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A central problem for implementing efficient quantum computing is how to realize fast operéimthsone-
and two-bit ones However, this is difficult to achieve for a collection of qubits, especially for those separated
far away, because the interbit coupling is usually much weaker than the intrabit coupling. Here we present an
experimentally feasible method to effectively couple two flux qubits via a common inductance and treat both
single and coupled flux qubits with more realistic models, which include the loop inductance. The main
advantage of our proposal is that a strong interbit coupling can be achieved using a small inductance, so that
two-bit as fast as one-bit operations can be easily realized. We also show the flux dependence of the transitions
between states for the coupled flux qubits.
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I. INTRODUCTION of the magnetic fluxes. Estimations show that the flux qubit

Josephson-junction circuits can exhibit quantum behavean have a relatively high quality factStHere we include
iors. Among qubits based on Josephson-junction circuits, théhe effect of the loop inductance in a three-junction flux qubit
charge qubit realized in a Cooper-pair box can demonstratend couple two flux qubits via a common inductance. Be-
quantum oscillation$.An improved version of this circuit cause the critical current of each Josephson junction in the
has showed quantum oscillations with a high quality fa€tor. flux qubit is larger than that in the charge qubit, we can
In addition to charge qubits, flux qubits achieved in a superproduce astrong interbit coupling using an inductance as
conducting loop with orfeor three Josephson junctidns small as 20 pHcorresponding to a loop diameter of approxi-
have been studied and some of these have shown quantyghtely 16,m and comparable to the loop inductance of the
dynamlcs'? The pha§e nglt consists of a large-area currentsing|e flux qubit currently achieved in experimentand
biased Josephson junctién. _ _ thereby two-bit as fast as one-bit operations can be easily

Capacitive couplings of two superconducting quidiisth 5 -hieveq, improving the efficiency of quantum computing.
chargef and phase-typ&swere attained recently in experi- Moreover, we show a different flux dependence of the state

ments, and quantum enta}nglement was observed in these_ S¥ransitions in two coupled flux qubits. We find that, except
tems. Also, controllable interbit couplings of charge qubltsfor some specific values of the external flux, the forbidden

were proposed using a variable electrostatic transfofraer, - i .
brop g transitions in the two coupled flux qubits become allowed

current-biased Josephson junctin,and a tunable . -
P ] when the parameters of the two qubits change from being

dc-SQUID These interbit couplings can link nearest- " . ) .
neighboring qubits. Actually, there are quantum—computing’n't'a”y equal to each other and then making these different.

protocols(e.g., adiabatic quantum computiAgthat only de- Coupling two flux qubits by a mutual inductance was pro-
mand nearest-neighbor couplings. However, for more genP0sed in Refs. 19-21 and was recently realized in
eral quantum-computing protocols, it is desirable to achievé€xperiments>2* Here we treat both single and coupled flux
strong-enough couplings among nonneighboring qubits agubits using more realistic models, which include the loop
well. When charge qubits are coupled WyC-oscillator inductance. We numerically solve the Schrddinger equation
modes$2 or by an inductancé&’ long-range interbit couplings to obtain the energy levels and the eigenstates of the flux-
can be realized, but a very large value of the inductance igubit systems. This numerical method allows us to extend
needed. An alternate way of coupling charge qubits was prosur study to the larger inductance regime.
posed using a Josephson junctién-’ Moreover, the charge The paper is organized as follows. In Sec. Il, we study a
qubit can be very sensitive to the background charge fluctuasingle flux qubit containing loop inductance. It is shown that
tions, which generate noise that severely limits the perforthe system can still be used to achieve a qubit even for a
mance of charge-qubit devices and, unfortunately, is difficulfarger loop inductance of ~1 nH. Section Ill focuses on
to reduce. two flux qubits coupled by a common inductance. In Sec. IV,
In this paper, we present an experimentally feasibleve study the state transitions induced by the microwave
method to effectively couple two flux qubits. In contrast with field. Section V deals with the circulating supercurrents and
the charge qubit, the flux qubit imsensitiveto the charge quantum measurement. Finally, the discussion and conclu-
noise. In this qubit, the major noise is due to the fluctuationsion are given in Sec. VI.
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Flux Transformer Fqu‘Oubit I =1osin ¢y, (4)
X N
| Lsg- | | 01152 E, C with 1o=27E;/®,, is the circulating supercurrent.
s When the loop inductance is included, the Hamiltonian of
L ® D, d315 E;Cy the single flux qubit is
P2 P2

