time, the quantum spin Hall effect has broken inversion
symmetry: it flips momenta but not spins. Thus, the quantum spin Hall effect is possible
only in systems with broken inversion symmetry, such as the optical interfaces
considered below.

For completeness, we determine the integral values of the two transverse spin

contributions (S14). Denoting (...) = f ...dx , we obtain

1 Em1m2(2E+m1+m2)_
S )==(S, )=%— . S15
< J_> < w> 2 (E+m1)2(E+m2)2 y ( )




Surface waves in Maxwell equations

Free-space Maxwell equations describe photons, i.e., massless spin-1 particles. These
equations can also be written in the Dirac-like form with electric and magnetic fields
forming an effective wavefunction (36). For simplicity, in what follows we use natural
electrodynamical units with €, =, =c=1. The light-cone spectrum @ =k and bulk
plane-wave solutions for Maxwell equations in vacuum are well-known. The complex
electric-field amplitude of a plane wave is given by Eq. (1), whereas the corresponding

magnetic field is H= %XE. The spin angular momentum of light is described by the

following spin-1 operator (16, 21, 36):

0 0 0 -1 0 10
S=-i| 0 0 1 S, =-i S=-=i| -1 0 0 (S16)
0 -1 0 0 00

i $ S 0 : 1 [ E
Using the operator X = and the “wavefunction” =— ,
g ’ [ U ] N ( H j

normalized as ¥ 'y =1, we obtain the spin density in a plane electromagnetic wave (1):
i k
S=y Zl//:cr;. (S17)

In addition to the propagating “bulk” modes, Maxwell equations can also exhibit
surface modes at interfaces between two homogeneous media with different electric
permittivities €, and permeabilities u,,. In the generic case, such an interface breaks

the so-called dual symmetry between the electric and magnetic properties (29, 37, 38).
Therefore, instead of the circularly-polarized helicity eigenstates in free space, the
eigenpolarizations of the surface modes are the transverse-electric (TE) and transverse-
magnetic (TM) linearly-polarized waves. Considering waves propagating in the (x,z)-

plane of a homogeneous medium, the full Maxwell equations can be reduced to
uncoupled 2D scalar wave equations for the normal components E; (TE mode) and H |

(TM mode):
AE +euo’E =0  (TE),

AH +euw’H =0  (TM), (S18)

2 2
where A =—+— and the other nonzero field components are determined by

ox*>  9z7°

i OE; i OE,
H :‘u—w azf (TE),

Cuw ox

X



i OH i OH
E=——2, E. = L (TM). (S19)
°ew Jdx '

Ew 07

Consider now the x =0 interface between two homogeneous media:

g, for x>0

8(x),u(x): g, u, for x<0 ' (520

We are looking for surface modes of the interface, which have the evanescent-wave form

{Ey,Hy}oc exp(ikzz—lcl,z‘x), where «, = (k2 — el’z,ul’za)z)l/z. Supplying the wave

z

equations with the corresponding boundary conditions (continuity of the tangential

components E . and H,_), one can derive the following equations for the TE and TM

surface modes (39, 40):

5,50 (1B,

M,
Bi% g (1w, (S21)
g &

2

Together with the dispersion relation «,, = (kz2 — el’z,ul’zcoz)l/2 , Egs. (S21) determine

the existence regions for the surface TE and TM modes (40). These regions are depicted
in Fig. S2 in the (82 1€,/ ,ul)-plane of the relative permittivity and permeability.

Importantly, the TE and TM modes cannot exist simultaneously (except for the
degenerate case €,/€ = U,/ U, =—1). Therefore, instead of two polarization (spin) states
of the propagating light, the surface modes of Maxwell equations have only one fixed
polarization (either TE or TM) in the generic case.

