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Magnetic domain walls can move when driven by an applied magnetic field. This motion is important for
numerous devices, including magnetic recording read/write heads, transformers, and magnetic sensors. A
magnetic film with a sawtooth profile localizes magnetic domain walls in discrete positions at the narrowest
parts of the film. We propose a controllable way to move these domain walls between these discrete locations
by applying magnetic-field pulses. A similarly patterned magnetic film attached to a larger magnetic element at
one end of the film can operate as an XOR logic gate.
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I. INTRODUCTION

The very fast growth of information technology requires
novel approaches to information storage, control, and ma-
nipulation. Most magnetic memory devices store information
by setting either up or down the magnetization of small mag-
netic particles or individual domains in magnetic films �see,
e.g., Refs. 1–4�. Such systems can be driven either by polar-
ized currents �see, e.g., Refs. 5–9� or by magnetic fields gen-
erated by external sources.3,10

Nonlinear logical devices �e.g., Refs. 11 and 12� operating
at room temperature attract considerable interest1 because
these do not require expensive cryogenics �in contrast to su-
perconducting devices�. In this context, here we focus on a
domain wall moving through a periodically patterned film
and driven by magnetic-field pulses. This motion can be
mapped to the motion of an overdamped particle within a
wide range of parameters, which covers many possible
applications.13 Recently, the motion of tiny particles in peri-
odic ratchetlike potentials has inspired a new generation of
solid-state devices14–22 and here we study how these ideas
could be used for magnetic thin films. Magnets with
constrictions23–31 or triangles22,26,27,32,33 are currently being
actively studied by different groups because these provide
very attractive features over more conventional structures.

We propose setups for controllable magnetic domain-wall
step motors and logic gates using sawtooth-shaped ferromag-
netic slabs or films. The precise and controllable discrete
motion of domain walls in these structures �Fig. 1� can be
achieved by applying magnetic-field pulses �Fig. 2�. More-
over, a chain of identical magnetic “teeth” attached to a
larger magnetic element �Fig. 3� can operate as a logic gate
somewhat reminiscent of a cellular automata12 made of a
chain of magnetic particles.

A step motor is a device where some input signal is pro-
cessed to accomplish an end result, typically controlled mo-
tion. Thus, we propose a step motor that controls the motion
of magnetic domain walls �MDW� in a patterned magnetic
slab. Like standard step motors, ours can be precisely con-
trolled, so that the MDW can move a desired number of

“steps.” Also, in standard step motors, each input electrical
pulse produces one increment or step �thus the name step
motor�. In our proposal, each applied magnetic pulse can
produce one increment or step motion for a MDW. This
could be useful for the design of shift registers if local mag-
netic fields could be independently applied to each magnetic
tooth �Fig. 1�. Longer or stronger applied magnetic pulses
can produce MDW motion involving a controlled number of
steps. Other devices were also studied in Ref. 11, and another
geometry is also considered in Ref. 34. After this work was
initially submitted, a related experimental system appeared
in Ref. 32, vindicating our initial proposal as both experi-
mentally relevant and of interest.

II. MODEL

We consider a soft ferromagnetic slab or film patterned
with many triangles in the sawtooth shape shown in Fig.
1�a�. Here we assume the triangles to be isosceles �i.e., sym-
metric sawtooth�. It is easy to extend our results to ratchet-
type nonsymmetric sawteeth. We assume that the easy axis
�z axis in Fig. 1� for the magnetization lies in the film plane
and is perpendicular to the x axis in Fig. 1. We also assume
that the magnetic anisotropy field Ha is not small, in order to
minimize the alignment of the magnetization along the
sample side surface. In particular, the thickness of the layer
�1 near the surface, where magnetization vector deflects from
the direction of the easy axis, is small compared to the char-
acteristic scale x0 of the sawtooth structure. In this case, if
the sawtooth profile is sufficiently elongated �see Fig. 1�, the
magnetization vector would be aligned along the easy axis in
most of the sample volume, and domain walls should also be
parallel to this axis. The corresponding limitation on Ha will
be presented below. Such a structure �which meets our as-
sumptions� can be manufactured by standard techniques.1

