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This paper reviews quantum spin squeezing, which characterizes the sensitivity of a
state with respect to SU(2) rotations, and is significant for both entanglement detection
and high-precision metrology. We first present various definitions of spin squeezing
parameters, explain their origin and properties for typical states, and then discuss spin-
squeezed states produced with nonlinear twisting Hamiltonians. Afterward, we explain
pairwise correlations and entanglement in spin-squeezed states, as well as the relations
between spin squeezing and quantum Fisher information, where the latter plays a
central role in quantum metrology. We also review the applications of spin squeezing
for detecting quantum chaos and quantum phase transitions, as well as the influence of
decoherence on spin squeezing. Finally,we review several experimental realizations of spin
squeezing, as well as their corresponding theoretical backgrounds, including: producing
spin-squeezed states via particle collisions in Bose–Einstein condensates, transferring
photon squeezing to atomic ensembles, and generating spin squeezing via quantum non-
demolition measurements.
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1. Introduction

In the past two decades, spin squeezing [1–3] has attracted considerable attention, both theoretically and experimentally.
The notion of spin squeezing has arisen mainly from two considerations: the study of particle correlations and
entanglement [4–6], aswell as the improvement ofmeasurement precision in experiments [2,3,7,8]. However, the definition
of spin-squeezing is not unique, andwewill here review several definitions that have been used in the past. Themostwidely
studied squeezing parameters were proposed by Kitagawa and Ueda in Ref. [1], denoted by ξ 2S , and by Wineland et al. in
Ref. [2,3], denoted by ξ 2R . The spin squeezing parameter ξ 2S [1] was inspired by the well-known photon squeezing; while the
parameter ξ 2R [2,3] was introduced naturally in standard Ramsey spectroscopy experiments, where the squeezing parameter
ξ 2R is the ratio of the phase resolution when using a correlated state versus that when using a coherent spin state (CSS).
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One application of spin squeezing is to detect quantum entanglement [6,9,10], which plays a key role in both the
foundations of quantum physics and also in quantum-information processing [11,12]. The parameter ξ 2S , related to negative
pairwise correlations [13] and concurrence [14,15], can characterize pairwise entanglement for a class of many-body spin-
1/2 states. Ref. [4] proved that a many-body spin-1/2 state is entangled if it is spin squeezed with ξ 2R < 1. Indeed, spin-
squeezing parameters are many-body entanglement witnesses [6].

An important reason for choosing spin-squeezing parameters as measures of many-body correlations is that spin
squeezing is relatively easy to be generated and measured experimentally [16–25]. Spin-squeezing parameters only
involve the first and second moments of the collective angular momentum operators, and in many practical cases, e.g.,
in Bose–Einstein condensations (BECs), particles cannot be addressed individually, and only the collective operators can
be measured. To detect entanglement in experiments, a class of spin squeezing inequalities were proposed [26–28], based
on the first, second, and even the third moments of collective spin operators. The use of spin-squeezing parameters as
entanglement detectors has already been discussed in a recent review [6]. Moreover, spin squeezing could also be useful
for quantum computation (see, e.g., the reviews in [29–32]), as well as for quantum simulations (see, e.g., the review
in [33]).

Another application of spin squeezing, especially in experiments, is to improve the precision of measurements, e.g., in
Ramsey spectroscopy [2,3,8,34–40], as well as in making more precise atomic clocks [3,5,7,23,41–45] and gravitational-
wave interferometers [46–48]. Therefore, many efforts have been devoted to the generation of squeezing in atomic systems.
Basically, these works can be sorted in two categories: generating spin squeezing in atomic ensembles via atom–photon
interactions, and generating spin squeezing in a BEC via atomic collisions.

1.1. Generating spin squeezing in atomic ensembles via atom–photon interactions

Within this category, the very natural idea is to transfer squeezing from light to atoms [3,16,21,49–63], and many
proposals focused on transferring squeezing via electromagnetically induced transparency [64–73].

When considering light–atom interactions, the detuning between the light and the atoms is very important. In the large-
detuning regime, an effective Hamiltonian is obtained, consisting of a dispersive interaction term and a nonlinear interaction
term, and the magnitude of the two terms can be adjusted.

(a) The dispersive interaction between light and atoms results in a Faraday rotation of the polarization of light [74]. Then by
performing a quantum nondemolition (QND) measurement of the output light, the atomic ensembles can be squeezed
conditioned to the measurement results [23–25,39,41,43,74–100], and this method was realized in experiments [21,23,
24,64,75,101–103].

(b) The nonlinear termwhich describes interactions between atoms is a one-axis twisting Hamiltonian [1,104,105], and can
be used to generate spin squeezing [22,106–110].

There are also some other proposals, including: placing atoms in a high-Q cavity such that the atoms interact repeatedly
with a single-fieldmode (not squeezed) [111], and illuminating bichromatic light on the atoms in a bad cavity [112] without
requiring strong atom–cavity coupling. The intrinsic spin squeezing in a large atomic radiating system was studied in
Ref. [113], where spin-squeezed states were generated by strong interatomic correlation induced by photon-exchanging.
Spin squeezing can also be produced via a squeezing exchange between themotional and internal degrees of freedom [114].
In addition, squeezing can also be transferred from the atomic ensembles to photons [115–117].

1.2. Generating spin squeezing in a BEC via atomic collisions

In the second category, spin squeezing is produced in a BEC. Generating spin-squeezed states in a BEC has attracted
considerable interest during the last decade. The nonlinear atom–atom collisions in a two-component BEC can be described
by a one-axis twisting Hamiltonian [4,17,18,118–135], which is usually used to generate spin-squeezed states. Moreover,
the two-axis twisting Hamiltonian can be realized via Raman processes [136,137], or via two-component condensates in a
double-well potential [138]. Spin squeezing induced by Bragg scattering was studied in Refs. [139,140].

Spin squeezing can also be created in a spinor-1 BEC [141,142], via spin–exchange interactions [143,144], or via free
dynamical evolution [145,146]. As studied in Ref. [147], the ground state of a F = 1 dipolar spinor BEC with transverse
external magnetic field is spin squeezed. The squeezing of the ground state of spin-1 condensates in an optical lattice has
been studied in [148,149], where spin squeezing occurs in the Mott insulator phase. The decoherence induced by particle
collisions in the generation of spin squeezing was studied in [150]. Furthermore, spin-squeezed states generated in BEC are
robust to dissipation [151], and particle losses [125,152,153]. In addition, photodissociation-induced spin squeezing was
studied in Refs. [154,155].

The spin-squeezed states in BEC have been used to perform sub-shot-noise measurements [47,156] and detect weak
forces [157]. Experimental realizations of spin-squeezed states in BECwere reported in Refs. [17–20,158–160]. Recently, spin
squeezing in BEC has been re-examined by considering the effects of indistinguishability of particles [161,162], where spin
squeezing is neither necessary to achieve sub-shot-noise accuracies in quantummetrology, nor, in general, an entanglement
witness. Below, we only consider distinguishable cases. Besides the above two categories, other proposals (such as using the
Ising model to generate squeezed states) were studied in Refs. [42,163–165].



92 J. Ma et al. / Physics Reports 509 (2011) 89–165

1.3. Organization of this review

This review is organized as follows. First, in Section 2, we present a full list of definitions of spin squeezing, which were
initially proposed in various contexts and for different tasks. Thenwe show the relations between spin squeezing andbosonic
squeezing under the large-N limit and small excitations. In this case, spin squeezing reduces to bosonic squeezing.

