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Creating a tunable spin squeezing via a time-dependent collective atom-photon coupling
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We present an experimentally feasible method to produce a large and tunable spin squeezing when an ensemble
of many four-level atoms interacts simultaneously with a single-mode photon and classical driving lasers. Our
approach is to simply introduce a time-dependent collective atom-photon coupling. We show that the maximal
squeezing factor measured experimentally can be well controlled by both its driving magnitude and driving
frequency. In particular, when increasing the driving magnitude, the maximal squeezing factor increases and
thus can be rapidly enhanced. We also demonstrate explicitly in the high-frequency approximation that this
spin squeezing arises from a strong repulsive spin-spin interaction induced by the time-dependent collective
atom-photon coupling. Finally, we evaluate analytically, by using current experimental parameters, the maximal
squeezing factor, which can reach 40 dB. This squeezing factor is far larger than previous ones.
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I. INTRODUCTION

Spin-squeezing states are quantum correlated states with
reduced fluctuations in one of the collective spin components
[1–3]. Such states not only play a central role in investigating
many-body entanglement [2,4–9], but also have possible
applications in atom interferometers and high-precision atom
clocks [2,10,11]. Now the preparation of spin-squeezing states
has become an important subject in quantum information
and quantum metrology [2,3]. In principle, nonlinear spin-
spin interactions are necessary for producing spin-squeezing
states and, moreover, have been constructed experimentally in
both multicomponent Bose-Einstein condensates (BECs) [12–
18] and atom-cavity interacting systems [19,20]. However,
the generated spin-spin interactions are weak, and thus the
corresponding maximal squeezing factors (MSFs) acquired
are lower than 10 dB [2,3]. Recently, many proposals [21–30]
have been suggested to enhance the upper limits of the MSFs
in laboratory conditions, but the experimental challenges are
difficult.

Here we present an experimentally feasible method to
achieve a large and tunable spin squeezing when an ensemble
of many four-level atoms interacts simultaneously with a
single-mode photon and classical driving lasers. Recently, a
similar setup has been considered experimentally in a BEC-
cavity system, and a remarkable quantum phase transition,
from a normal phase to a superradiant phase of the Dicke
model, was observed [31,32]. The distinct advantage of this
setup is that the realized Dicke model has a tunable collective
atom-photon coupling through manipulating the intensities of
the classical driving lasers [33].
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The central idea of our work is to simply introduce a time-
dependent collective atom-photon coupling in the realized
Dicke model. We show that the MSF can be well controlled
by both its driving magnitude and driving frequency. In
particular, when increasing the driving magnitude, the MSF
increases, in contrast to the known results of the undriven
Dicke model [2], and thus can be enhanced rapidly. In the
high-frequency approximation, we demonstrate explicitly that
this spin squeezing arises from a strong repulsive spin-spin
interaction induced by the time-dependent collective atom-
photon coupling (for the undriven Dicke model, only a
weak attractive spin-spin interaction is generated). Finally, we
evaluate analytically, using current experimental parameters
[31,32], the MSF, which can reach 40 dB. This MSF is far
larger than previous ones [12–20].

II. MODEL AND HAMILTONIAN

Figure 1(a) shows our proposed experimental setup in
which an ensemble of many four-level atoms interacts simul-
taneously with a single-mode photon of the optical cavity and
a pair of classical driving lasers. Each atom has two stable
ground states, labeled respectively by |G1〉 and |G2〉, which
are coupled through a pair of Raman channels, as shown
in Fig. 1(b). The photon, with the creation and annihilation
operators a† and a, mediates the |G1〉 ←→ |1〉 and |G2〉 ←→
|2〉 transitions, with atom-photon coupling strengths g1 and
g2, whereas the classical driving lasers induce the |G1〉 ←→
|2〉 and |G2〉 ←→ |1〉 transitions, with Rabi frequencies �1

and �2.
In the large-detuning limit, the excited states of the

atoms can be eliminated adiabatically, and thus an effective
two-level system, with the collective spin operators Sx =∑

i(|G2〉ii〈G1| + |G1〉ii〈G2|) and Sz = ∑
i(|G2〉ii〈G2| −

|G1〉ii〈G1|), can be constructed. When the parameters are
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FIG. 1. (Color online) (a) Proposed experimental setup. (b) The
atom energy levels are driven simultaneously by a single-mode photon
of the optical cavity and a pair of classical driving lasers.