The linear energy density E�x� of the film in the externally
applied magnetic field He�t� along the z direction �see Fig. 1�
can be written as
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E�x� = EWl�x�s − 2MHe�t�s�
0

x

l�x��dx� + Estr, �1�

where x is the location of the domain wall, EW is its energy
per unit area, l�x� is the variable film width, s is the constant

film thickness, M is the film magnetization, and Estr is the
stray field contribution. The second term on the right-hand
side of Eq. �1� is the usual Zeeman energy. The energy EW of
the domain wall can be expressed as

EW = 4��M3/2Ha
1/2lexchange, �2�

where ��1 and lexchange is the exchange length. The approxi-
mations discussed here have been successfully used13 for de-
scribing magnetic domain-wall motion in different systems.
When the length x0 of each tooth decreases, the domain-wall
thickness �� lexchange

�M /Ha could approach the characteris-
tic scale x0 of the sawtooth, resulting in the renormalization31

of � and EW. However, for standard materials and
micrometer-sized tooth sizes, the domain-wall thickness is
much less than x0, i.e., ��x0. Note that the thickness �1 of
the surface layer, in which the magnetization vector deflects
from the easy-axis direction, is of the order of the domain-
wall thickness � �see the Appendix�. As a result, the condi-
tions ��x0 and �1�x0 limit the anisotropy field. These con-
ditions can be written in the form

Ha � M
lexchange
2

x0
2 . �3�

This last inequality is valid for all our estimates. Indeed,
below we estimate ��0.03 �m�x0�1 �m. Thus, Eq. �1�
should be applicable for our problem, at least qualitatively. A
more realistic study would require detailed micromagnetic
simulations, which are beyond the scope of this paper.

The external magnetic field He�t� drives the wall in the
patterned metal film according to the usual dynamical equa-
tion: �Friction force�=−dE�x� /dx. For simplicity, we neglect
the contribution to the total force due to stray magnetic
fields. As shown in the Appendix, the stray field term can be
neglected in the case of soft magnetic materials, Ha�M,
which is of most interest for the present study. Thus, the
equation of motion for the MDW can be rewritten as

FIG. 1. �Color online� �a� 3D sketch of the sample, indicating
the height l�x� and width s. Since the sample is mirror-symmetric
along the x direction, hereafter we only draw the top part, to save
space. �b� Schematic diagram of a magnetic domain wall �red
dashed vertical line� moving in a triangular-patterned film �here we
only show its upper half�. The magnetic domain wall separates re-
gions having different orientations of the magnetization �shown by
the up and down arrows�. This wall can be shifted from one
minimum-thickness location to another one by applying an external
magnetic-field pulse. This domain-wall motion is easily controllable
and robust to small variations of the magnetic-field pulse, e.g., pos-
sible errors in either the duration �t or the amplitude H0 of the
pulses �see text�. These pulses can be generated by an external
solenoid magnet �not shown here�.

FIG. 2. Controllable discrete shift of a domain-wall location vs
the duration of the applied driving pulse, calculated using Eqs. �7�
and �10�. The long flat plateaus indicate the robustness of the pro-
posed magnetic domain-wall step motor to errors in the applied
pulse time �t and intensity h0.
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FIG. 3. �Color online� Schematic diagram of a magnetic logic gate. When applying a magnetic field, the entire patterned magnetic sample
can be set to either its “0” or “1” state. This structure can work as an XOR gate if both ac and dc magnetic fields are applied: Hdc