In Section 3, we review the generation of spin-squeezed states via the one-axis twisting and two-axis twisting
Hamiltonians, which have fixed parity and particle-exchange symmetry. The proposal of using nonlinear Hamiltonians to
generate spin-squeezed states originates from quantum optics, where the nonlinear Kerr effect is employed to prepare
squeezed light. The dynamics controlled by the one-axis twisting Hamiltonian can be solved analytically. This type of
Hamiltonian is widely studied in the regime of spin squeezing, and could be implemented in BEC [4,17–20], and models
of atom–field interaction with large-detuning [22,106,166], etc. The two-axis twisting has advantages for generating spin
squeezing, compared to the one-axis twisting; however, the two-axis twisting is not easy to be implemented experimentally,
and analytical results cannot be obtained for arbitrary system size.

Since nonlinear Hamiltonians involve two-body interactions, one can infer that spin-squeezed states may be pairwise
correlated or entangled. This is reviewed in Section 4, where we study the relations between spin squeezing and negative
pairwise correlation. There we review the relations between spin squeezing and entanglement, and this is one of the
most important branches in the study of spin squeezing. The spin-squeezing parameter ξ 2S is closely related to pairwise
entanglement. Moreover, the squeezing parameter proposed in [15,28] has been found to be qualitatively equivalent to
the concurrence for systems with exchange symmetry and parity. The parameter ξ 2R can provide a criterion for many-body
entanglement. Thus, spin squeezing parameters can also be used to detect entanglement beyond pairwise entanglement.
Spin-squeezing parameters can also be used to detect entanglement in a system of spin-j particles. At the end of this section,
we also discuss the concept of two-mode spin squeezing, ofwhich bipartite entanglement is a valuable quantum information
resource.

In Section 5, we discuss spin squeezing and quantum Fisher information (QFI) in quantummetrology. The spin-squeezing
parameter ξ 2R arises in Ramsey interferometry, and the QFI lies at the heart of the parameter estimation theory. Both
quantities are used to characterize the entanglement-enhanced quantum metrology. Their relations are reviewed and
compared in the context of Ramsey interferometry.

In Section 6, we discuss the applications of spin squeezing to quantum phase transitions (QPTs) and quantum chaos. In
this section, we first employ the Lipkin–Meshkov–Glick model, which has a second-order QPT, to show that spin squeezing
can be used to identify the critical point. Then, we review spin squeezing in quantum chaos. Two typical chaotic models
are described: the quantum kicked-top model and the Dicke model. Some quantities, like entropy and concurrence, have
been studied in these two models, and spin-squeezing parameters can also reflect their chaotic behaviors. The lifetime of a
spin-squeezed state is much shorter when the system is chaotic than when the system is regular.

In Section 7, we consider the effects of decoherence. First, in Section 7.1, we discuss how decoherence affects the
generation of spin squeezing. Then in Sections 7.2 and 7.3, we discuss the robustness and lifetime of spin squeezing in
the presence of decoherence. Finally, in Section 7.4, we discuss how decoherence affects the ability of spin-squeezed states
to the improvement of phase resolution in Ramsey processes.

In Section 8,we review the generation of spin squeezing in experiments, including BEC, light-matter interaction, andQND
measurements. Theoretical background closely related to this topic is also provided here. For each physical system analyzed,
we provide a summary of a series of experimental results, as well as detailed discussions of several notable experimental
improvements. We first consider experiments on BEC, which involve Mott insulator transitions and one-axis twisting. Then
we review the transfer of squeezing, from light to atomic ensembles, via the absorption of a squeezed vacuum. At the
end, we discuss a QND-measurement scheme which generates conditional spin-squeezed states, and by utilizing feedback
techniques, one can produce unconditional spin-squeezed states.

Finally, we summarize some useful results and derivations in the Appendices A–E.

2. Definitions of spin squeezing

The definition of spin squeezing is not unique, and it depends on the context where squeezing is considered. The most
popular definitions were proposed by Kitagawa and Ueda [1], in analogy to photon squeezing, and by Wineland et al.
[2,3], in Ramsey experiments. The latter one is directly associated with quantummetrology. In addition to these two widely
studied definitions, there are some other definitions of spin squeezing, which were introduced for certain considerations.
Before discussing spin squeezing, we first provide a brief review of bosonic squeezing, widely studied in quantum optics.
These will give some initial indications on the possible definitions and the generation of spin squeezing.

2.1. Coherent state and bosonic squeezing

Let us first review some basic concepts of bosonic squeezing, which is widely studied in quantum optics [167–170]
and has applications in practical precision measurements [171,172]. Bosonic-squeezed states have also been studied
in other contexts, including squeezed phonons in condensed matter physics [173–176], nanomechanics [177], electron
transport [178], and squeezed states of microwave radiation in a superconducting resonant circuit [179,180].
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Consider the bosonic creation and annihilation operators aĎ and a, with the corresponding commutation relation
a, aĎ


= 1, (1)

satisfying a|n⟩ =
√
n|n − 1⟩ and aĎ|n⟩ =

√
n + 1|n + 1⟩, where |n⟩ is the number state, i.e., aĎa|n⟩ = n|n⟩. Below we

consider two dimensionless operators X and P given by

X ≡ a + aĎ, P ≡
a − aĎ

i
, (2)

which are the position and momentum amplitudes, respectively. The commutator
[X, P] = 2i (3)

results in the Heisenberg uncertainty relation
1X1P ≥ 1, (4)

where1A =


A2

− ⟨A⟩

2 is the standard deviation, and (1A)2 is the variance.

2.1.1. Coherent state
A coherent state [181–183], usually called minimum-uncertainty state, satisfies the following condition
1X = 1P = 1. (5)

Coherent states and their applications have been reviewed in [184,185]. From the above criterion (5), the simplest coherent
state is the vacuum state |0⟩. The coherent state is defined as

a|α⟩ = α|α⟩, (6)
from which the first moments of X and P , for the coherent state, are directly obtained as Eq. (5).

The uncertainty relation (4) cannot be violated. However, we can choose a state to make1X (or1P) smaller than 1, and
this type of state is called coherent squeezed state. Generally, squeezing occurs when the variance is less than 1 along any
direction in the X–P plane. We now introduce the operator Xθ in the X–P plane:

Xθ = eiθa
ĎaXe−iθaĎa

= ae−iθ
+ aĎeiθ , (7)

with X = X0 and P = Xπ/2 being special cases corresponding to θ = 0 and θ = π/2. We see that the generalized operator
Xθ can be obtained by rotating the operator X in phase space. The so-called principal-quadrature squeezing [186–188] is
characterized by a parameter

ζ 2
B = min

θ∈(0,2π)
(1Xθ )2, (8)

which is the minimum value of (1Xθ )2 with respect to θ , and ζ 2
B < 1 indicates bosonic principal squeezing. A minimization

in the above definition can be easily performed (see Appendix A)

ζ 2
B = 1 + 2


⟨aĎa⟩ − |⟨a⟩|2


− 2|⟨a2⟩ − ⟨a⟩2|, (9)

which only contains the expectation values ⟨a⟩, ⟨a2⟩, and ⟨aĎa⟩.