The surface Maxwell modes have linear (conical) dispersion lying outside of the
light cone for bulk waves. An example of such dispersion is show in Fig. S3. An interface
between free space (& = U, =1) and a medium with ¢, =1 and &, <-1 supports TM

. . . EE
surface modes with the dispersion k_ =+ [——Z—@ (hereafter we keep &, for the sake of
\} € +E€
1 2

symmetry). Note that in this case, the medium 2 does not support any bulk modes and
represents a perfect “insulator” for photons. Therefore, no spin properties (e.g., spin
Chern number, etc.) can be ascribed to the x <0 semispace. In addition, here we
intentionally consider non-dispersive media with permettivities and permeabilities

independent of @ . Introducing a dispersion &,(®), as in the case of a real metal, results

in plasma-frequency longitudinal bulk modes (plasmons) and high-frequency transverse
bulk modes (photons) in the medium 2. This is accompanied by the saturation of the
surface-mode dispersion at lower frequencies, as shown in Fig. 3.

Both TE and TM surface modes are linearly-polarized, i.e., have zero helicity o =0
and no usual spin (S16). At the same time, they possess the transverse spin (5) (20, 21).



In particular, for the above example of the vacuum-medium interface with p, =

1,
&, <-1, the spin of the TM surface wave is described by the canonical spin operator >

1| E/Ju

and the “wavefunction” in a medium yY=—— (21). Since the

2o H/e
electromagnetic energy density in the medium is i(s|E|2 + u|H|2) , we impose the one-

particle normalization r eu(l//:urfl/fsurf)dle for the x-localized surface mode. This

results in the following transverse spin density in the TM surface mode:

PR —& EE —
St =W ot ZW = 220 2 / e L 822
surf l//surf l//surf (85 —812) 81 +82 y ( )

This spin density is purely transverse, and the opposite spin directions S, >0 and

S, <0 are locked with the opposite propagation directions k., >0 and k. <0 . This is the

main feature of the quantum spin Hall effect, which is emphasized in the main text of the
paper. However, unlike the topological Jackiw-Rebbi modes, the surface electromagnetic
modes have a fixed polarization which is independent of the momentum. In the above
example, this is the TM-polarization described by the polarization spinor (Jones vector)

&= ( (1) ] Thus, the surface modes of Maxwell equations are not helical fermions, they

have usual scattering properties, and are not robust against disorder. Nonetheless, in
contrast to the Jackiw-Rebbi modes, surface electromagnetic waves do provide robust
unidirectional spin transport along the interface. Indeed, independently of the direction of
propagation, the z-component of the spin current is determined by the product Sk,

which is always positive.

We emphasize that the transverse spin (S22) originates solely from the polarization-
independent contribution S, , Eq. (5). Although the transverse-spin densities (S22) have
opposite signs at the opposite sides of the interface, the total (i.e., x-integrated)
transverse spin is non-zero:

1

S,/ =% y.
< surf> @y

(S23)
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Fig. S1. Dispersions of the bulk and surface modes for the Dirac equation with
the x=0 interface separating the half-spaces with positive and negative
masses. In both half-spaces the Dirac bulk modes exist, while the interface
supports topological Jackiw-Rebbi modes. These surface modes exhibit
transverse spinor-momentum locking related to their helical fermion nature.
However, the total transverse spin vanishes identically due to the mutual
cancellation of the polarization-dependent and polarization-independent
contributions, Egs. (S7)—(S9) and (S13)—(S15).
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Fig. S2. The existence regions for surface Maxwell modes at the planar
interface between two media with permittivities &, and permeabilities ,, .

Either transverse-electric (TE), or transverse-magnetic (TM) linearly-polarized
modes, or none of these can exist at every value of the parameters. (The only
exclusion is the degenerate case &,/€ =M,/ U, =—1.) Moreover, the dual

symmetry between electric and magnetic properties (shown by the green line)
must be broken for the existence of surface modes of Maxwell equations.
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Fig. S3. Dispersions of the bulk and surface modes of Maxwell equations with
the x=0 interface separating two half-spaces with different permittivities €
and the same permeability ¢ =1. While the usual light represents bulk modes
of the vacuum, there are no propagating waves in the medium with negative
permittivity. The interface supports surface modes with the fixed T™M

polarization described by the Jones-vector spinor éz( (1) ] These modes

exhibit transverse spin-momentum locking due to the transverse polarization-
independent spin, Egs. (5), (6), (S22) and (S23). This corresponds to the
quantum spin Hall effect of light. Furthermore the spectrum of these modes lies
outside the light cone and therefore has a non-removable degeneracy at k=0.
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