chosen as [33]

g2
1

�1
= g2

2

�2
,

g1�1

�1
= g2�2

�2
, (1)

we realize a Dicke-like Hamiltonian [34]

H = �pa†a + ω0Sz + g√
N

(a† + a)Sx. (2)

In the Hamiltonian (2), the effective cavity frequency �p =
δc + Ng2

1/�1, where δc = ωc − (ωl2 − ω′
b), N is the number

of atoms, ωc is the real cavity frequency, ω′
b = (ωl2 − ωl1)/2

is a frequency close to the frequency ωb of energy level |G2〉,
ωl1 and ωl2 are the driving frequencies of the classical lasers,
respectively, and �1 is the detuning. This effective cavity
frequency �p varies from −GHz to GHz, and even goes
beyond this regime. However, when �p < 0, the system be-
comes unstable [31,32]. Thus, hereafter we consider �p � 0.
The effective atom frequency ω0 = (ωb − ω′

b), which is of
the order of several hundred kHz. The collective atom-photon
coupling strength g = √

Ng1�1/�1, which can reach the
order of a GHz by independently manipulating the intensities
of the classical driving lasers.

III. SPIN SQUEEZING

This four-level model has been regarded as a promising
candidate to produce both field squeezing and spin squeezing.
For example, two-mode field squeezing [35] and unconditional
two-mode squeezing of separated atomic ensembles [36]
have been considered by introducing two cavities, mediating
the |G1〉 ←→ |1〉 and |G2〉 ←→ |2〉 transitions, respectively.
Recently, it has been proposed that spin squeezing can be
achieved by designing degenerate ground states |G1〉 and |G2〉
(ω0 = 0) [37,38]. In particular, Ref. [38] demonstrated the
existence of a collective atomic dark state, decoupled from
the cavity mode field. When explicitly constructing this steady
dark state, spin squeezing, which is considerably more robust
against noise, can be achieved simultaneously [38]. Here,
we mainly achieve a large and tunable spin squeezing by
considering a time-dependent collective atom-photon coupling
strength g(t), and explore its physical consequences.

When the Rabi frequencies of the classical driving lasers
are chosen as

�1 = �2 = �d cos(ωt), (3)

FIG. 2. (Color online) Numerical plot of MSF ξ 2
M of the undriven

Dicke model (2) (black solid curve) and the time-dependent Hamil-
tonian (5) (red dashed curve) when N = 10. Inset shows the MSF
ξ 2

M for N = 20. In these figures, the other parameters are chosen as
�p = ω0 and ω = 10ω0.

the collective atom-photon coupling strength becomes

g(t) = g
d

cos(ωt), (4)

where g
d
= √

Ng1�d/�1 is the effective driving magnitude
and ω is the driving frequency. Substituting Eq. (4) into the
Hamiltonian (2) yields a time-dependent Dicke model

H (t) = �pa†a + ω0Sz + g
d

cos(ωt)√
N

(a† + a)Sx. (5)

If the initial state is chosen as

|ψ(0)〉 =
∣∣∣∣Sz = −N

2

〉
⊗ |0〉, (6)

the corresponding squeezing factor is defined as [39]

ξ 2
R(t) = N�S2

	n⊥ (t)

|S(t)|2 , (7)

where 	n⊥ refers to an axis, which is perpendicular to the mean-
spin direction, |S| = √〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2, and

�A2 = 〈A2〉 − 〈A〉2 (8)

is the standard deviation. If |ξ 2
R| < 1, the state is spin squeezed,

and its phase sensitivity, �ϕ = ξ 2
R/

√
N , is improved over the

shot-noise limit. In addition, the initial state |0〉 is a pure state
not containing any photons and consequently is not affected
by the cavity decay [40,41].