2.1.2. Generation of bosonic squeezed states
A bosonic squeezed state can be generated by applying the following nonlinear Hamiltonian

H = i

gaĎ2 − g∗a2


(10)

on a coherent state as
|α, η⟩ = S (η) |α⟩, (11)

with squeezing operator S:

S (η) = exp (−iHt) = exp

1
2
η∗a2 −

1
2
ηaĎ2


(12)

and complex number
η = r exp (iθ) , where r = −2 |g| t. (13)

In Section 3.2, we will see that the two-axis twisting Hamiltonian that generates spin-squeezed states is inspired from
this squeezing operator S. The nonlinear operator S mixes the X and P components and thus performs not only a rotation,
but also squeezing. As shown in Ref. [169], the standard deviations for the rotated operators are derived as

1Xθ/2 = exp(−r), 1Pθ/2 = exp(r). (14)
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The variance in Xθ/2 is reduced with a factor exp(−r), and the squeezing is determined by r , which is usually called the
squeezing parameter. Computer animations showing various types of squeezed states, including squeezed wave packets
are available online at [189].

Bosonic squeezed states can also be generated from the Kerr interaction Hamiltonian [190]

H = κ(aĎa)2. (15)
Choosing a coherent state as the initial state, the state at time t becomes

|ψ(t)⟩Kerr = exp

−iκt(aĎa)2


|α⟩. (16)

2.2. Coherent spin state

Now we turn to spin systems. Hereafter, we will mainly consider N spin-1/2 particles, since many practical cases deal
with two-level systems or qubits. A two-level atom interacting with a radiation field can be treated as a spin-1/2 particle in
a magnetic field. The angular momentum operators for this ensemble of spin-1/2 particles are given by

Jα =
1
2

N−
l=1

σlα, α = x, y, z (17)

where σlα is the Pauli matrix for the l-th particle. Before we discuss spin squeezing, we introduce the CSS.
The CSS can also be written as

|η⟩ ≡ |θ, φ⟩ = (1 + |η|2)−j
j−

m=−j


2j

j + m

1/2

ηj+m
|j,m⟩, η ∈ C, (18)

in terms of the Dicke states |j,m⟩, which are the eigenstates of Jz with eigenvaluem, and

η = − tan
θ

2
exp(−iφ). (19)

Note that, when θ = π, η is divergent, and only the coefficient before |j, j⟩ is nonzero, thus |θ = π, φ⟩ = |j, j⟩. The above
form is expressed as the projection of a coherent state onto Dicke states |j,m⟩. Moreover, the |⟨j,m|η⟩|2 are related to the
projection noise [191], obeying a binomial distribution: shown in Fig. 1.

The CSS is defined as a direct product of single spin states

|θ, φ⟩ =

N
l=1

[
cos

θ

2
|0⟩l + eiφ sin

θ

2
|1⟩l

]
, (20)

where |0⟩l and |1⟩l are the eigenstates of σlz with eigenvalues 1 and −1, respectively. The above definition (20) gives an
intuitive geometric description as shown in Fig. 1, i.e., all the spins point in the same direction.

Below, we shall derive Eq. (18). By using the identity

exp[i(ξσ+ + ησ−)] = cos

ξη + i

sin
√
ξη

√
ξη

(ξσ+ + ησ−), (21)

one can write the CSS in the following form

|θ, φ⟩ =

N
l=1

Rl(θ, φ)|0⟩l =

N
l=1

exp

ζσl+ − ζ ∗σl−


|0⟩l, (22)

where

ζ = −
θ

2
exp(−iφ). (23)

This state can be further written as
|θ, φ⟩ = R(θ, φ)|j, j⟩ = exp


ζ J+ − ζ ∗J−


|j, j⟩, (24)

where |j, j⟩ ≡
N

l=1 |0⟩l is the eigenstate of Jz with eigenvalue j = N/2, which represents a state with all the spins polarized
in the z-direction. Here

J± = Jx ± iJy (25)
are the ladder operators and R(θ, φ) is the rotation operator, which can also be written as

R(θ, φ) = exp (−iθ Jn⃗) = exp

iθ

Jx sinφ − Jy cosφ


, (26)

where n⃗ = (−sinφ, cosφ, 0).
Now we write Eq. (24) in a more explicit form by using the formula [185,192]

exp

ζ J+ − ζ ∗J−


= exp (ηJ+) exp


ln

1 + |η|2


Jz

exp


−η∗J−


, (27)
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(a) Coherent spin state. (b) Spin squeezed state.

Fig. 1. (Color online) Bloch sphere representations for a coherent spin state |CSS⟩ shown in (a), and a spin-squeezed state |SSS⟩ in (b). The radius of the
Bloch sphere is |⟨⃗J⟩|. The fluctuations of the spin components are represented by the circular multi-color disks in (a) and the multi-color elliptical disks
in (b). The phase variance 1φ, determined by spin fluctuation disks and spin lengths, is the resolution of the spin state with respect to rotations, which
characterizes the frequency precision in Ramsey spectroscopy. For a CSS, the projection noise is characterized by a binomial distribution, as shown in (a),
while for an SSS, the projection noise is not binomial, and may be a sub-binomial distribution (b).

where η is defined as Eq. (19). The above relations can be verified as below. The rotation operator R (θ, φ) can be expressed
in a product form as

R (θ, φ) =

N
l=1

Rl(θ, φ) =

N
l=1

exp

ζσl+ − ζ ∗σl−


, (28)

and Rl (θ, φ) can be readily evaluated as

Rl(θ, φ) =


cos |ζ | −e−iφ sin |ζ |

eiφ sin |ζ | cos |ζ |


. (29)

Similarly, we find

exp (ησ+) exp
[
ln

1 + |η|2σz

]
exp


−η∗σ−


=

 
1 + |η|2

−1/2
η

1 + |η|2

−1/2

−η∗

1 + |η|2

−1/2 
1 + |η|2

−1/2


. (30)

Then, using Eqs. (23) and (19) in the above two matrices, the relation (27) is obtained.

2.3. Spin-squeezing parameters based on the Heisenberg uncertainty relation

The definition of spin squeezing is not unique. When talking about spin squeezing, we should specify a certain spin-
squeezing parameter. The uncertainty relation for angular momentum operators results from the commutation relation

Jα, Jβ


= iεαβγ Jγ , (31)

whereα, β , γ denote the components in any three orthogonal directions, and εαβγ is the Levi-Civita symbol. The uncertainty
relation is

(1Jα)2

1Jβ

2
≥
 Jγ 2 /4. (32)
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In analogy to bosonic squeezing, spin squeezing could be defined when one of the fluctuations in the left-hand side of
Eq. (32) satisfies [46,193]

(1Jα)2 ≤
 Jγ  /2, (33)

and consequently, the squeezing parameter ξ 2H is given by

ξ 2H =
2 (1Jα)2 Jγ  α ≠ γ ∈ (x, y, z) , (34)

and if ξ 2H < 1, the state is squeezed. The subscript H refers to the Heisenberg uncertainty relations. More generally, one can
define

ξ 2H =
2

1Jn⃗1

2 Jn⃗2  , (35)

where n⃗1 and n⃗2 are two orthogonal unit vectors.
Below we calculate ξ 2H for a CSS |θ, φ⟩. According to the definition (34), the value of ξ 2H depends on the choice of the

directions n⃗1 and n⃗2, and also on the parameters θ and φ of the CSS. From Eq. (B.6) one can find that

ξ 2H =
1 − (n⃗0 · n⃗1)

2n⃗0 · n⃗2
 . (36)

More specifically, let n⃗0 be the z-direction and n⃗1 the x-direction. The squeezing parameter then becomes

ξ 2H =

 sin θcosφ

 , (37)

where we have used Eq. (B.8). It is found that ξ 2H may be less than 1 for a CSS, and this is not expected, since a CSS should
not be spin squeezed.