} E,C H=z—F+—""+y , , 5
| 053 22 2Mp oM, (¢p Pm) 5

(a) Magnetometer
with the potential energy given by

< ] | U(¢p, ) = Eo[2 + a — 2 cos¢, COS ¢y, — a cog27f’
| 1 2 1
+ 2]+ 3L12. 6
q)(lﬂT EJ(}) CF) (D(lz)f Eﬁ) Cl(z) ¢m)] 2 ( )
Here
L oq  rEREAe oftogeiol
c e . J
(I)S)l E.g) Cg‘) (Dg)l E.g) Cf) I:)k: _Ih(?_¢k, k= p,m,
ly 12 Lo M, = 2C(dy/2m)?, (7)
(b) B, B, Mpm=Mp(1 + 20),
FIG. 1. (Color onling (a) A flux qubit, where an external mag- and
netic flux ®, pierces the superconducting loop that contains three 1
Josephson junctions and an inductahcélhe Josephson energies $p= §(¢l+ ®2),
and capacitances of the junctions &g =E;,=E; C;=C,=C,
Ejz=aE; and Cz=aC. Here we choosex=0.8 and E;=35E, bm= %(¢1‘ ®2). (8

whereE.=€?/2C. (b) Two flux qubits coupled by a common induc- )

tanceL, where the external flusb, is applied within the left loop AlSO, the supercurreritcan be rewritten as

A1LB1A;. The parameters of each flux qubit ﬁ%‘l:ES'Z):ES'), | = 1o Sin(, + &) (9)
cV=cl=ch, EQ)=aEY, andCy'=,C?, with i=1,2. Here we o _ o

chooseq;=0.8 andE’ =35, whereE!'=e?/2C(". To implement ~ The Hamiltonian(5) is reduced to Eq(12) in Ref. 19 when

a readout of the flux-qubit states, a switchable superconducting fluk — O.

transformer is employed to couple the dc-SQUID magnetometer Figure 2 presents the contour plots of the periodic poten-
with the inductance. in (@) or L in (b) during the quantum mea- tial U(¢y, ¢y,) for f=0.5 anda=0.8. The numerical results
surement. However, this coupling is switched off in the absence ofhow that the minima of the potentiglreservethe two-

a readout. dimensional centered cubic lattice even for a large loop in-

ductance. For inductance ratio
BL=LIL, (10)

from zero to one(where Ly=®y/27l, is the Josephson-
We first consider a single flux qubit in the absence of gjunction inductance a well-defined double-well potential
quantum measurement, where the dc-SQUID magnetometetructure exists at each lattice point even though at higher
for measuring quantum states of the flux qubit is decouple@nergies the well shapes are modified by the loop inductance
from the qubit. As shown in Fig.(&), the flux qubit consists L. This double-well structure is required for achieving a two-
of a superconducting loop with three Josephson junctiongevel system. As shown in Fig. 3, the lowest two levels of the
and the total inductance of the whole loop lis Fluxoid  single-qubit system are not significantly affected by the
quantization around the loop imposes a constraint on theariation of 3, (when O< 8, =1) because the corresponding

II. SINGLE FLUX QUBIT
A. The model

phase drops across the three junctions, two eigenstates are mainly contributed by the weakly
, BL-dependent ground state in each well. However, since
b1~ dot pg+ 2mf" =0, (1) varying L significantly modifies the well shapes at higher
where energies, the excited states within or above the wallsch,
as seen in Fig. 3, dominantly contribute to the eigenstates
= L 2) corresponding to the third and higher leyel'ecome pro-
D, nouncedlyB, dependent. Indeed, Fig. 3 shows that the top
, three levels are sensitive to the variation&f (even when
Here, ®o=h/2e is the flux quantum, 0= B, =1). Moreover, with the loop inductance increasing
f=dJD, 3) to B.=4 [see Fig. 2c)], a more distorted double-well struc-
ture appears at each lattice point, and a local energy mini-
represents the reduced magnetic flux, and mum develops along the diagonal direction between every
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FIG. 2. (Color online Contour
plots of the potential energy
U(¢p, ém), In units of E,, for «
=0.8 and f=0.5. Here B
=2mlgL/®Pg= (@ 0, (b) 1, (c) 4,
and (d) 10. Notice that the well-
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two adjoining double-well structures. These newly devel-even with a large loop inductance f=1, in the vicinity of
oped local minima will affect the two-level system achievedf=0.5 the two lowest eigenstatédenoted byl0) and|1) for