It is very difficult to derive an analytical expression for
the squeezing factor of the time-dependent Hamiltonian (5).
However, in experiments, the MSF

ξ 2
M = min

[
ξ 2

R(t)
]

(9)

is usually measured [2]. Thus, hereafter we focus mainly on
this MSF ξ 2

M. In Fig. 2, we numerically calculate the MSF ξ 2
M

of the undriven Dicke model (2) (black solid curve) and the
time-dependent Hamiltonian (5) (red dashed curve), with the
same initial state |ψ(0)〉.
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FIG. 3. Numerical plot of MSF ξ 2
M of the time-dependent Hamil-

tonian (5) when gd = 20ω0 and N = 10.

For the undriven Dicke model (2), when increasing the
static collective atom-photon coupling g, the MSF ξ 2

M increases
rapidly and then decreases once g goes beyond a critical
value gc. Its physics can be understood as follows: When
g < gc, the system is located at the normal phase with no
macroscopic collective excitations of both the atoms and the
photon, i.e., 〈a†a〉 = 0. However, this virtual photon acts as
a bus and thus generates an attractive spin-spin interaction
−S2

x , which can be demonstrated, in the limit when �p � g,
by second-order perturbation theory [42–45]. Moreover, the
interaction strength depends on g2/�p. Thus, when increasing
a weak g, the MSF ξ 2

M increases. When g > gc, the undriven
Dicke model exhibits a strong atom-photon interaction. When
increasing g, the atoms and the photon become more and more
entangled, and the spin squeezing is suppressed. In particular,
in the limit when g � {�p,ω0}, this atom-photon interaction
plays a dominate role in the quantum dynamics of the undriven
Dicke model. For the given initial state |ψ(0)〉, we have

Sz(t) = N

2
cos(Cgt), (10)

where C = a† + a, and thus

ξ 2
R(t) = 0. (11)

This result agrees well with the direct numerical calculation,
as shown by the black solid curve of Fig. 2.

For the time-dependent Hamiltonian (5), the MSF ξ 2
M

exhibits some surprising behavior. As shown by the red dashed
curve of Fig. 2, the MSF ξ 2

M can be largely enhanced by
increasing the driving magnitude g

d
, which is in contrast

to the results of the undriven Dicke model. In Fig. 3, we
numerically plot the MSF ξ 2

M as a function of the driving
frequency ω. We find that the MSF ξ 2

M can also be enhanced by
choosing a proper driving frequency ω. In the high-frequency
regime, the MSF ξ 2

M decreases when increasing the driving
frequency ω. The above predictions imply that a large MSF
can be prepared by controlling the time-dependent collective
atom-photon coupling g(t) in experiments.

IV. gd -INDUCED STRONG REPULSIVE
SPIN-SPIN INTERACTION

We now illustrate the fundamental physics that explains
why this surprising behavior of spin squeezing can occur in
the driven Dicke model. In general, we cannot extract the inter-
esting physics for any driving frequency ω. Fortunately, in the
high-frequency approximation, we will demonstrate explicitly
that the time-dependent collective atom-photon coupling gives
rise to a magnitude-dependent repulsive spin-spin interaction,
which is essential for producing spin squeezing. This result
is quite different from that of the undriven Dicke model, in
which only a weak attractive spin-spin interaction is generated
by the static collective coupling.