Now we discuss a generalized spin-squeezing parameter, introduced in Refs. [194,195], for which spin squeezing
could simultaneously occur in two orthogonal directions. The subscript H ′ indicates that this parameter is also related
to the Heisenberg uncertainty relation. We first discuss spin squeezing in the x-axis, considering two orthogonal angular
momentum operators in the y–z plane

Jθ ≡ Jy cos θ + Jz sin θ,

Jθ+π/2 ≡ −Jy sin θ + Jz cos θ, (38)
and the commutation relations

[Jx, Jθ ] = iJθ+π/2,

Jx, Jθ+π/2


= −iJθ . (39)

The state is squeezed in the x-axis if

(1Jx)2 <
1
2

 Jθ+π/2 , and/or (1Jx)2 <
1
2

|⟨ Jθ ⟩| . (40)

Since the maximum value of ⟨ Jθ ⟩ is


⟨ Jz⟩2 +

Jy
2, we can say that the state is Jx-squeezed if

(1Jx)2 <
1
2


⟨ Jz⟩2 +


Jy
2
; (41)

otherwise, the state is Jy-squeezed if

1Jy

2
< 1

2


⟨ Jz⟩2 + ⟨ Jx⟩2. The above two inequalities could hold simultaneously.

More generally, we could write the above squeezing parameter as follows

ξ 2H ′ =
2

1Jn⃗1

2
⟨ Jn⃗2⟩2 + ⟨ Jn⃗3⟩2

. (42)

For the CSS |θ, φ⟩, from Eq. (B.6), one can find that ξ 2H ′ =

1 − (n⃗0 · n⃗1)2. More specifically, let n⃗0 be the z-direction, we

have

ξ 2H ′ = | sin θ |. (43)

The above equation indicates that the CSS can be squeezed, implying that ξ 2H ′ is not a desirable definition for spin squeezing.

2.4. Squeezing parameter ξ 2S given by Kitagawa and Ueda

Unlike bosonic systems, where the variance is equal in any direction for a bosonic coherent state, for a CSS the variance
of spin operators depends on n⃗, and there exists a prior direction: the mean-spin direction (MSD)
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n⃗0 =
⟨⃗J⟩

|⟨⃗J⟩|
=

⟨σ⃗1⟩

|⟨σ⃗1⟩|
, (44)

where the second equation results from the exchange symmetry.
Below, we use n⃗⊥ to denote the direction perpendicular to the MSD. For a CSS, we have


1Jn⃗⊥

2
= j/2 (see Appendix B),

thus a state is spin squeezed if the variance of Jn⃗⊥
is less than j/2. Compared with the principal squeezing (8), we arrive at

the spin-squeezing parameter [1]

ξ 2S =

min

1J2n⃗⊥


j/2

=

4min

1J2n⃗⊥


N

, (45)

where j = N/2, and n⃗⊥ refers to an axis perpendicular to the MSD and the minimization is over all directions n⃗⊥. It is
desirable that the spin-squeezing parameter ξ 2S is equal to 1 for the CSS.

To calculate the parameter ξ 2S , the first step is to compute the MSD determined by the expectation values ⟨Jα⟩, with
α ∈ {x, y, z}. The MSD n⃗0 can be written in spherical coordinates as

n⃗0 = (sin θ cosφ, sin θ sinφ, cos θ), (46)

where θ and φ are polar and azimuthal angles, respectively. The angles θ and φ are given by [196]

θ = arccos


⟨ Jz⟩

|⃗J|


,

φ =


arccos


⟨ Jx⟩

|⃗J| sin(θ)


if ⟨ Jy⟩ > 0,

2π − arccos


⟨ Jx⟩

|⃗J| sin(θ)


if ⟨ Jy⟩ ≤ 0,

(47)

where |⃗J| =


⟨ Jx⟩2 + ⟨Jy⟩2 + ⟨ Jz⟩2 is the magnitude of the mean spin. With respect to n⃗0, the other two orthogonal bases
are given by

n⃗1 = (−sinφ, cosφ, 0), (48)

n⃗2 = (cos θ cosφ, cos θ sinφ,−sin θ). (49)

The above expressions are valid for θ ≠ 0, π . For θ = 0, π , themean spin is along the±z direction, and the possible choices
of φ can be either 0 or π .

The second step now is to find the minimal variance of Jn⃗⊥
= J⃗ · n⃗⊥. The direction n⃗⊥ can be represented as

n⃗⊥ = n⃗1OT
= n⃗1 cosϕ + n⃗2 sinϕ, (50)

where O is a 2 × 2 orthogonal matrix that performs rotations in the normal plane. The variance (1Jn⃗⊥
)2 can be written

as 
1Jn⃗⊥

2
=


J2n⃗⊥


= n⃗⊥Γ n⃗T

⊥
, (51)

where the symmetric matrix

Γ =



J2n⃗1


Cov


Jn⃗1 , Jn⃗2


Cov


Jn⃗1 , Jn⃗2

 
J2n⃗2


 , (52)

with

Cov

Jn⃗1 , Jn⃗2


=

1
2


Jn⃗1 , Jn⃗2


+


−

Jn⃗1
 
Jn⃗2


=
1
2


Jn⃗1 , Jn⃗2


+


, (53)

is the covariance between Jn⃗1 and Jn⃗2 , and [X, Y ]+ = XY+YX is the anti-commutator. In the above equation,

Jn⃗1

=

Jn⃗2

= 0,

since n⃗1 and n⃗2 are perpendicular to the MSD. The variance can be written as
1Jn⃗⊥

2
= n⃗1OTΓ On⃗T

1, (54)
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and the matrix O can be chosen such that

OTΓ O = diag{λ−, λ+}, (55)

where the eigenvalues

λ± =
1
2


J2n⃗1 + J2n⃗2


±


J2n⃗1 − J2n⃗2

2
+ 4 Cov


Jn⃗1 , Jn⃗2

2
, (56)

and min

1Jn⃗⊥

2
= λ− (see Appendix C); thus the squeezing parameter becomes

ξ 2S =
4
N
λ− =

2
N


J2n⃗1 + J2n⃗2


±


J2n⃗1 − J2n⃗2

2
+ 4 Cov


Jn⃗1 , Jn⃗2

2
. (57)

The optimal squeezing angle in Eq. (50) is given by

ϕ =


1
2
arccos


−A

√
A2 + B2


if B ≤ 0,

π −
1
2
arccos


−A

√
A2 + B2


if B > 0,

(58)

where we define

A ≡ ⟨ J2n⃗1 − J2n⃗2⟩, B ≡ 2 Cov

Jn⃗1 , Jn⃗2


. (59)

It is known that ξ 2S = 1 for the uncorrelated pure CSS |θ, φ⟩ in Eq. (20). Thus, if there are certain quantum correlations
among the elementary spins, we may have ξ 2S < 1, i.e., the fluctuation in one direction is reduced, as shown in Fig. 1. There-
fore, the squeezing parameter ξ 2S has natural connections with quantum correlations (entanglement). Indeed, it has been
found that ξ 2S has a very close relation with quantities such as negative correlations [13] and concurrence [15], and we will
discuss in Section 4.

2.5. Squeezing parameter ξ 2R given by Wineland et al.

Now we discuss the spin-squeezing parameter proposed by Wineland et al. [2,3] in the study of Ramsey spectroscopy.
The squeezing parameter ξ 2R is the ratio of the fluctuations between a general state and a CSS in the determination of the
resonance frequency in Ramsey spectroscopy. The CSS here acts as a noise-reference state. In contrast with ξ 2S , which is
the analogue of bosonic squeezing, the parameter ξ 2R is substantially connected to the improvement of the sensitivity of
angular-momentum states to rotations, and thus is attractive for experiments.

