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We propose using the Josephson vortices �fluxons� as adjustable and malleable waveguides of
electromagnetic radiation. Our theoretical and numerical calculations show that electromagnetic
waves can propagate along the Josephson vortices and always follow the vortex lines. By changing
external parameters, such as electric currents or magnetic fields, the shape and configuration of the
guiding vortex lines can be controlled. We describe the design of a multifunctional three-terminal
device that controls the transmission �redirecting or splitting� of a beam of electromagnetic waves.
© 2008 American Institute of Physics. �DOI: 10.1063/1.2979714�

I. INTRODUCTION

The recent growing interest in terahertz science and
technology is due to many applications.1,2 The terahertz gap
is still hard to reach for both electronic and optical devices.
Numerous groups are designing sources and detectors of
terahertz radiation.1,2 Several competing approaches for de-
veloping terahertz sources include optical lasers, quantum
cascade lasers, solid state, and superconducting devices.1–4

Less studies have been devoted to the guiding and filtering of
terahertz waves. Several works on terahertz waveguiding
have used conventional structures, such as metal tubes5 and
wires,6 plastic ribbons,7 and dielectric fibers.8 However, the
mechanical and elastic properties of these systems limit their
application for multiterminal terahertz devices that involve
fast switching between different ports.

Here we focus our attention to devices based on either
artificial contacts between two superconductors �Josephson
contacts� or intrinsic Josephson junctions in layered super-
conductors. Superconducting Josephson junctions are con-
sidered as promising systems for developing tunable sources
and detectors of high-frequency �subterahertz and terahertz�
electromagnetic radiation. For instance, integrated subtera-
hertz receivers based on low-temperature Josephson junc-
tions have been realized.4 Detecting far-field radiation emit-
ted from a high-Tc superconductor stack has been recently
achieved.9 An indication of terahertz emission by the vortex
flow in stacked Bi2Sr2CaCu2O8+x intrinsic Josephson junc-
tions has also been reported.10 Terahertz and subterahertz
electromagnetic waves propagating in long Josephson junc-
tions are called the Josephson plasma waves.11 An important
property of the Josephson plasma waves is the gap in their
energy spectrum: in the absence of an external constant mag-
netic field, the Josephson plasma waves can propagate only
if their frequency is above the so-called Josephson plasma
frequency �p. Both for conventional and intrinsic junctions

in high-Tc superconductors, �p lies in the subterahertz fre-
quency range;12 thus, the Josephson plasma waves are poten-
tially important for applications.13 Although the use of con-
ventional low temperature superconductors is limited to
below 1 THz by the superconducting gap, high temperature
layered superconductors, including Bi2Sr2CaCu2O8+x and
YBaCuO, lift this frequency limit to over 10 THz.14

When external magnetic fields are applied, the Joseph-
son vortices �JVs� can penetrate inside a Josephson junction.
Vortices locally change the properties of a Josephson junc-
tion, allowing the propagation of plasma waves with fre-
quency smaller than the plasma frequency �p. Here we sug-
gest the use of vortices as flexible waveguides and make a
proposal of devices that integrate the functionality of a filter,
a beam splitter, and/or a redirector of electromagnetic waves.
Section II introduces general issues on the propagation of
electromagnetic waves along a Josephson vortex used as a
waveguide. In Sec. III we describe three-terminal devices
that control the propagation of the Josephson plasma waves
and present numerical simulations of the two-dimensional
�2D� sine-Gordon equation. In Sec. IV we describe a pos-
sible experimental design of a three-terminal device. Section
V presents some concluding remarks.

II. PROPAGATION OF THE JOSEPHSON PLASMA
WAVES ALONG A JOSEPHSON VORTEX

Formally, the Josephson vortices are soliton solutions of
the nonlinear sine-Gordon equation, while plasma waves are
linearized wave solutions of it. In the absence of magnetic
fields, the spectrum of the Josephson plasma waves can be
described by �= �1+k2�1/2 �here we work with normalized
units where lengths are normalized to the Josephson penetra-
tion length �J, frequency is normalized to the Josephson
plasma frequency �p, velocities are normalized to the Swi-
hart velocity c̄=�J�p, which is the characteristic velocity of
propagation of electromagnetic waves in a Josephson junc-
tion�. Here k stands for the modulus of the wave vector.a�Electronic mail: phdrg@lboro.ac.uk.
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Thus, linear Josephson plasma waves cannot propagate if
their frequency � is smaller than 1 ��p in physical units�.
The presence of a vortex effectively suppresses the critical
current density and allows propagation of the Josephson
plasma waves below the plasma frequency with linear dis-
persion �=k.