for the qubit. When the loop inductance increases even moréhe ground and the first excited states, respectivedynain

to B, = 10[see Fig. 2d)], the periodic potential is even more suitable basis states for a flux qubit. Within the subspace of
distorted. In this case, the well-defined double-well potentialubit states spanned H9) and |1), the Hamiltonian is re-
structure vanishes, and thus the flux qubit breaks down. duced to

H = e1|1)(1] + £6/0)0]. (13

&,the average energye,+&g)/2 is chosen to be the new
zero-point energy of the flux qubit, then the Hamiltonian can

B. Energy spectrum

The energy spectrum and the eigenstates are determin

by be further expressed as
HWY (¢p, ) = EV(bp, i) (11 H=1ap,, (14)
Figure 3 shows the dependence of the energy levels on the
magnetic flux forg, <1. Here we choos&,=35E,, where  Wherep,=[1)(1[-[0)(0].
the charging energ¥, is defined asE,=e?/2C. These pa-
rameters are close to those used in a recently fabricated flux- C. Comparision with other works
qubit device? _ , _ In Ref. 24, the effects of the loop inductance in a flux
Around f=0.5, in sharp contrast with the higher energy qupit are considered using a perturbation approach, where
levels, the energy difference the Hamiltonian is expanded into three parts: an inductance-
A=g,— g, (12) free Hamiltonian, an inductance-related harmonic oscillator

term, and a small correction term. This perturbation method
between the lowest two levelsii®t sensitive to the variation s valid for 8, <1 because the correction term is proportional
of B.. In Fig. 4, we show the energy separation of the twoto the loop inductance of the flux qubit. Instead of using the
lowest levelsA as a function of3, . We find the interesting perturbation approach, we numerically solve Eiil) to ob-
result thatA(B,) is almost flat atf=0.5 (0.011<A(B.)/  tain the eigenvalues and eigenstates of the system. This nu-
E;<0.0135 when O< B, <0.85 These features indicate that, merical method allows us to extend our study to the regime
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FIG. 4. Energy differencé between qubit statds) and|0) as a
ool B=05 | | Bu=1 | function of B, for f=0.5. HereA is in units of E;. Notice that the

energy difference varies-0.00&; when varying the loop induc-
T ]
2.0M — tanceL.

w 1.8 /—\ I=11+15, (17)

| sv \/ where
. /\ /\ li = 1oi SIN(pi + D), (18)

with 1g=27E}/dg, and
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FIG. 3. (Color onling Energy levels of a single flux qubit vs 10 0
reduced fluxf for different values ofg., where only the levels of bmi=3ld1" — b7 (19
the stategi), i=0 to 5, are shown. Here the enerByis in units of The Hamiltonian of the two coupled flux qubits can be
E;. Notice the robustness of the two lowest levels for wide Change%vritten as
in the loop inductancé.
H=H1+H2+H|. (20)

of B ~1, where the lowest two eigenstates of the system C3fiereH; is the Hamiltonian of théth isolated flux qubit, with

still be used for achieving a qubit. Using the experimental|Oop inductance.; and circulating supercurrefy which has
value 1,~0.5 uA, this regime corresponds to a loop induc- the form in Eq.(5) but with f’ replaced by
tance ofL~1 nH. '

L

0

Also, E;, C, and « are replaced be)’, C¥ and «;. The
To couple two flux qubits, we use @mmoninductance interaction Hamiltonian is