Here we use a simple graphical way to describe this type of parameter, as shown in Fig. 1, while the mathematical form
and essential physics are the same as for Ramsey spectroscopy and the Mach–Zehnder interferometer employed in Ref. [3].
More details of the Ramsey process will be discussed in Section 5.3.

Consider now a spin state |ψ⟩. Without loss of generality, we assume the MSD to be along the z-direction, and thus
⟨ Jx⟩ =


Jy

= 0. This spin state is shown in Fig. 1, the circular or elliptical disks represent the variance 1Jn⃗⊥

, which is also
called the projection noise. This state can be represented by a cone ending in a Bloch sphere.

Let us now rotate the state around the x-axis. Then, in the Heisenberg picture, we have

Jouty = exp(iφJx)Jy exp(−iφJx) = cosφJy − sinφJz . (60)

From the above equation, we can immediately obtain

⟨ Jouty ⟩ = −sinφ⟨ Jz⟩, (61)

(1Jouty )2 = cos2 φ(1Jy)2 + sin2 φ(1Jz)2 −
1
2
sin(2φ)⟨[Jy, Jz]+⟩. (62)

According to the error propagation formula,1x = 1f (x)/ |∂ ⟨f (x)⟩ /∂x|, the phase sensitivity1φ can be calculated as

1φ =
1Jouty∂⟨ Jouty ⟩/∂φ

 =
1Jouty

|cosφ⟨ Jz⟩|
. (63)

For the rotation angle φ ∼ 0, (1Jouty )2 ∼ (1Jy)2 and cosφ ∼ 1. Thus, the above equation reduces to

1φ =
1Jy

|⟨ Jz⟩|
, (64)

which allows us to know the phase sensitivity from the expectations and variances of the collective spin operators.



J. Ma et al. / Physics Reports 509 (2011) 89–165 99

From the above procedure, for themore general case when theMSD is not along the z-direction, we can obtain the phase
sensitivity as

1φ =
1Jn⃗⊥⟨⃗J⟩ . (65)

For the CSS, we can obtain the phase sensitivity from Eqs. (B.8) and (B.9) as

(1φ)CSS =
1

√
N
, (66)

which is the so-called standard quantum limit (SQL) or shot-noise limit. This is the limit of precision in atomic interferometry
experiments when we use uncorrelated atoms.

The squeezing parameter proposed by Wineland et al. is defined as [2,3]

ξ 2R =
(1φ)2

(1φ)2CSS
=

N

1Jn⃗⊥

2⟨⃗J⟩2 . (67)

This is the ratio of the phase sensitivity of a general state versus the CSS. Here, we choose the direction n⃗⊥ where 1Jn⃗⊥
is

minimized. This definition is related to ξ 2S via

ξ 2R =


j

|⟨⃗J⟩|

2

ξ 2S . (68)

Since j =
N
2 ≥ |⟨⃗J⟩|, we have ξ 2S ≤ ξ 2R . Even though these two parameters are similar (when j = |⟨⃗J⟩|, ξ 2R = ξ 2S ), their

physical meanings are different. When ξ 2R < 1, the state is spin squeezed, and its phase sensitivity to rotation is improved
over the shot-noise limit. According to Eq. (65), the phase sensitivity can be written as

1φ =
ξR

√
N
. (69)

If ξ 2R < 1,1φ < (1φ)CSS beats the shot-noise limit.
The lower bound of the phase sensitivity is given by the Heisenberg uncertainty relation

(1Jn⃗⊥
)2(1Jn⃗′

⊥
)2 ≥

1
4
|⟨Jn⃗⟩|2, (70)

from which we have

ξ 2R

4(1Jn⃗′
⊥
)2

N
≥ 1. (71)

Using the relations

N2/4 = j2 ≥ ⟨J2n⃗ ⟩ ≥ (1Jn⃗)2 (72)

and the fact that the largest eigenvalue of J2n⃗ is j2, we obtain

ξ 2R ≥
1
N
. (73)

By using Eq. (69), we further have

1φ ≥ (1φ)HL =
1
N
, (74)

where (1φ)HL is the Heisenberg limit (HL) [197].
Ref. [2] proposed another definition,

ξ 2H ′′ =
j

|⟨⃗J⟩|
ξ 2S =

2

1Jn⃗⊥

2
|⟨⃗J⟩|

. (75)

Now we may choose another set of three orthogonal directions {n⃗⊥, n⃗′

⊥
, n⃗0}. Then the uncertainty relation can be written

as

(1Jn⃗⊥
)2(1Jn⃗′

⊥
)2 ≥

 Jn⃗0 2 /4. (76)

Thus, the parameter ξ 2H ′′ is naturally defined in this coordinate system. We will show that ξ 2H ′′ = 1 for the CSS, indicating
that this parameter is appropriate for characterizing spin squeezing. For a CSS, the variance of Jn⃗0 is zero, i.e., no fluctuations
along theMSD (see Appendix B),


1Jn⃗0

2
= 0. The variances of the angularmomenta in the plane perpendicular to n⃗0 behave

similar to bosonic operators, for which we obtain (see Appendix B)



100 J. Ma et al. / Physics Reports 509 (2011) 89–165

(1Jα)2 =

1Jβ

2
= j/2, (77)

where the subscripts α and β denote two orthogonal axes perpendicular to themean-spin direction n⃗0. So, we have ξ 2H ′′ = 1.
The three squeezing definitions ξ 2S , ξ

2
H ′′ , and ξ 2R discussed above are not equivalent; however, they satisfy the following

relation

ξ 2S ≤ ξ 2H ′′ ≤ ξ 2R , (78)

since j ≥ |⟨⃗J⟩| always holds. Therefore, if a state is spin squeezed according to criterion ξ 2R < 1, it is definitely squeezed
according to the parameters ξ 2H ′′ and ξ 2R , and thus ξ 2R < 1 is the most stringent condition of squeezing among these three
parameters in Eq. (78).

We also note that, the projection noise can be schematically visualized in Fig. 1, where we show the projection noise
distributions for a CSS and a SSS. For CSS, take |j, j⟩ for example, and the MSD is along the z-direction. If we measure Jy, the
expectation value


Jy

= 0, while the variance


1Jy

2
= j/2. The probability of the outcome states |j,m⟩y obey the binomial

distribution

P(m) =
⟨j, j|j,m⟩y

2 =

j,m exp −i
π

2
Jx
 j, j2 =

1
2N


N

N − m


, (79)

where |j,m⟩y = exp

iπ2 Jx


|j,m⟩ is the eigenstate of Jy with eigenvalue m. The phase sensitivity 1φ is determined by the

width of the binomial distribution, and a spin-squeezed state may thus have a sub-binomial distribution [76].

2.6. Other spin-squeezing parameters

In this section,we review someother definitions of spin squeezing, anddiscuss their applications. Ref. [4] proposed a spin-
squeezing parameter ξ 2R′ , which is a criterion for many-body entanglement. The subscript R′ indicates the close relationship
between the spin squeezing parameters ξ 2R′ and ξ 2R . The parameter ξ 2R′ is defined as

ξ 2R′ =
N

1Jn⃗1

2
Jn⃗2
2

+

Jn⃗3
2 . (80)

For spin-1/2 many-body systems, it has been proved [4] that, if ξ 2R′ < 1, the state is entangled. However, an entangled state
maynot be necessarily squeezed. Based on this parameter, spin squeezing is directly connected tomany-body entanglement.
Inspired by this finding, many works studied the relations between spin squeezing and entanglement (see, e.g., [6]). The
choice of the directions n⃗i are arbitrary, and if n⃗2 is chosen to be the MSD, while n⃗1 is chosen to minimize the variance1Jn⃗1 ,
then ξ 2R′ reduces to ξ 2R .