+Hac�t�. The inputs of the XOR gate are �i� an applied dc field and �ii� the magnetization of the larger part of the structure. Then an ac field
is added to start the XOR operation. The output can be either 0 �no domain wall� or 1 �a domain wall is nucleated in the sample and
oscillates�. This MDW oscillation corresponds to the “1” output state and can generate a voltage in a pick-up coil. Thus, the moving domain
wall exists either for Hdc	0 and state “1” or Hdc
0 and state “0.”
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�ẋ = −
EW

l�x�
dl�x�

dx
+ 2MHe�t� − Fpin

ẋ

�ẋ�
for ẋ � 0. �4�

Here, ẋ=dx /dt. The friction force per unit area acting on the
wall comes from two contributions:13 �i� the eddy current
friction, �ẋl�x�, with �=�1�2�M�2 /�c2, and �ii� the domain-
wall “pinning” force, −Fpinẋ / �ẋ�. Here, � is the film’s electri-
cal resistivity and �1 is a constant of the order of unity which
depends on the sample geometry. The pinning force can be
written as Fpin=MHpin, where Hpin refers to the pinning field.
The pinning force arises due to inhomogeneities of the mag-
netic properties of the sample, such as structural defects,
crystal grain boundaries, inclusions, and geometrical
imperfections.35 In Eq. �4�, we omit the inertia term: this is
usually valid up to several tens of GHz. In dimensionless
units, Eq. �4� is reduced to

Ẋ = −
l��X�
l�X�

+ h�t� − fp

Ẋ

�Ẋ�
, �5�

where X=x /x0, Ẋ=dX /d, = t / t0, �=d /dX, h�t�
=2MHe�t�x0 /EW, and fp=Fpinx0 /EW. Here, the spatial scale
x0 is the period of sawtooth structure �Fig. 1� and t0
=�x0

2 /EW is the characteristic damping time.

Thus, a magnetic domain wall moving in the patterned
ferromagnetic slab or film can be described by Eq. �5�, i.e.,
the motion of a MDW can be mapped into the motion of an
overdamped particle. This offers a powerful analogy �de-
scribed in Table I� since the transport and diffusion proper-
ties of a single overdamped particle have been studied for
decades and some of these results could be used to better
explore the dynamics of MDWs in constrictions.

III. CONTROLLABLE DOMAIN-WALL STEP MOTOR

Under steady-state conditions, the magnetic domain walls
in the film shown in Fig. 1 can only be located at certain
discrete positions, corresponding to the narrowest parts of
the patterned film �e.g., red dashed lines in Fig. 1�. This
would occur if the sawtooth profile is steep enough in order
for the restoring force �per unit area� to overcome the pin-
ning force, �l��X�� / l�X�
 fp. When the driving magnetic-
field pulse H�t� shown in Fig. 1 is applied, the domain wall
can be shifted from one minimum-thickness position to an-
other one. For a rectangular pulse of the applied magnetic
field, Eq. �5� can be integrated exactly. This allows us to
derive the times, + and −, for the transitions of the domain
wall from a minimum to the following maximum �+� and
from a maximum to the following minimum �−�:

TABLE I. Comparison between magnetic domain-wall �MDW� motion in constrictions and the motion of an overdamped particle.

Magnetic Domain Wall �MDW� Overdamped particle

Model �̇=−l���� / l���+h�t�− fp�̇ / ��̇� ẋ=−u�+ f�t�

Viscous friction Yes Yes

Static friction Yes due to pinning No

Inertia Only at high frequencies No

Potential due to �periodic� constrictions, l�x�
�e.g., sawtooth shape of magnetic film�

Substrate, u�x�

ac drive due to externally applied ac magnetic field h�t� ac force f�t�

Ratchet effect �dc
transport from
ac drive� when

asymmetric shape of periodic constrictions
�e.g., asymmetric sawtooth shape
of magnetic film�

asymmetric ratchet potential14,19

dc transport for
time asymmetric
drive �harmonic
mixing� when

symmetric constriction, but time-
asymmetrically changing magnetic
field, e.g., h�t�=h0 cos �t+h1 cos�2�t+��
�transport controlled by ��

symmetric potential, but the driving
force is asymmetric in time �see, e.g., Ref. 36�,
e.g., f�t�= f0 cos��t�+ f1 cos�2�t+��
�transport controlled by ��

Diffusion enhance-
ment when

dc magnetic field pushes the wall to the
transition from trapped �between con-
strictions� to running motion

Driving force pushes the system close to
the transition from trapped to running
motion37

Weak signal am-
plification via
either stochastic
resonance38 or de-
terministic signal
mixing39