L. shared by these two qubitsee Fig. 1b)]. Here the exter-

nal flux @, is applied within the loopA,L.B;A;. Also, the

IIl. COUPLED FLUX QUBITS fi=f+ (21

A. The model

2

= - EOTT.
circuit is designed in such a way that the mutual inductance Hi=Lelal % By 1L, (22
between loop#\;L.B;A; and A;B;B,AA; may be ignored. -
This is achieved when only a small fraction of the flux gen-where
erated by one loop passes through the ottiethis were not _ _
to be the case, the interbit coupling can still be achieved by II; = cod y; + 2L/ Po) — cosy;, (23
the common inductanck,, but the interaction Hamiltonian with
takes a more complicated formPhase drops through the .
three Josephson junctions of tile flux qubit are constrained Y = 2mti + 2¢py;, (24)
by andi #]j.
¢g) - ¢g) + d,g) +2mff+ (L +1L)/D] =0,  (15) When B =27lgL./®Pg<1, H, is approximated by

wherei,j=1,2(i#j), and Hy ==Ll (25)

Ly=Lo+ Ly, because

BV = Lyl (26)
La=betLiot Leo- 8 in this case(see the Appendix Within the qubit-state sub-

The total supercurrent throudh is space of thath isolated flux qubitH; is reduced to
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Hi=3400, (27)
where \/ 4,0\/
o 3.4t 1 ey
Pl =11 - |0)X0]. (28) —
In the vicinity of f=0.5, because the supercurrehtat states 3.9} ]
|1;) and|0;) have equal magnitudes but opposite directions,
can be written as 3.3} :
li= aiP(zi) + byl 1i)(0i| + by 01, (29 (a) 0.49 0.50 0.51 (b)3'08.419 0.50 0.51
where - 4.2F
a = (4|1,
34t ] N ———
41k 4
by = (1{1,|0p. (30) \/
Because the supercurrentat state|1;) (i.e., &) is propor-
tional to the slope of the energy level that corresponds to 33} 1 4.0r
state|1;) with respect tof (see, e.g., Ref. 19it falls to zero
at thesymmetricpoint f=0.5, where the level becomes flat.
Also, our numerical results show thgtbecomes a real num- 0.49 0.50 0.51 0.49 0.50 0.51
ber atf=0.5. Thus, we can rewrite at f=0.5 as ©) f (d) f
li= bip)((i), (31) FIG. 5. (Color onling Energy levels of two coupled flux qubits
. vs reduced fluxf for Ly;/L:.=0.1 and(L;,+Ly,)/L.=0.2. The pa-
with rametersp,; = 2l gL/ Py are (a) BL1=/5.,=0.03; (b) B 1=0.03,

; =0.04; (c =B,,=0.07; and(d =0.07, =0.1. Here
px’ = 11X+ [0 (32) tiLe2 energy(E)is/j;Ln1 uflLté of E. Ne;r::%.%, the eftLangy levels are
For 8,;<1, i.e., the common inductantg is very small, the  robust with respect to the asymmetry betwg®n and S .
Hamiltonian atf=0.5 can be cast to
2 4 When the interbit coupling increases further, the flat re-
_N' A ) (1) (2 ion for both levelse; and ¢, widens for two qubits havin
H _z 2AipZ XPx Py (33 %entical parameteréee Fia. £c)], but € ang & becomeg
much different in this region when the two qubits are not

with identical[see Fig. &d)]. Moreover, it can be seen that, fat
- Lbb =0.5, the gap between leveds and e, and that betweess;
X = Lcbib,. (34) . : . ; .
and e, become narrow when increasing the interbit coupling.
It is clear that the interbit coupling persistsfat0.5. At f=0.5, the first four energy levelg,, k=1 to 4, of the

coupled flux qubits can be approximated by

- B. Energy spectrum €= %EA, &= %EB’
Figure 5 shows the energy spectrum of the two coupled