We first employ a time-dependent unitary transformation

U (t) = exp[−iχ sin(ωt)(a† + a)Sx], (12)

with

χ = gd

ω
√

N
, (13)

to rewrite the time-dependent Hamiltonian (5) as

Hu(t) = U †(t)H (t)U (t) − iU †(t)
∂U (t)

∂t
. (14)

After a straightforward calculation, we have

Hu(t) = �p

[
a†a + iχ sin(ωt)(−a† + a)Sx + χ2 sin2(ωt)S2

x

]
+ω0{Sz cos[χ sin(ωt)(a† + a)]

+ Sy sin[χ sin(ωt)(a† + a)]}. (15)

In addition, for a given quantum state |ψ(t)〉 of the Hamiltonian
(5), the time-dependent quantum state of the Hamiltonian (14)
is written as

|ψu(t)〉 = U (t) |ψ(t)〉 . (16)

When t = 0, |ψu(0)〉 = U (0)|ψ(0)〉 = |ψ(0)〉.
By means of the formulas

cos[ϑ sin(ωt)] = J0(ϑ) + 2
∞∑

m=1

J2m(ϑ) cos(2mωt),

(17)

sin[ϑ sin(ωt)] = 2
∞∑

m=1

J2m+1(ϑ) sin[(2m + 1)ωt],

where J0(·) and Jm(·) are the zeroth- and integer-order Bessel
functions, respectively, the time-dependent Hamiltonian (15)
is rewritten as

Hu(t) =
∞∑

n=−∞
hn exp(inωt), (18)

where

h−1 = ω0J1

[
gd (a† + a)√

Nω

]
Sy − �pgd (a − a†)Sx

2
√

Nω
, (19)

h0 = �pa†a + ω0J0

[
gd (a† + a)√

Nω

]
Sz + �pg2

dS
2
x

2Nω2
, (20)

h1 = �pgd (a − a†)Sx

2
√

Nω
+ ω0J1

[
gd (a† + a)√

Nω

]
Sy. (21)
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The other expressions for hn (n � 2) are too complicated to
list here.

In the high-frequency approximation (ω � {�p,ω0}) [46],
we neglect all the time-dependent terms in the Hamiltonian
(18), in analogy with the standard rotating-wave approxima-
tion, and then obtain an effective time-independent Hamilto-
nian

He = q

N
S2

x + �pa†a + ω0J0

[
gd√
Nω

(a† + a)

]
Sz, (22)

where

q = �pg2
d

2ω2
. (23)

The Hamiltonian (22) shows clearly that the time-dependent
collective atom-photon coupling induces a repulsive spin-spin
interaction (q > 0 for �p > 0), which can be controlled
widely and independently by tuning the effective cavity
frequency �p and, especially, the driving magnitude gd and
the driving frequency ω.

We emphasize that for the undriven Dicke model, the
attractive spin-spin interaction −S2

x is mediated by a virtual
photon. As a result, its interaction strength is weak, and can be
derived from second-order perturbation theory when �p � g

[42–45]. However, the repulsive spin-spin interaction realized
here arises from the driving photon under the high-frequency
approximation, which needs to satisfy the following condition:
ω � {�p,ω0} (the condition �p � g in the undriven Dicke
model is now relaxed). This means that the driving magnitude
g

d
can reach the same order as the driving frequency ω

and go beyond the effective cavity frequency �p. Thus,
the corresponding interaction strength can reach a large
value. For example, when the parameters are chosen as
gd = ω = 2π × 0.5 GHz and �p = 0.1ω = 2π × 0.05 GHz,
then the repulsive spin-spin interaction strength becomes
q = �pg2

d/(2ω2) = 2π × 250 MHz, which is 2 to 3 orders
larger than that of the undriven Dicke model [19,20].

In order to further reveal the role of the generated repulsive
spin-spin interaction q, in Fig. 4, we numerically compare
the MSF ξ 2

M of the time-dependent Hamiltonian (5) with that
of the effective time-independent Hamiltonian (22). These
results imply that the spin squeezing of the time-dependent
Hamiltonian (5) for the initial state |ψ(0)〉 can be well
described by the effective Hamiltonian (22) in the high-
frequency approximation. That is, we can employ the effective
time-independent Hamiltonian (22) to analyze the predictions
in Figs. 2 and 3.

