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Abstract

We investigate the renormalization of the elastic matrix (elastic softening) of a vortex array aligned along the c-axis
due to the presence of a spatially homogeneous force-free c-axis current. The applied current decreases the stability of
the vortex solid phase with respect to thermal fluctuations, shifting the vortex-lattice melting to lower temperatures and/

or fields.
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Transport measurements are very useful for studying

the vortex lattice melting transition. The magnetic field

or temperature dependence of the in-plane [1] or out-of

plane resistivity [2] is often measured and the resistivity

onset is attributed to the vortex lattice melting transi-

tion. However, one can pose the question of how the

applied current itself influences the vortex lattice melting

transition. For instance, it is well known that a strong

enough force-free current can destabilize the vortex

lattice even at zero temperature, limiting the longitudi-

nal critical current density [3,4]. It is thus reasonable to

expect that a force-free current with density much

smaller than the critical value can suppress the stability

of the vortex solid for sufficiently large thermal fluctu-

ations, shifting the vortex lattice melting transition to

lower magnetic fields. This physical picture is theoreti-

cally studied in this paper.

An applied current flowing along straight vortex lines

(aligned here along the z-axis) does not affect them, but
affects curved vortex lines (e.g., locally tilted due to

thermal fluctuations). The Lorentz force acting on a

vortex segment is f l ¼ ðU0J=cÞ½ez � ou=oz�, with force-
free current density J ¼ Jez, flux quantum U0, speed of
light c, unit vector ez along the z-axis, and displacement
u of the vortex segment from its equilibrium position on

a triangular lattice. Using this expression, the elastic free

energy Fel in the presence of the force-free current can

be written as [4]:

Fel ¼
1

2

Z
d3k

ð2pÞ3
UabðkÞuaðkÞubð�kÞ � BJ

c

�
Z
d3k

ð2pÞ3
ikzðuxðkÞuyð�kÞ � uxð�kÞuyðkÞÞ; ð1Þ

where B is the magnetic induction along the z-axis and
UabðkÞ is the elastic matrix (see for instance [5]). The
integration in (1) should be performed over the first

Brillouin zone of the reciprocal lattice: k2x þ k2y <
4pB=U0, jkzj < kmaxz . For 3D anisotropic superconduc-

tors, the maximum value kmaxz of the z-component wave
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vector is about 1=nc, with the out-of-plane coherence
length nc; while for layered superconductors kmaxz is re-

stricted by the interlayer distance s as kmaxz 
 1=s.
To analyze how the z-axis current influences the

vortex lattice melting transition, we can use the Linde-

mann criterion c2La
2
p ¼ hu2i, with Lindemann number

cL 
 0:1–0:2 and the intervortex distance ap 

ffiffiffiffiffiffiffiffiffiffiffi
U0=B

p
.

The mean square vortex displacement hu2i produced by
thermal fluctuations is defined via the path integral

hðuðr0ÞÞ2i ¼
1

Z

Z
DuðrÞ ðuðr0ÞÞ2 expð�Fel=T Þ ð2Þ

with the partition function Z

Z ¼
Z

DuðrÞ expð�Fel=T Þ: ð3Þ

Because of the diagonal form of the free energy (1) in

the k-representation, the mean square displacement can

be calculated exactly:

hu2i ¼ T
Z
d3k

ð2pÞ3
Uxx þ Uyy

UxxUyy � U2xy � B2J 2k2z =c
2
: ð4Þ

Next, the integral (4) has to be estimated. In general,

the elastic matrix can be expressed as: Uxx ¼ c11k2x þ
c66k2y þ c44k2z þaLðkÞ; Uyy ¼ c66k2x þ c11k2y þ c44k2z þaLðkÞ;
Uxy ¼ Uyx ¼ ðc11 � c66Þkxky ; with compression c11ðkÞ,
shear c66 and tilt c44ðkÞ k-dependent elastic moduli, and
the Labusch parameter a associated with pinning. The
complicated k-dependence of the elastic matrix does not

allow to estimate the mean square displacement ana-

lytically, restricting us to numerical calculations. How-

ever, for strongly anisotropic layered superconductors

placed in a low c-axis magnetic field H < U0=k
2
ab (kab is

the in-plane penetration depth), the main contribution

to the elastic response comes from the electromagnetic

interaction of pancake vortices. In this case we can

roughly approximate the component of the elastic ma-

trix as

Uxx 
 Uyy 
 BU 44; Uxy 
 0; ð5Þ

where

U 44 ¼
U0

32p2k4ab
lnð1þ 4k2ab=c2La2pÞ ð6Þ

is the k-independent tilt stiffness of a pancake vortex

stack. Such an approximation [6] is valid for jkzj < k�z ¼

min 1=s; c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð1þ 4k2ab=c2La20Þ

q
=kab

� �
. Performing inte-

gration in (4) in the region jkzj < k�z and now using the
Lindemann criterion, we obtain the melting field:

Bmelt 
 pc2LU
2
0J cT ln

1þ Jk�z =cU 44
1� Jk�z =cU 44

� �� ��1

: ð7Þ

In the limit of zero current, this expression repro-

duces a previous result [6]:

Bmelt ¼
c2LU

3
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð1þ 4k2ab=c2La2pÞ

q
64pcTk3ab

: ð8Þ

Fig. 1 shows the Hc versus J phase diagram using
parameters representative for layered superconductors

like Bi2Sr2CaCu2O8þd.

In conclusion, we study the stability of the vortex

solid phase under the influence of an applied homoge-

neous force-free current. It was found that the current

suppresses the vortex solid phase, shifting the vortex

lattice melting phase diagram to lower magnetic fields.

We thus obtain the Hc versus J low-field phase diagram
showing the vortex solid and liquid phases.
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Fig. 1. The calculated Hc versus J phase diagram of the vortex
lattice melting transition using parameters representative for

Bi2Sr2CaCu2O8þd such as c ¼ 300, cL ¼ 0:2, kab ¼ 2000=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T 2=T 2c

p
�AA, s ¼ 15 �AA, T ¼ 70 K, Tc ¼ 90 K.
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