Consider a long Josephson junction located in the
xy-plane, i.e., the z-axis is perpendicular to the junction
plane. The sine-Gordon equation for the gauge-invariant
phase difference � reads �e.g., Ref. 15�

�̈ − �� + sin � = 0. �1�

Here, the coordinates x and y are normalized by the Joseph-
son length �J, and the time t is normalized by �p

−1. Let

��x,y,t� = �JV�x� + ��x,y,t� ,

where

�JV�x� = 4 arctan ex

is a stationary phase distribution produced by a JV and ���
�1. We seek a solution of the form

��x,y,t� = ��x�exp�i�t − iky�

for the Josephson plasma waves of frequency ��0 propa-
gating along the JV. When keeping only the linear terms in
�, the wave amplitude � obeys an equation analogous to the
one-dimensional Schrödinger equation with a reflectionless
potential −1 /cosh2 x

d2�

dx2 + 2��2 − k2 − 1

2
+

1

cosh2 x
�� = 0. �2�

Some of the solutions of Eq. �2� are of the form

�q�x� = a�tanh x + iq�e−iqx

and are associated with the continuum spectrum �= �1+k2

+q2�1/2. These are waves running at an angle 	
=arctan�k /q� with respect to the Josephson vortex. The other
solution

�loc�x� =
a

cosh x

corresponds to a wave

��x,y,t� = �loc�x�exp�i�t − iky�

localized in the x direction and running along a Josephson
vortex line. Substituting the solution �loc�x� to Eq. �2� we
obtain the linear dispersion relation �=k. This branch of the
spectrum is gapless, which is not the case for conventional
Josephson plasma waves. Similar gapless spectrum of elec-
tromagnetic waves was obtained for an array of vortices 40
years ago in Ref. 16.

Note that the waves with �
1 may only propagate
along a Josephson vortex and always follow the vortex line.
Thus, a vortex behaves as a flexible waveguide for such Jo-
sephson plasma waves. This opens an opportunity for de-
signing classes of devices that employ the Josephson vortices
to guide and filter electromagnetic radiation. To demonstrate

this novel concept here we focus our attention on a three-
terminal device for controlling electromagnetic waves.

III. SPLITTER OF THE JOSEPHSON PLASMA WAVES

Because the arrangements of the Josephson vortices can
be controlled by an external magnetic field or electric cur-
rents, it is possible to change the direction of propagating the
Josephson plasma waves by tuning the external parameters.
We have performed numerical simulations that demonstrate
the guiding of electromagnetic waves by several configura-
tions involving a number of vortices. A few of these results
are available as online videos in Ref. 17. To control the Jo-
sephson plasma waves we would like to have a system where
the arrangement and orientation of vortices are effectively
tuned by a magnetic field, so that the orientation of the vor-
tices can be controlled. We will call this system a wave split-
ter. The splitter can be realized as a hexagonal-shaped 2D
Josephson junction as shown in Fig. 1. Different stable con-
figurations can be initiated by applying an external magnetic
field to different edges of the hexagonal junction. Depending
on the orientation of the vortex arrangement, electromagnetic
waves incoming from, say, the bottom edge of a hexagon
will follow the JV lines and will be redirected according to
the orientation of the Josephson vortices inside.

Using a finite element software package COMSOL MULT-

IPHYSICS 3.2A we have performed numerical simulations of
the 2D sine-Gordon equation �Eq. �1�� for a hexagonal split-
ter, as shown in Fig. 1. First, stable arrangements of vortices
have been calculated for the cases when a magnetic field is
applied to different edges. A magnetic field applied to a par-
ticular edge of the hexagon forces vortices to penetrate inside
it “linking” two adjacent edges �see, e.g., Fig. 1�a��. We used

FIG. 1. �Color online� ��a�–�c�� Vortex configurations in a hexagonal Jo-
sephson junction with each side equal to 20 Josephson penetration lengths
�J. The color scale denotes the magnetic field density given by the gradient
of the superconducting phase difference ����. ��d�–�f�� Propagation of the
Josephson plasma waves with frequency �=0.32. The plasma frequency of
the Josephson transmission lines is �̃p=0.2�p, where �p is that of the hex-
agonal junction. The width of the attached Josephson transmission lines is
W=20 in normalized units. The damping is absent. ��d�–�f�� correspond to
the vortex configurations �a�–�c�. The color scale depicts the relative ampli-
tude of the plasma waves as a ratio of the transverse electric field E to its
maximal value Emax for each simulation. �d� and �e� show mode transfers
from planelike waves to alternating wave mode in the upper branches. Nu-
merical solutions showing the spatiotemporal evolution of the waves are
available online �Ref. 17�.
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the following Neumann boundary conditions �see, e.g., Ref.
15�:

n · �� = 0

for boundaries with no magnetic field and

n · �� = n · �H � ez�

for the boundary with applied magnetic field H �see Figs.
1�a�–1�c��. Here H is normalized by H0=�Jjc, where �J and
jc are the Josephson penetration length and critical current
density of the hexagonal contact, correspondingly, and ez is a
unitary vector.