It should be remarked that, for the time-independent
Hamiltonian (22), there also exists a weak photon-induced
spin-spin interaction in the z direction, apart from the repulsive
spin-spin interaction qS2

x/N . However, when the initial state is
chosen as |ψ(0)〉 = |Sz = −N/2〉 ⊗ |0〉, this photon-induced
spin-spin interaction has almost no role in producing spin
squeezing. This means that the repulsive spin-spin interaction
is central for producing spin squeezing in the time-dependent
Hamiltonian (5), with the initial state |ψ(0)〉. When increasing
the driving magnitude g

d
, this repulsive spin-spin interaction

q increases and reaches a large value. This strong repulsive
spin-spin interaction q can significantly enhance the MSF ξ 2

M,
as shown by the red dashed curve of Fig. 2. However, when

FIG. 4. (Color online) Numerical plot of MSF ξ 2
M as a function of

the driving magnitude gd , when ω = 20ω0 and N = 10. Inset shows
MSF ξ 2

M versus driving frequency ω, when gd = 20ω0 and N = 10.
In these figures, the black solid curves denote the results of the time-
dependent Hamiltonian (5) and the red open symbols correspond to
the results of the effective time-independent Hamiltonian (22).

increasing the driving frequency ω, the repulsive spin-spin
interaction q becomes weaker and, correspondingly, the MSF
ξ 2

M decreases, as shown in Fig. 3.

V. A LARGE SQUEEZING FACTOR IN EXPERIMENTS

In this section, we evaluate the MSF ξ 2
M by considering

current experimental parameters, especially with a large atom
number. For a large atom number N ∼ 104, the MSF ξ 2

M is
hard to obtain numerically. Fortunately, in such a case, we
have gd/(

√
Nω) → 0. This implies that the effective time-

independent Hamiltonian (22) becomes

He = q

N
S2

x + ω0Sz. (24)

When ω0 � q/N , the MSF ξ 2
M for the Hamiltonian (24) can

be derived explicitly from the frozen-spin approximation [2].
In terms of the Heisenberg equation of motion, we obtain

Ṡx = −ω0Sy,
(25)

Ṡy = − q

N
(SzSx + SxSz) + ω0Sx.

For the given initial state |ψ(0)〉 = |Sz = −N
2 〉, 〈Sy(0)〉 =

〈Sx(0)〉 = 0, and 〈S2
y (0)〉 = 〈S2

x (0)〉 = N/4. In general, the
differential equations (25) cannot be solved analytically. How-
ever, when ω0 � q/N , 2〈Sz(t)〉/N remains approximately
unchanged under the initial state |ψ(0)〉, as shown in Fig. 5.
This implies that we can make an approximation by replacing
Sz by −N/2, which leads to the harmonic solutions

Sx(t) � Sx(0) cos(ηt) + ω0

η
Sy(0) sin(ηt),

(26)
Sy(t) � Sy(0) cos(ηt) − η

ω0
Sx(0) sin(ηt),

where

η =
√

ω0(ω0 + q). (27)
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FIG. 5. (Color online) Quantum dynamics of 2〈Sz(t)〉/N for
the different spin-spin interaction strengths: q/N = 0.01ω0,q/N =
0.1ω0, and q/N = ω0, when N = 100.

Based on Eq. (26), we have

�S2
x (t) = N

4

[
cos2(ηt) + ω2

0

η2
sin2(ηt)

]
,

(28)

�S2
y (t) = N

4

[
cos2(ηt) + η2

ω2
0

sin2(ηt)

]
.

Since η > ω0, the reduced spin fluctuations occur in the
x direction, i.e., the definition of spin squeezing, ξ 2

R(t) =
N�S2

	n⊥ (t)/|S(t)|2, becomes

ξ 2
x (t) = 4�S2

x (t)

N
. (29)

Substituting the expression �S2
x (t) in Eq. (28) into Eq. (29)

and then choosing

t = (2n + 1)π

2ω
(n = 0,1,2, . . . ), (30)

the MSF is finally obtained by

ξ 2
M = ω2

0

η2
= 1

1 + q/ω0
, (31)

which agrees with the direct numerical calculation, as shown
in Fig. 6.