Yes Yes
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± = �
0

1/2 dX
h0 − fp � l��X�/l�X�

. �6�

Here, we introduce the dimensionless pulse amplitude
h0=2MH0x0 /EW. The symmetric-shape assumption was

used for the first time in Eq. �6�. Hereafter, h̃�h0− fp
�=driving-pinning� denotes the “effective depinning drive.”
Strictly speaking, the assumption of a piecewise-linear struc-
ture �isosceles-triangles� profile is only needed from this
point. For a piecewise-linear structure, shown in Fig. 1, these
transition times can be explicitly written as

± =
1

2h̃
±

1

h̃2
ln�1 +

h̃�l

h̃l0 � 2�l
	 , �7�

where we use the expression

l�X� = l0 + 2X�l for X 	 1/2 �8�

�i.e., from the minimum to the following maximum of the
sawtooth profile�. The domain wall cannot be shifted from its
initial position if the dimensionless magnetic-field pulse h�t�
has an amplitude h0 smaller than the threshold value,

honset = fp +
2�l

l0
. �9�

At stronger pulses, the wall can be shifted any desired num-
ber N of steps by changing the duration �t of the pulse �Fig.
2�,

N+ + �N − 1�− 	 �t 	 �N + 1�+ + N−. �10�

It is important to emphasize the robustness of this control-
lable step motor: due to the discrete equilibrium positions of
the domain wall, we can shift it an exact integer number of
steps, even though the pulse duration is established within an
accuracy of about �+−−�.

Let us consider a MDW in the potential minimum shown
by the red dashed line in Fig. 1�b�. If the applied He�t� pulse
drives the MDW below the �potential energy� maximum
marked by “A,” then the MDW returns to its original posi-
tion. If the applied He�t� pulse drives the MDW beyond “A,”
but before the next maximum “B,” then the MDW reaches
the next minimum of energy. This means that two out of
three consecutive linear segments of the profile automati-
cally bring the MDW to the next minimum. This makes the
device quite robust, since there is no need to very-fine-tune
the applied pulse He�t� to reach the next “step” in the step
motor.

Obviously, for homogeneous magnetic materials, the di-
mensionless pinning force fp is less than 1. In this case, the
threshold amplitude honset of the magnetic pulse is deter-
mined by the sawtooth geometry. For rough estimates, we
take standard parameter values. For instance, for permalloy
films, M �1 kOe, Ha�10 Oe, lexchange�3 nm, x0�1 �m,
�l / l0�5, and ��1 ��m. This gives ��30 nm � x0, t±

�10 �s, and Honset�Hpin+1.5 Oe. The pinning field is a
property of the specific magnetic material and its prepara-
tion. In some cases, it could be estimated. For example, fol-
lowing Ref. 41 �for the domain-wall pinning on planar de-

fects characterized by a lower magnetic anisotropy field H̃a�,
we find Hpin /Ha
1− H̃a /Ha. An analogous estimate for a
film with geometrical imperfections provides Hpin

Ha��d /d� �here �d is the characteristic roughness of the
film thickness�. Note that it is easy to prepare samples with
the pinning field lower than several Oe. When increasing the
pulse amplitude, additional domain walls can penetrate from
the open ends of the structure. For homogeneous materials
this occurs for H
Hc�Ha, where Hc is the critical field for
nucleating a domain wall.

IV. LOGIC GATES

The nucleation and propagation of domain walls in the
patterned sawtooth film can be used for the design of logic
devices.11,12 Here we propose the asymmetric magnetic
structure shown in Fig. 3: a larger �e.g., rectangular� element
is attached to one of the ends of the sawtooth structure. Us-
ing this device, we can construct an XOR logic gate. Al-
though not shown in Fig. 3, the magnetic wall XOR gate
includes the solenoid magnet for applying pulses of an ex-
ternal magnetic field in order to magnetize this magnetic
structure as well as to nucleate and move the magnetic do-
main wall.