Below, we show that for the CSS, ξ 2R′ = 1. Substituting Eq. (B.6) into Eq. (80), we obtain

ξ 2R′ =
1 −


n⃗0 · n⃗1

2
n⃗0 · n⃗2

2
+

n⃗0 · n⃗3

2 = 1. (81)

In summary, ξ 2R′ can be viewed as a generalization of ξ 2R , and also provides a useful criterion for many-body entanglement.
In the study of Dicke states |j,m⟩ in BEC, Raghavan et al. [120] proposed a new kind of squeezing parameter

ξ 2D =
N (1Jn⃗)2

N2/4 − ⟨Jn⃗⟩2
, (82)

where the subscript D indicates that this parameter can detect entanglement in Dicke states. If ξ 2D < 1, the state is squeezed
along n⃗. Actually, in Ref. [120], the authors only consider the variance (1Jz)2 along the z-axis. For a CSS |θ, φ⟩, ξ 2D = 1, which
can be directly proved by substituting Eq. (B.6) into Eq. (82). For all entangled symmetric Dicke states |j,m⟩, we will show
in Section 3 that this parameter can detect entanglement in Dicke states.

As discussed previously, an important application of the spin squeezing parameter is to detect entanglement. This kind
of entanglement criterion is based on collective-spin inequalities, and it is attractive for experiments, because in practice
we cannot always address individual particles, while the expectation values and variances for collective spin operators are
easier tomeasure, such as in population spectroscopies. Therefore, Töth et al. [28] generalized the spin squeezing definitions
and gave a set of spin inequalities. We find that one of the spin inequalities is suitable to be rewritten as a new type of spin-
squeezing parameter, and this inequality reads [28]

(N − 1)

1Jn⃗1

2
≥


J2n⃗2


+


J2n⃗3


− N/2, (83)

which holds for any separable states, and the violation of this inequality indicates entanglement. This inequality can be
further written in the following form

N

1Jn⃗1

2
≥

⃗
J2

−

Jn⃗1
2

− N/2, (84)
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Table 1
This table shows the definitions of different spin-squeezing parameters. Except
for ξ 2H and ξ 2H ′ , the other spin-squeezing parameters are all equal to 1 for a CSS.

Parameters Definitions Coherent spin state References

ξ 2H
2(1Jn⃗1 )

2

|⟨ Jn⃗2 ⟩|

1−(n⃗0 ·n⃗1)2

|⟨n⃗0 ·n⃗2⟩|
[46]

ξ 2H ′

2(1Jn⃗1 )
2

⟨ Jn⃗2 ⟩2+⟨ Jn⃗3 ⟩2


1 − (n⃗0 · n⃗1)2 [194]

ξ 2H ′′

2(1Jn⃗⊥ )
2
min

|⟨⃗J⟩|
1 [2]

ξ 2S
4(1Jn⃗⊥ )

2
min

N 1 [1]

ξ 2R
N2

4⟨⃗J⟩2
ξ 2S 1 [3]

ξ 2R′

N(1Jn⃗1 )
2

⟨ Jn⃗2 ⟩2+⟨ Jn⃗3 ⟩2
1 [4]

ξ 2D
N(1Jn⃗)

2

N2/4−⟨ Jn⃗⟩2
1 [120]

ξ 2E
N

1Jn⃗1

2
⟨J⃗2⟩−N/2−


Jn⃗1

2 1 [28]

and one can define a spin-squeezing parameter related to entanglement, and hence the subscript E in

ξ 2E =
N

1Jn⃗1

2⃗
J 2

− N/2 −


Jn⃗1
2 , (85)

whose form is similar to ξ 2D . In fact, for symmetric states with only Dicke states populated,
⃗
J2

= N/2(N/2 + 1), and then

ξ 2E reduces to ξ 2D . Thus, for the CSS, ξ 2E = ξ 2D = 1. In Table 1, we give a summary of the spin squeezing parameters discussed
above, and we also show their values for the CSS state |θ, φ⟩ in Eq. (20).

2.7. Rotationally-invariant extensions of squeezing parameters

As discussed above, the denominators of the parameters ξ 2R′ , ξ
2
D , and ξ

2
E depend on the choice of the directions. This is

unlike parameters ξ 2S and ξ 2R , which have cons denominators are constants. Thus it is difficult to determine the minima of
ξ 2R′ , ξ 2D , and ξ

2
E . Inspired by Töh’s discussions [28,198,199], we will give slightly different definitions for ξ 2R′ and ξ 2D , and the

new definitions provide us with a simpler way to determine whether a state is spin squeezed.
Spin squeezing with respect to ξ 2R′ , ξ

2
D , and ξ

2
E are equivalent to the following three inequalities

N

1Jn⃗1

2
<

Jn⃗2
2

+

Jn⃗3
2
,

N (1Jn⃗)2 <
N2

4
− ⟨ Jn⃗⟩2 ,

N (1Jn⃗)2 <
⃗
J
2

−
N
2

− ⟨ Jn⃗⟩2 . (86)

The right-hand sides of the above three inequalities can be written in a rotationally-invariant form by adding

Jn⃗1
2 to both

sides of the first inequality, and ⟨ Jn⃗⟩2 to the second and third ones. Then we obtain

(N − 1) (1Jn⃗)2 +

J2n⃗

< ⟨⃗J⟩2,

(N − 1) (1Jn⃗)2 +

J2n⃗

<

N2

4
,

(N − 1) (1Jn⃗)2 +

J2n⃗

<
⃗
J
2

−
N
2
, (87)

which are equivalent to the original inequalities, and we replace n⃗1 with n⃗ in the first inequality. Note that the right-hand-
sides of the inequalities are invariant under rotations. Thus, to detect entanglement, we shall find theminimum value of the
left-hand-side by rotating the direction n⃗. So, the spin squeezing parameters can be defined as

ξ̃ 2R′ =

min
n⃗


(N − 1) (1Jn⃗)2 +


J2n⃗


⟨⃗J⟩2
, (88)
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ξ̃ 2D =
4
N2

min
n⃗


(N − 1) (1Jn⃗)2 +


J2n⃗

, (89)

ξ̃ 2E =

min
n⃗


(N − 1) (1Jn⃗)2 +


J2n⃗


⃗
J
2

− N/2
. (90)

These parameters are rotationally invariant.
The minimization procedure works as below. First the term (N − 1) (1Jn⃗)2 +


J2n⃗

can be written as [28]

(N − 1) (1Jn⃗)2 +

J2n⃗

= n⃗Γ n⃗T , (91)

where the superscript T denotes the transpose, and Γ is a 3 × 3 matrix, which is defined as

Γ = (N − 1)γ + C, (92)

where the covariance matrix γ is given as

γkl = Ckl − ⟨ Jk⟩⟨ Jl⟩ for k, l ∈ {x, y, z} = {1, 2, 3}, (93)

with a correlation matrix

Ckl =
1
2
⟨ JlJk + JkJl⟩. (94)

The minimum value of n⃗Γ n⃗T is the minimum eigenvalue of Γ (see Appendix B), and thus the spin-squeezing parameter
based on these inequality can be defined as [200]

ξ̃ 2R′ =
λmin

⟨⃗J⟩2
, ξ̃ 2D =

4λmin

N2
, ξ̃ 2E =

λmin

⟨⃗J2⟩ − N/2
. (95)

If ξ̃ 2E < 1, the state is spin squeezed and entangled. In the case when ⟨⃗J2⟩ = j (j + 1) and when λmin is obtained in the n⃗⊥-
direction, we find ξ̃ 2E = ξ 2S , and thus ξ̃ 2E can be regarded as a generalization of ξ 2S . For a CSS, λmin = j2 and ξ̃ 2E = 1.