flux qubits aroundf=0.5. In order to realize fast two-bit 1 1
operations while keeping the leakage from the qubit states to €=~ 3Es €=3Ea, (39
other higher-energy states small, we choose the interbit cou-
pling strength to be comparable to the energy difference af’"er®
f=0.5, between the basis statés and|0;) of each qubit. As
shown in Figs. &) and 8b), the energy spectrum remains
similar in the vicinity of f=0.5 when the two flux qubits
have different values of parameters. Furthermore, the two Eg=[(A1 - Ay)%+4y2Y2 (36)
higher energy levels; ande,, in the first four energy levels
(i.e., g with k=1 to 4 of the two coupled flux qubits are The gap between levels ande; is Eg, which increases with
flat in a relatively broad range arouri¢ 0.5; this flat region  x. The gap between levels ande, and that betweer; and
is much broaderthan the corresponding flat-energy-level €, are given byE,—Eg. Figures %a) and §b) correspond to
range of the single flux qubit arounti=0.5. The flux- x=A;; in Fig. 5@ whereA;=A,=A, the two equal gaps,
independent levek; in Fig. 5a) corresponds to a singlet En—Eg, atf=0.5 are(y2-1)A. Wheny further increases, the
eigenstate, while other three levels correspond to triplevalue of Ex—Eg decreases; namely, the two equal gaps be-
eigenstates. As expected, the transitions between this singlebme narrow[cf. Figs. 5c) and Rd)].
state and other three triplet states are not allowed by the In the case of Fig. ®), because 2lyL./$,=0.03, the
microwave perturbatiofcf. Fig. 6a)]. common inductance is

Ea=[(A;+ A%+ 4)(2]1/2,
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Majer et al?? using simpler model Hamiltonians for two
coupled flux qubits. However, because a different setup is
used in Ref. 22 for coupling the two qubits, the four energy
levels are flipped as compared to ours.

In our proposed setup, the shared part of the loop is on the
same side of each qubit and, as given in EJ), x>0.
Since the negative coupling term in E®3) favors the par-

B=0.03 Nt

0.5r

It

(a) 0.0 allel arrangement of thépseudgspins, the interbit coupling
: here isferromagneticIn contrast, in the setup of Ref. 22, the
B,=0.03 shared loop is on the opposite side of each qubit. This gives
" B.,=0.03 1 rise to a negative coupling paramejerTherefore, the inter-
2 bit coupling there is antiferromagnetic because thseu-
_ t,, do)spins tend to arrange antiparallel to each other.
= /\'/\ Here we use theommonloop inductance to couple two
flux qubits, while different setups are proposed in Refs. 19
s and 20, where thenutual inductance is used for coupling

(b)

flux qubits. Since the mutual inductance is always smaller
B,=0.03 each flux qubit, if the two flux qubits are coupled via the
| B,=0.04 | mutual inductanceinstead of the common loop inductance
in our approach a larger(sometimes much largetoop is
t24
/\/\/\ coupling. Therefore, due to the larger loop in each flux qubit,
the system would experience more serious flux noise. This is
: s Lo a very significant difference between these approaches.
©) f f qubits using more realistic models, including the loop induc-
tance. If our more general theory were used to deal with the
FIG. 6. (Color onling (a) Moduli of the transition matrix ele- different setup proposed in Ref. 22, for example, the simple
and (c) Moduli of the transition matrix elements between coupled-tion of the more general theory. The simpler model can ex-
qubit states|e;) and | vs f for Ly;/Lc=0.1 and(Lyp+Lp)/Le plain the current experiment in Ref. 22, and so does the
=0.2. Herelt;| is in units of gy in (a) andlg,®y in (b) and (c). general theory. Moreover, the more general theory presented

(sometimes can be much smalléran the loop inductance of
| required for each qubit to produce a strong-enough interbit
051 0.49 050 0;51 In our approach, we treat both single and coupled flux
mentst;; between single-qubit statéi and|j) vs reduced fluxX. () ~ model Hamiltonian used in Ref. 22 would be an approxima-
Note that, in(b) and(c), some transitions for the coupled two qubits here can explain additional features that would be relevant

are sensitive with respect to the asymmetryGpf and 8». for future experiments, while the simple model might not.
For instance, even for the single flux qubit, the simple model
L.~ 20 pH cannot tell how large the loop should be to break down the

_ N _ qubit. Moreover, the simple model involves only two levels

lo~0.5 uA. Such a small inductance is experimentally real-state transitions from these two levels to higher ones. How-
izable, e.g., using a loop of diametér=16 um. Also, our  ayer, the general theory can do it.