The initialization and operation of this gate are shown in
Fig. 3. Namely, the large pulse of the externally applied mag-
netic field magnetizes the whole structure either up or down.
When the whole magnetic structure is magnetized upward, it
is a logic state “1,” and when the whole structure is magne-
tized downward, it is a logic state “0” �see Fig. 3 and Table
II�. Next, we combine both the zero average ac field Hac�t�
and a dc bias field Hdc. For instance, let us consider rectan-
gular ac pulses with temporal period T: Hac�t�=Hac�t+T�,

Hac�t� = H0 for t 	 T/2 and

Hac�t� = − H0 for t 
 T/2. �11�

It is possible to assign another state, that is, “1” for Hdc
directed up and “0” for Hdc directed down �see Fig. 3 and
Table II�. We can always choose an ac signal so that H0

 �Hdc� and H0− �Hdc�	Hc	H0+ �Hdc�, where Hc is the
threshold field for domain-wall nucleation at the open end of
the sawtooth structure. Due to strong shape anisotropy, the
magnetization reversal field Hc1 of the large attached element
is higher than both Hc and H0+ �Hdc�.

If both states coincide �“1” + “1” � or �“0” + “0” �, the
magnetization reversal process does not occur �output is “0”�
�see Fig. 3 and Table II�. Indeed, when the ac magnetic-field
direction is opposite to the direction of the film magnetiza-
tion, the total field H0− �Hdc� is not enough to create a domain
wall at the open end �i.e., the whole magnetic structure is
magnetized either up or down during an XOR operation and
there is no domain wall�.

For the cases when �“1” + “0” � or �“0” + “1” �, the dc
field assists the ac field �H0+ �Hdc�� to nucleate a domain with
opposite magnetization with respect to the magnetization of
the larger element. Therefore, when both states are different,
�“1” + “0” � or �“0” + “1” �, the nucleated domain wall
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moves back and forth inside the structure. This produces a
magnetic response attributed to a new state “1” �see Fig. 3
and Table II� and could be measured �e.g., by pick-up coils�.
The amplitude of the output signal depends on the duration
of the ac pulses. Thus, this device operates as an XOR logic
element.

V. CONCLUSIONS

We propose ways to precisely control the motion of do-
main walls in patterned magnetic films. These could be used
for making controllable step motors moving domain walls
and for logic gates. Our estimates indicate that these devices
can be made from rather standard magnetic materials using
conventional technology. These devices can operate at room
temperature since thermal noise is negligible with respect to
their characteristic energies.
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APPENDIX

The stray-fields energy, Estr, can be estimated using meth-
ods from Refs. 13 and 40. Following Ref. 40, we introduce
the potential � of the stray magnetic field, which obeys the
Laplace equation

�2� = 0 �A1�

with the boundary conditions at the sample edges

− � ��

�n
�

+0
+ � ��

�n
�

−0
= 4�Mn, �A2�

where �� /�n�±0 means normal to the surface derivative over
and under the surface, respectively. The stray energy is

Estr =
1

2
�

S

dSMn� . �A3�

The integration is performed over the sample surface S.
This calculation requires the value of the normal to the

surface component of the magnetization vector, Mn. In gen-
eral, this value is a function of the coordinate over the
sample surface and should be found using a minimization of
the total energy functional �1�. However, we assume Mn to
be constant and the appropriate value will be estimated be-
low. We neglect the contribution to Estr from the film side
surfaces and from the sample ends assuming that Mn is neg-
ligible over these surfaces since both the anisotropy axis and
the external field are along the z direction.

The problem is linear and we can separate the potential �
into a sum of contributions from each sawtooth edge, �
=i�i. The normal component of the magnetization at each
edge, Mni, is plus or minus �Mn� depending on the domain-
wall position. The edge that is crossed by the domain wall is
treated as two shorter edges with a different sign of Mni.
Each potential �i is the solution of the standard boundary
problem �A1� and �A2� with Mn= ± �Mn�. Using a Green’s
function approach for the Laplace equation, we find