After the stable configurations of vortices are found, we
have simulated the propagation of linear Josephson plasma
waves through each of them. We send a beam of the Joseph-
son plasma waves and look for the transmission of waves
through the system after its dynamics is stabilized. As shown
in Fig. 1 and in the numerical solution animations in Ref. 17,
the incoming beam of plane waves enters through the bottom
transmission line that is coupled to the bottom boundary of
the hexagon. We model the transmission line by a long Jo-
sephson junction with a plasma frequency �̃p lower than the
plasma frequency in the hexagonal junction �p. This allows
the propagation of waves of frequency � in the transmission
line, but not in the hexagon itself if the vortices are absent
and 1����̃p /�p. Propagation of waves in the Josephson
transmission lines can be described by the linear equation for
the electric field component E

Ë − �E + �2E = 0

with �= �̃p /�p, ratio of plasma frequencies in the Josephson
transmission lines and in the hexagonal junction, and

Ë − �E + cos���x,y��E = 0

in the hexagonal junction, where ��x ,y� describes the sta-
tionary configuration of the Josephson vortices calculated
numerically from the 2D sine-Gordon equation �Figs.
1�a�–1�c��. We use continuous boundary conditions for the
electric field components to link the hexagon with the trans-
mission lines. The incident beam of electromagnetic waves
in the lower transmission line �see Figs. 1�d�–1�f�� had the
form of the plane wave E�x ,y , t�=sin��t−ky� with ampli-
tude 1 and the wave vector k= ��2−�2�1/2�0. Solving the
time-dependent linear problem of wave propagation through
the stable vortex configurations, we obtain the distribution of
electric field component E for transverse electric waves in
the Josephson junctions �Figs. 1�d�–1�f��. One can see that
the peak concentrations of the electric field in the hexagon
tend to follow each vortex, as was described in Sec. II.

We have quantitatively studied the transmission of the
Josephson plasma waves through the configuration of the
Josephson vortices shown in Fig. 1�a�. The transmission co-
efficient T was defined as the ratio of the input and output
energy fluxes

T =
Eout�t + �t� − Eout�t�

�
t

t+�t

Pindt

at some time t, long enough for the dynamics in the hexago-
nal junction to have stabilized. Here Eout�t� is the total energy
accumulated in the output transmission line

Eout�t� =� � 	 Ė2

2
+

��E�2

2
+

�2E2

2

dxdy ,

where integration is over the domain of the Josephson trans-
mission line and Pin is the input energy flux carried by the
incident plane wave. Using the plane wave in the forms
E�x ,y , t�=sin��t−ky� and �t=2 /�, the integral

�
t

t+�t

Pindt = kW ,

where W=20 is the normalized width of the transmission
line.

The frequency dependence T��� for the configuration
�Fig. 1�a�� at different values of the magnetic field is shown
in Fig. 2: it exhibits oscillations associated with the matching
of the wave vector k with the full length L of each vortex
line, k=kn�n /L with integer n. Thus, the peaks of trans-
mission are at frequencies

�n = ��2 + kn
2. �3�

For lower frequencies �smaller wave vectors� the matching
of the longest vortex is the most pronounced. For example,
the first four peaks for the top �red� curve in Fig. 2 can be
associated with the resonance frequencies n=3,4 ,5 ,6 that
occur on the longest vortex with L37. One sees that the
peaks occur at �3=0.32, �4=0.39, �5=0.47, and �6=0.55.
At lower frequencies, the amplitude of oscillations is large
and related to the matching of the waves to the longest vor-
tex, whereas for higher frequencies the amplitude of oscilla-
tions decays due to the interference of waves propagating
through several vortex lines �see Fig. 2�.

FIG. 2. �Color online� Dependence of the transmission coefficient T on the
plasma wave frequency �. The peaks and dips are related to the matching of
the plasma wavelength to the length of the vortex lines. The plasma fre-
quency of the Josephson transmission lines is �̃p=0.2�p, where �p is that of
the hexagonal junction.
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Increasing the magnetic field H applied to one of the
edges can abruptly change the vortex configuration when a
new vortex penetrates. This results in a series of transmission
steps observed in our numerical simulations and is shown in
Fig. 3. Increasing H not only increases T but, surprisingly,
may also lead to a drop in T�H�. The latter effect is associ-
ated with changing the length of the vortices away from the
resonant matching condition �Eq. �3��. This is more pro-
nounced for lower frequencies, as seen in the inset of Fig. 2.