numerical calculations show that=0.68, at f=0.5. The
interbit coupling is thus of the order IV. STATE TRANSITIONS

x =Lcbib, = 0.01F;, (37 A. Transition matrix elements for single

which is equal to the energy difference at f=0.5 of the and coupled two qubits

single flux qubit withg, =0.03. The typical two-bit operation ~ When a microwave field with an appropriate frequency
time related with the interbit-coupling strength is is applied through the superconducting loop of the single flux
qubit, a transition between two states occurs. Now, the total
T~ hlx. (38) flux within the loop is®.+®d;, where

T~ T =MhiA, (39 s the microwave-field-induced flux through the loop. For a

wherer, is the one-bit operation time. Therefore, the corre-weak microwave field, the single flux qubit experiences a
sponding two-bit operation is as fast as the one-bit operatiorfime-dependent perturbation

C. Comparison with other works H'(t) = - 1®y cogwt + 6), (41)

Spectral results similar to the ones shown in Fig®) 5 and the transition matrix elemetjtbetween statef$) and|j)
and 3b) were also obtained by Storcz and Wilhélnand by is given by
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tj = (i[1Dx[j).

Similarly, when the microwave field is applied through the
left loop A;L.B;A; of the coupled flux qubits, the transition
matrix element;; between the coupled-qubit statey and
|€;) is then

(42)

tij = (&1 Dyle). (43

Note the difference between Eq42) and(43), though they
look similar to each other in expression; in E42), |i) is an
eigenstate of the single flux qubit andis the circulating
current in the qubit loop, whild in Eq. (43) is the total
currentl=1,+1, in the coupled-qubit circuit andk;) is an
eigenstate of the coupled two flux qubits.

Figure Ga) presents the flux dependence|gf for tran-
sitions|0) — |1), |0) — |2), and|1) — |2) in a single flux qubit.
Because of the symmetry of the wave functioftg]=0 at
f=0.5, and thus the transitidd) — |2) is forbidden. Also, it
can be seen thaty,| is not sensitive to the variation g,
while |to,| and|ty, are slightly reduced when increasigy.

This observation is consistent with the energy spectrum in

Fig. 3, where the gap between the lowest two levels 0 and

is not significantly changed, but the gap between levels 1 and

2 slightly increases witl8, . In Figs. &b) and Gc), we show
the flux dependence ¢f;| for all possible transitions in the

PHYSICAL REVIEW B 71, 024532(2005

a
tsw=— ~ 100 (=3 ng,
S ( 9
by increasing the microwave-field intensity.

Let the energy difference between staj@s(|1)) and |1)
(|2)) be iwg; (fiw1,). When the field is tuned to besonant
with the transition|0) — |1), the ratio of the transition prob-
abilities betweenl)— |2) and|0)—|1) can be estimated as

p12 _ [ Qa2 2 sirk(Q1/2)
p01_( QO ) sinz(er/Z)’ (49
where

Q=03+ (w15~ w2, (46)

Q4,=t15/%, and 7 is the duration of the microwave-field
pulse. When

=70 ~ 1007,

using the numerical resultshwy;=0.0129E; 7%wq,

=0.1876%F,, and|t;,/ty;|=0.38 atf=0.5, we have

1 P12 _15x%10°. (47)
Po1

This implies that the leakage to other states is small for a fast
one-bit operation implemented via a microwave field.

coupled flux qubits. When the two flux qubits have the same Corresponding to Fig.(8), |€;) and|e,) at f=0.5 are ap-

parameters, the transitions

|€1>—>|€3>,

l€) — |€3), (44)
|53> - |54>

areforbiddenbecauset;;| =0 [see Fig. €)]. However, they
are allowed (except for some specific values Dfwhen the
parameters of the two flux qubits are differ¢see Fig. €c)].

These properties are attributed to the changes in the symm

try of the qubit states. In particular, whér 0.5, |t;5 has the
largest value, whildt,,| has a smaller value and others are
either zero or much smaller.