It is interesting to note that the left-hand sides of the above inequalities are equal to n⃗Γ n⃗T , and thus theminimum values
are just λmin. Therefore, the new definitions of squeezing parameters become proportional to λmin. Although these new
parameters are not quantitatively equal to their original ones, they are qualitatively equivalent to the original ones in the
sense that they all can detect whether a state is spin squeezed or not.

In the above discussion, spin squeezing was defined for many-qubit states belonging to the maximum multiplicity
subspace of the collective angular momentum operator J⃗ . This means that these states exhibit particle exchange symmetry.
The concept of spin squeezing is therefore restricted to symmetric many-body systems that are only accessible to collective
operations. There is no a priori reason for this restriction in real experiments; thus Ref. [201] explored the possibility of
extending the concept of spin squeezing to multi-qubit systems, where individual qubits are controllable in the sense that
they are accessible to local operations. This requires a criterion of spin squeezing that exhibits invariance under local unitary
operations on the qubits.

Nowwe introduce a local unitary invariant spin squeezing criterion for N qubits. We denote the mean-spin direction for
a local qubit i by

n̂i0 =
⟨σ⃗i⟩

|⟨σ⃗i⟩|
. (96)

Associating amutually-orthogonal set {n̂i⊥, n̂i⊥′ , n̂i0} of unit vectors with each qubit, wemay define the collective operators

J⊥ =
1
2

N−
i=1

σ⃗i · n̂i⊥, J⊥′ =
1
2

N−
i=1

σ⃗i · n̂i⊥, J0 =
1
2

N−
i=1

σ⃗i · n̂i0, (97)

which satisfy the usual angular momentum commutation relations as Eq. (31), and this leads to the uncertainty relation

(1J⊥) (1J⊥′) ≥
1
2

⟨J0⟩ . (98)

Analogous to the above spin definitions, like ξ 2S and ξ 2R , we may define the corresponding squeezing parameters [201] as

ξ̄ 2S =
4 (1J⊥)

2
min

N
, ξ̄ 2R =

N (1J⊥)
2
min

⟨J0⟩
2 . (99)

One important advantage of these squeezing parameters [201] is that they are locally unitary invariant due to the definition
of J in Eq. (97). Immediately, one can verify that for all N-body separable states, the above two parameters in Eq. (99)
are equal to one, since the single spin-1/2 particle is never spin squeezed. This is in contrast with the original squeezing
parameters ξ 2S and ξ 2R , which are equal to 1 only for CSS.
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2.8. Spin-squeezing parameters for states with parity

Abovewe reviewed several spin-squeezing parameters present in the literature. In the following, wemainly focus on two
typical spin-squeezing parameters, ξ 2S and ξ 2R , which have wide applications in detecting entanglement, and in quantum
metrology, etc. In addition to these two parameters, we also consider the parameter ξ̃ 2E in some parts of the paper, since
ξ̃ 2E has close relations with ξ 2S and can be viewed as a generalization of ξ 2S . Furthermore, ξ̃ 2E is significant in discussing spin
squeezing and entanglement.

We shall see that most typical spin-squeezed states are of a fixed parity. In this subsection, we will study spin-squeezing
parameters ξ 2S , ξ

2
R and ξ̃ 2E for states with even (odd) parity, and give relations among them. For general states, it is hard to

find explicit relations of these three parameters. At first, we explain the parity of a spin state and restrict ourselves to states
with exchange symmetry and with only Dicke states being populated. For these states, we may define the parity operator

P = (−1)Jz+j , (100)

with eigenvalues p = 1 and −1 corresponding to even and odd parity, respectively. Thus the state |j,−j⟩, which means
each spin pointing to the −z direction, has even parity, and for a Dicke state |j,−j + n⟩, if n is even (odd), the state has
even (odd) parity. In general, if a spin state is spanned only by Dicke states of even (odd) parity, this state is of even (odd)
parity. States with parity are very common, e.g., the state generated by the one-axis twistingmodel, whichwewill discuss in
Section 3.

2.8.1. Spin-squeezing parameters ξ 2S and ξ 2R
Here, we consider spin-squeezing parameters ξ 2S and ξ 2R . For states with parity, we have the following relations,

⟨ Jα⟩ = ⟨ Jα Jz⟩ = ⟨ Jz Jα⟩ = 0, α = x, y, (101)

which mean the MSD is along the z-direction. The above equation leads to the following zero covariance

Cov

Jz, Jn⃗⊥


=

1
2


Jz, Jn⃗⊥


+


− ⟨ Jz⟩


Jn⃗⊥


= 0, (102)

which implies that there are no spin correlations between the longitudinal (z) and transverse directions (x–y plane). The
MSD is along the z-axis, then the general expression for the spin-squeezing parameter ξ 2S in Eq. (57) reduces to [15]

ξ 2S =
2
N


J2x + J2y


−
 J2

−

 . (103)

Due to the exchange symmetry, we find

⟨ Jα⟩ =
N
2

⟨σ1α⟩ , (104)


J2α

=

N
4

+
N (N − 1)

4
⟨σ1ασ2α⟩ , α = x, y, z, (105)⃗

J2

=

3N
4

+
N (N − 1)

4
⟨σ⃗1 · σ⃗2⟩ , (106)

(1Jα)2 =
N
4


1 + (N − 1) ⟨σ1ασ2α⟩ − N ⟨σ1α⟩

2
=

N
4

[1 + NCαα − ⟨σ1ασ2α⟩] , (107)

where

Cαα = ⟨σ1ασ2α⟩ − ⟨σ1α⟩ ⟨σ2α⟩ (108)

is the correlation function along the α-direction. Furthermore, we obtain
J2
−


= N (N − 1) ⟨σ1−σ2−⟩ , (109)

J2x + J2y


=
N
2

+
N (N − 1)

4


σ1xσ2x + σ1yσ2y


=

N
2

+
N (N − 1)

2
⟨σ1+σ2− + σ1−σ2+⟩ . (110)

By substituting Eqs. (109) and (110) into Eq. (103), we obtain

ξ 2S = 1 − 2 (N − 1) (|⟨σ1−σ2−⟩| − ⟨σ1+σ2−⟩) , (111)
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where we have used ⟨σ1+σ2−⟩ = ⟨σ1−σ2+⟩, which results from the exchange symmetry. From Eq. (104) and the relation
between the parameters ξ 2R and ξ 2S , we find

ξ 2R =
N2

4|Jz |2
ξ 2S =

ξ 2S

⟨σ1z⟩
2 . (112)

The above expressions for the two spin-squeezing parameters establish explicit relations between spin squeezing and local
two-spin correlations, and we will further discuss these relations in Section 4.