Note that the device can also change the propagation
mode in the transmission lines, as seen in Figs. 1�d� and 1�f�
and Fig. 1�e�. Depending on the vortex configuration, a wave
with zero transverse wave vector propagating in an input
transmission line can transform into a wave with nonzero
transverse wave vector for Figs. 1�d� and 1�f� or to the same
mode, Fig. 1�e�. This offers the possibility of using this de-
vice as a “mode changer.”

IV. POSSIBLE REALIZATION OF A THREE-TERMINAL
MULTIFUNCTIONAL DEVICE

A Josephson plasma wave splitter can be implemented as
shown in Fig. 4. Three of the six edges of the hexagonal
junction play the role of terminals �ports P1, P2, and P3�
where the Josephson plasma waves can enter or exit. In par-
ticular, the conventional waveguides or long Josephson junc-
tions �Josephson transmission lines� with the Josephson
plasma frequency �̃p lower than �p in the hexagon can be
attached to these terminals. In this case, the Josephson
plasma waves with frequencies between �̃p and �p can
propagate along the Josephson transmission lines but are re-
flected by the hexagonal junction. The other three edges of
the hexagon are used for injecting the Josephson vortices
inside the system. This can be done by applying electric
currents flowing in thin electrode strips attached to the edges,
as shown in Fig. 4. If the thickness of the structure is much
smaller than the width of the electrodes, the magnetic field is
mainly localized between the top and bottom electrodes.
Thus, an electric current flowing in two parallel electrodes

induces a magnetic field on only one edge of the hexagon
and provides a negligible contribution to the magnetic field
on all other edges. This results in the penetration of vortices
through the edge confined between electrodes with the cur-
rent. Therefore, we can manipulate the configuration of vor-
tices with the external currents I1, I2, and I3 �see Figs.
1�a�–1�c��. For instance, when applying current I1 we can
link ports P1 and P2 by the Josephson vortex lines �Fig.
1�a��. By properly adjusting currents I1, I2, and I3 this device
links any ports, including situations where more than two
ports are linked to each other �e.g., Fig. 1�b��. According to
our numerical calculations with 2D sine-Gordon equation,
the typical switching time between configurations �Figs. 1�a�
and 1�c� 1�c�� is determined by both damping and the char-
acteristic size of the system, and it lies in the range of nano-
seconds or faster.

The Josephson plasma waves propagating in the trans-
mission line TL1 can be directed to either TL2 by applying
current I1, or toward TL2 by applying current I3 �see Figs.
1�a�, 1�c�, 1�d�, and 1�f��. Thus, the device can be used to
redirect terahertz radiation coming from port P1 to either P2

or P3 by guiding the Josephson plasma waves along the Jo-
sephson vortices. If we simultaneously apply currents I1 and
I3, the same device can be used to split a beam of terahertz
radiation into two beams propagating in TL2 and TL3. This is
shown in Figs. 1�b� and 1�e�. Thus, beams of the Josephson
plasma waves can be effectively controlled by currents I1, I2,
and I3.

V. CONCLUSION

We have shown that the Josephson vortices can act as
waveguides for low frequency Josephson plasma waves that
otherwise cannot propagate and proposed a three-terminal
device that can split, redirect, and filter waves. The device
can be tuned by external currents and can switch quickly
between different operating regimes. Because no mechanical
parts are involved, such devices are expected to be more
reliable compared to their mechanical analogs and could be
integrated in one chip with other superconducting devices.
Analogous physical systems similar to the proposed splitter
of the Josephson plasma waves were discussed earlier in the

FIG. 3. Dependence of the transmission coefficient T on the applied mag-
netic field H for two fixed frequencies, �=0.32 and �=0.90. The abrupt
steps are associated with the penetration of a new vortex when a magnetic
field is increased. The associated change in energy of the arrangement of
vortices in the hexagonal Josephson contact is shown in the inset.

FIG. 4. �Color online� Schematic of a three-terminal electromagnetic wave
controller based on a hexagonal-shaped Josephson junction. The three ter-
minals or ports, P1, P2, and P3, are used to input/output electromagnetic
waves by means of the attached transmission lines TL1, TL2, and TL3

�shown in gray�. The currents I1, I2, and I3 flowing along the top and bottom
parallel electrodes �shown in blue�, connected to the edges of the hexagonal
junction, control the value of the magnetic field.
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literature: electron waveguide Y switches,18 atomic double
waveguides,19 soliton splitters,20 and plasmon-polariton Y
splitters.21 Standing alongside with them, the splitter of the
Josephson plasma waves can be well controlled by electric
currents and may find applications in subterahertz or tera-
hertz technology.
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