B. One- and two-bit operations implemented
via microwave fields

For a single flux qubit with3 =0.03, the energy differ-
ence A between state$l) and |0) is 0.0129E; at f=0.5.
Using an experimental val@efor the critical currentlg
~0.5 A, we obtainE;~1.03 meV. The energy difference
of 0.0129E; corresponds to a gap of=3.2 GHz. The one-

bit operation can be implemented using a resonant micro-

wave field. For a weak driving field, the Rabi frequeriy;
is given by |ty,/%. The typical switching time istgy
=m/Qq; When the state¢0) and |1) flip. For instance, be-
causelty| =0.68,Py at f=0.5, the switching timeg, is
about 3 ns foll @y~ 1 peV. If the leakage from these two

proximated by

1
len) = W(UW@ +11)),

1
lex) = —=(/01) +[10)), (48)
V2

with
A+ (AZ + X2)1/2
nE—— .
X

Fﬁitially preparing the system at tHentangled ground state
|e,), one can produce thmaximally entangledtate|e,) us-
ing a microwave-field pulse of duratior- 7/ ()15, where the
Rabi frequency),, is given by|t;,|/A for a weak driving
field.

At f:0.5, we havdiw12=0.00528E3, ﬁw24=0.03124EJ,
and [t,4/t;5]=0.41. When the microwave field is in reso-

nance with the transitiofe;) — |e,) at f=0.5,

(49)

P24 _ g 4% 107
P12

(50)

for
7= 1/ Q5 ~ 20 w45.

Because the state leakage is very small, a fast two-bit opera-
tion can also be implemented using a microwave field.

V. SUPERCURRENTS AND QUANTUM MEASUREMENT

states to others is small, one can realize a fast one-bit opera- The circulating supercurrents flowing through the induc-

tion, e.g., with a switching time

02453

tancelL or L. are different for different eigenstates. This
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Also, it can be seen that at the eigenstates of the system the
circulating supercurrents in both single and coupled flux qu-
bits fall to zero atf =0.5. To read out the qubit states, one can
shift the system away from this point.

VI. DISCUSSION AND CONCLUSION

For the charge qubits coupled bgZ-oscillator mode¥ or
by an inductancé? the inductances proposed to be used are
~3.6 uH or ~30 nH, respectively, for a two-bit operation
ten times slower than the typical one-bit operation. An induc-
tance for coupling charge qubits similar to that in Ref. 13,
particularly, has a value much larger thap (=20 pH) for
coupling flux qubits. It is difficult to fabricate in a small size
without introducing a strong coupling with the environment.
Because two-bit operations are much slower than one-bit op-
erations in the inductively couplezhargequbits, an efficient
scheme is thus required to minimize the number of two-bit
(as opposed to one-pibperations to obtain a conditional
gate!* However, for inductively coupledlux qubits, the
above limitation in using two-bit operations for constructing
a conditional gate is removed because two-bit operations can
be as fast as one-bit operations. In this casg,schemes for
constructing conditional gates becomficientby minimiz-

0.49 0.50 0.51
(b) f (c)

FIG. 7. (Color onling (a) Supercurrent$ vs reduced flux at

eigenstate$0) and |1) of a single flux qubit forg =0.03.(b) Su- . ; )
percurrentsl; vs f at eigenstatese), k=1 to 4, of two coupled ing the number of operations that are udedher one- or

flux qubits for the symmetric circuit wittB ;=8 ,=0.03.(c) Su- two-bit). Note that th? common 'ndUCtance bf~20 pH.
percurrentdy, I, andl vs f at eigenstatebey), k=1 to 4, of two &N produce a_strong ||_1terb|t coupling. A_s a result,_ two-bit as
coupled flux qubits for an asymmetric circuit wif,;=0.03 and fast as one-bit operations can be achieved. This common
B.,=0.04. Here we choose,;/L.=0.1 and(L;,+Ly,)/L.=0.2 for ~ inductance is comparable to the loop inductarice,10 pH,
the coupled flux qubits. The supercurrents are in unitgah (@)  Of the single flux qubit currently realized in experiments.
andly; in (b) and(c). For the coupled two qubits, the total current ~ To couple several flux qubits, the inductances of all loops
I=1,+1, is robust with respect to the asymmetry @f, and g_». involved could be small, comparable to the loop inductance
, ) of a single flux qubit currently realized in experiments. This
property can be_ used for |mpl_ement|ng areadout of the qubi the case we studied in the present paper, where two
states. For a single flux qubit, arouriet0.5, the supercur- o hied flux qubits are considered. If a number of flux qubits
rentsl at e|ge_nstatek§)> and|1) (|_.e., <(_)|| |0>_ and<1|l|_1>) have are coupled, then the inductances of some loops will become
equal magnitudes but opposite directiofs®e Fig. T)].  |arger, but the common or shared inductance for producing