�i��i,�i,z� = −
Mni

2
�

0

�i1

d�i��
0

s

dz�
1

���i − �i��
2 + �z − z��2 + �i

2
,

�A4�

where we introduce the coordinates ��i ,�i� along and trans-
verse each sawtooth edge. The integration in Eq. �A4� is
performed over the corresponding edge. Then, by shifting
and rotating the coordinate planes ��i ,�i ,z�, we transform
them to the common coordinate system �x ,y ,z�, and find for
the stray fields energy

Estr = −
1

4
�i,jMniMnj�

Sj

dSj�i�Sj� . �A5�

The integration is performed over each edge surface Sj.
Using the last formula, we can present the contribution to

the force acting on the domain wall due to the stray fields,
fstr=−�Estr /�x, in the form

TABLE II. Inputs and output of the domain-wall XOR gate. The domain-wall motion reveals that the two
inputs were different. No domain wall implies that the two inputs were equal.

Input A Input B Output

magnetization of large element:
upward for “1”
downward for “0”

dc magnetic field Hdc

up Hdc
0 for “1”
down Hdc	0 for “0”

domain-wall motion
oscillates for “1”
no domain wall for “0”

0 0 0

1 1 0

0 1 1

1 0 1
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fstr =
Mn

2s2

2 cos �
J�x,�� , �A6�

where �=arctan��l /x0� is the angle between the sawtooth
edge and the x axis, and J�x ,�� is a dimensionless function.
This function was calculated numerically using Eqs. �A4�
and �A5�, and the coordinate transformation procedure de-
scribed above. As a result, we find that J�x ,�� is approxi-
mately logarithmic with x, and is zero if the domain wall is
in the middle of the sample. This result is natural. Also, if
�=0, then the sample is a plane strip and, in this case, the
problem can be solved analytically,

fstr 

Mn

2s2

2
ln�L − x

x
�, x2,�L − x�2 � s2,

where L is the total sample length. Zero force corresponds to
an optimal domain configuration. Now we should estimate
the normal to the surface magnetization component Mn. This
value is quite different for hard and soft ferromagnetic ma-
terials.

Consider the magnetization distribution near the sample
edge. To reduce the stray field energy, the magnetization vec-
tor deflects from the direction of the easy axis within some
region of the thickness �1 near the surface. Following Ref.
40, the value of Mn can be found by minimization of the sum
of the stray, anisotropy, and the exchange magnetic energies
in the layer �1. Omitting numerical factors, the surface en-
ergy per unit area can be estimated as

Esur = Mn
2s − MHa�1 cos2 � + � �M

�z
�2

lexchange
2 �1, �A7�

where � is the angle between the easy axis and the magne-
tization vector M. The value of the angle � is determined by

Mn=M cos��+��, and we replace ��M /�z�2 by the approxi-
mate value ��M cos �−Mn� /�1�2.

It can be verified that in the case of a hard ferromagnetic
sample, when Ha�M, then cos �=0 and Mn=M cos �. In
this case, the stray fields force is fstr
M2 cos �s2g�x ,�� /2,
where g is a slowly varying function of the order of 1. The
stray fields contribution to the total force acting on the MDW
can be neglected if �EW s��l /�x��� �fstr� or

sin �

cos2 �
�

1

8�
� M

Ha
�1/2 s

lexchange
, Ha � M . �A8�

The last inequality could be fulfilled if the sample thickness
is not large and the angle � is not small. For example, for
Ha=M and s / lexchange=103 the inequality �A8� is valid if �
�80°.

In the case of a soft ferromagnet, when Ha�M, the value
of Mn becomes much less than M. Assuming that the angle �
is not very small, the minimization of the value Esur in Eq.
�A7� gives

Mn 
 �MHa
lexchange

s
�1/2

. �A9�

The condition �EW s��l /�x��� �fstr� now reads

tan � �
1

8�
�Ha/M�1/2, Ha � M . �A10�

Thus, we can neglect the stray fields contribution for soft
ferromagnetic samples. Note that taking into account the y
component of the magnetization vector could only reduce the
stray fields term. The thickness of the surface region �1 is of
the order of the domain-wall thickness �. This means that the
proposed approach is valid if �l and x0 are greater than �.
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