It can be seen from Eq. (31) that, when increasing the
driving magnitude gd , the MSF ξ 2

M increases (red dashed curve
in Fig. 2), but decreases when increasing the driving frequency
ω (Fig. 3). In addition, Eq. (31) also shows that the MSF
ξ 2

M is independent of atom number N . In fact, the value of
the atom number N restricts the upper limits of the repulsive
spin-spin interaction strength q, since Eq. (31) is valid for
q � Nω0. When N = 104, we approximately take q = 103ω0,
which becomes q = 104ω0 when N = 105. This means that,
using current experimental parameters with N = 105, the MSF
reaches 40 dB (30 dB for N = 104). When ω0 ∼ q/N or
ω0 < q/N , the analytical expression in Eq. (31) is invalid.
However, with decreasing ω0, the MSF increases [2,3].

FIG. 6. (Color online) The MSF ξ 2
M as a function of the driving

magnitude gd , when ω = 20ω0 and N = 100. Inset shows MSF ξ 2
M

versus the driving frequency ω, when gd = 20ω0 and N = 10. In these
figures, the black solid curves denote the direct numerical calculation
of the effective time-independent Hamiltonian (24), and the red open
symbols correspond to the analytical results in Eq. (31).

In multicomponent BECs, the spin-spin interactions can
also be realized by controlling the direct atom-atom collision
interactions. In principle, this effective spin-spin interaction
can be tuned by a magnetic-field-dependent Feshbach resonant
technique [47]. However, similar to the result of the undriven
Dicke model, its strength is also weak (from kHz to MHz) and
is far smaller than our prediction (∼ several hundred MHz).
As a result, the generated MSF is also far smaller than our
result (40 dB).

VI. POSSIBLE EXPERIMENTAL OBSERVATIONS

Here we briefly discuss how to possibly observe these
results in experiments. As an example, we consider the D2

line of 87Rb. The two stable ground states, |G1〉 and |G2〉 in
our proposal, are chosen as two hyperfine substates of 5S1/2,
i.e., |F = 1,mF = −1〉 = |G1〉 and |F = 2,mF = 2〉 = |G2〉,
with a splitting ∼2π × 6.8 GHz; whereas the virtual excited
states |1〉 and |2〉 can be chosen as two of the hyperfine
substates in the 5P1/2 excited state. The decay rates for
the 5P1/2 excited state and the photon are given by γ =
2π × 3 MHz and κ = 2π × 1.3 MHz, respectively [48].

In addition, by controlling the frequency ω′
b, which is close

to the frequency ωb of the energy level |G2〉, the effective atom
frequency is of the order of several hundred kHz. Moreover, the
repulsive spin-spin interaction strength q can be of the order
of a GHz by independently manipulating the intensities of the
classical driving lasers. For example, when the parameters
are chosen as gd = ω = 2π × 0.5 GHz and �p = 0.1ω =
2π × 0.05 GHz, then q = �pg2

d/(2ω2) = 2π × 250 MHz.
Therefore, the condition q = 104ω0 for achieving the MSF
ξ 2

M = 40 dB can be satisfied. Moreover, the shortest time for
generating the MSF is t = π/(2ω) = 0.5 ns � τa = 1/γ =
53 ns. This means that the large spin squeezing can be well
realized within the atom decay time τa .
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VII. CONCLUSIONS

In summary, we have presented an experimentally feasible
method to achieve a large and tunable spin squeezing by
introducing a time-dependent collective atom-photon cou-
pling. We have demonstrated explicitly, in the high-frequency
approximation, that this spin squeezing arises from the strong
repulsive spin-spin interaction induced by the time-dependent
collective atom-photon coupling. More importantly, using
current experimental parameters with N = 105, we have
derived a large MSF of about 40 dB. We believe that these
results could have applications in quantum information and
quantum metrology.
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