Durinfg quantum melasurzern_ent, one car_1hswitch on the flu,e interbit coupling can still be chosen sm@bout 20 pH.
transformer to couple the inductantewith a dc-SQUID ¢ yhe circuits except for the linéyL B, (corresponding to

magnetometefcf. Fig. @] to distinguish the two eigen- o common or shared inductapasuld be screened from
states of the qubit because at these two states the supercyr environmentthat is a big challenge for experimentalists

rentsl throughL generate two different fluxes in the SQUID for sure, the main noise would be due to the small common
loop of the magnetometer. In general, if the single flux qubitOr shared inductance.
is at the superposition stam|1)+co|0), Zthe measurement |, 4nclusion, we have proposed an experimentally real-
V.V'" show _that the qubit has probability;|” at th? eigenstate ;,,phle method for inductively coupled flux qubits that can
i), wherei=0, 1. For the two coupled flux qubits, the super-

h h th g ke diff achieve two-bit operations performing as fast as one-bit op-
currents through the common inductanicetake different o a6ons. We treat both single and coupled flux qubits with
values at its four eigenstates.

. : . . more realistic models, including the loop inductance. More-
Similar to the single flux qubit, a switchable flux trans- over, we show that the coupled flux qubits have different
former can be used to couplg and the SQUID loop of the g, _qenendent behaviors in the transitions between states.

magnetometer for reading QUt the CQUpIEd'qu't staf[es bEWe find that the forbidden transitions in the coupled two flux
cause the supgrcurreritsat different eigenstates contribute qubits become allowecexcept for some specific values of
different fluxes in the SQUID loop of the magnetometer. Thethe external flux when the parameters of the two qubits
supercurrents; at the four eigenstates of the coupled qL‘bitSchange from being initially equal to each other and then
are shown in Fig. (b) for two flux qubits having identical making these different.

parameters. Sinch=I, in this case, the total supercurrdnt
is 2I;. When the parameters of the two flux qubits become
different the total supercurrentls look similar to those in
Fig. 7(b), butl; andl, (which flow through the Josephson = We thank J.S. Tsai, T. Yamamoto, Yu. Pashkin, O. As-
junctions of the qubits changedrastically [cf. Fig. 7(c)].  tafiev, Y.X. Liu, L.F. Wei, T. Tilma, F. Wilhelm, Q. Niu, and

ACKNOWLEDGMENTS

024532-8



FAST TWO-BIT OPERATIONS IN INDUCTIVELY... PHYSICAL REVIEW B 71, 024532(2005

S.C. Bernstein for discussions and comments. This work was 2 '
supported in part by the National Security Agen@ySA) Hy == ALcllo - > aiEﬁ')gi, (A2)
and Advanced Research and Development ActiiitiRDA) i=1

under Air Force Office of ReseardFOSR Contract No. where

F49620-02-1-0334, and by the National Science Foundation

Grant No. EIA-0130383. J.Q.Y. was also supported by the 21 1\2 2 1 \4

National Natural Science Foundation of China, Grant Nos. A=1+2 [—Bfi<—'> + —,B‘L‘i<—') + ] (A3)
10174075 and 10474013, and the Special Funds for Major =113 lo 15 lo

State Basic Research of China Grant No. G2001CB3095.

and
APPENDIX: SERIES EXPANSION OF THE INTERACTION &=L cog 2! + 2¢m)
HAMILTONIAN ) 4
2 (1) 500 (ML
The supercurrent; flows through each of the three Jo- XUBG\ ) Yahal ) | (A4)
sephson junctions in thith flux qubit, sol; can also be o o
written as with
1= ailgi sin @3 = = il g SiN27r(f] + 1L/ Do) + 2], Bui = 2wl gL Do < /2. (A5)

(A1) The term AL.l,l, in H, produces an interbit coupling be-
wherei, j=1,2 andi # j. Taking advantage of this relation tween flux qubits 1 and 2, whileiE(J')gi slightly modifies the
for 1;, one can expand the interaction Hamiltoni@2) as energy levels of théth flux qubit.
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