2.8.2. Spin-squeezing parameter ξ̃ 2E
Here we derive an explicit expression of ξ̃ 2E [28,200] for states with parity. By using Eq. (102), the correlation matrix (94)

is simplified to the following form

C =



J2x


Cxy 0

Cxy

J2y


0

0 0

J2z

 , (113)

where Cxy = ⟨[Jx, Jy]+⟩/2. From the correlation matrix C and the definition of covariance matrix γ given by Eq. (93), one
finds

0 =

N

J2x


NCxy 0

NCxy N

J2y


0
0 0 N (1Jz)2 + ⟨ Jz⟩2

 . (114)

This matrix has a block-diagonal form and the eigenvalues of the 2 × 2 block are obtained as

λ± =
N
2


J2x + J2y


±
 J2

−

. (115)

Therefore, the smallest eigenvalue λmin of Γ is obtained as

λmin = min

λ−,N (1Jz)2 + ⟨ Jz⟩2


. (116)

It is interesting to see that the eigenvalue λ− is simply related to the spin squeezing parameter ξ 2S in Eq. (103) via

ξ 2S =
4
N2
λ−. (117)

Thus, from the definition of ξ̃ 2E given by Eq. (90), we finally find

ξ̃ 2E =
min


ξ 2S , ς

2


4
⃗
J2

/N2 − 2/N

, (118)

where

ς2
=

4
N2


N (1Jz)2 + ⟨ Jz⟩2


. (119)

The meaning of ς2 will be clear by substituting Eqs. (104) and (107) into the above equation. Then, we obtain

ς2
= N (1Jz)2 +


J2z

= 1 + (N − 1)Czz . (120)

The parameter ς2 is just a linear function of the correlation function Czz given in Eq. (108). From Eq. (106) and the above
expression, we now write the parameter ξ̃ 2E in terms of expectations of local operators as

ξ̃ 2E =
min


ξ 2S , ς

2


1 − N−1

⟨σ⃗1 · σ⃗2⟩ + N−1

. (121)

In the special case when only the spin j = N/2 is populated, i.e.,
⃗
J 2

= N/2(N/2+1), we have ⟨σ⃗1 · σ⃗2⟩ = 1, and therefore,

the above equation reduces to

ξ̃ 2E = min

ξ 2S , ς

2 . (122)

Thus, the relations among the spin-squeezing parameters ξ 2S , ξ
2
R , and ξ̃

2
E are clear for states with parity, and in this case, the

spin-squeezing parameters are determined by pairwise correlations in the z-axis and the x–y plane. The above results are
summarized in Table 2 extended from Ref. [202].
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Table 2
Comparison between different squeezing parameters for states with parity (extended from Ref. [200]). In the
third column, simplified expressions are displayed for squeezing parameters for states with parity. The squeezing
parameters are also expressed in terms of local expectations in the fourth column.

Parameters Definitions States with parity In terms of local expectations

ξ 2S
4(1Jn⃗⊥ )

2
min

N
2
N (⟨ J

2
x + J2y ⟩ − |⟨ J2

−
⟩|) 1−2(N−1) (|⟨σ1−σ2−⟩| − ⟨σ1+σ2−⟩)

ξ 2R
N2

4⟨⃗J⟩2
ξ 2S

ξ2S
4⟨ Jz ⟩2/N2

ξ2S
⟨σ1z ⟩2

ξ̃ 2R′

λmin
⟨⃗J⟩2

min

ξ2S ,ς

2


4⟨ Jz ⟩2/N2
min{ξ2S ,1+(N−1)Czz }

⟨σ1z ⟩2

ξ̃ 2D
4λmin
N2 min


ξ 2S , ς

2


min{ξ 2S , 1 + (N − 1)Czz}

ξ̃ 2E
λmin

⟨⃗J2⟩−N/2

min

ξ2S ,ς

2


4⟨⃗J2⟩/N2−2/N

min{ξ2S ,1+(N−1)Czz }

(1−N−1)⟨σ⃗1 ·σ⃗2⟩+N−1

2.8.3. Dicke states
Below, we consider the squeezing of Dicke states and simple superpositions of two Dicke states. The Dicke states |j,m⟩

are entangled states except form = ±j. Since we mainly consider an ensemble of spin-1/2 particles, the state |j,m⟩ can be
written as

|j,m⟩ =


(j − m)!

(j + m)!(2j)!
J j+m
+ |j,−j⟩

=


(j − m)!

(j + m)!(2j)!


N−
i=1

σi+

j+m

|1⟩⊗N . (123)

Since the Dicke states |j,m⟩ are eigenstates of Jz with eigenvalue m, the MSD is along the z-axis. A single Dicke state has
either even or odd parity. Thus, we can use the formulas shown in Table 2, and we only need to calculate ξ 2S and ς2.

From Eq. (103), the squeezing parameter ξ 2S can be written as

ξ 2S = 1 + j −
1
j


⟨ J2z ⟩ + |⟨ J2

−
⟩|


, (124)

which is determined by two expectation values: ⟨J2z ⟩ and ⟨ J2
−
⟩. For the Dicke states, we obtain

ξ 2S = 1 +
j2 − m2

j
≥ 1, (125)

since j ≥ m. The equal sign holds form = ±j, when the Dicke state becomes a CSS. The quantity ς2 is obtained as

ς2
=

1
j2

N (1Jz)2 + ⟨ Jz⟩2


=

m2

j2
≤ 1. (126)

Thus, from Table 2, one finds

ξ̃ 2D = ξ̃ 2E = min

ξ 2S , ς

2
= ς2

≤ 1, (127)

indicating that the state is squeezed and entangled form ≠ ±j. The parameters ξ 2R and ξ̃ 2R′ are given by

ξ 2R =


j
m

2

ξ 2S ≥ 1, (128)

ξ̃ 2R′ =
ς2

m2/j2
= 1, (129)

thus spin squeezing according to the three parameters ξ 2S , ξ
2
R , and ξ̃

2
R′ cannot reflect the underlying entanglement in the

Dicke states.

2.9. Relations between spin squeezing and bosonic squeezing

Above, we reviewed some basic concepts about bosonic and spin squeezing, and now we will demonstrate the
relationship between these twomathematically distinct, yet intuitively connected forms of squeezing [203,204]. It has been
shown in Ref. [204] that the spin-squeezing parameter ξ 2S reduces to the bosonic squeezing in the limit of large number of
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atoms and small excitations. For this purpose, we consider the principal quadrature squeezing defined as (8). The definition
of ζ 2

B provides an atomic squeezing counterpart to bosonic squeezing, and is similar to the definition of ξ 2S , both of them
searching for minimum squeezing.

It is well-known that the Heisenberg–Weyl algebra describing the bosonic mode can be obtained by contraction from
the SU(2) algebra describing the ensemble of atoms [205]. To see this, we define b ≡ J−/

√
2j and bĎ ≡ J+/

√
2j. From the

commutation relation (1), we have

[N , bĎ] = bĎ, [N , b] = −b, [b, bĎ] = 1 −
N

j
, (130)

where N = Jz + j is the ‘number operator’, and its eigenvalues vary from 0 to N , counting the number of excited atoms. In
the limit of j → ∞ and small ⟨N ⟩, the operators N , b, and bĎ satisfy the commutation relations of the Heisenberg–Weyl
algebra. Note that, when we take this limit, the average number of excited atoms ⟨N ⟩ should be much less than the total
number of atoms N .

We can also use the usual Holstein–Primakoff transformation [206]:

J+ = aĎ

2j − aĎa, J− =


2j − aĎaa, Jz = aĎa − j. (131)

In the limit of j → ∞, we have
J+

√
2j

→ aĎ,
J−

√
2j

→ a, −
Jz
j

→ 1, (132)

by expanding the square root and neglecting terms of O(1/j). We see that the bosonic system and the atomic spin system
are connected by the large-j limit from an algebraic point of view.

To display this connection, we consider even (odd) states. These states refer to those being a superposition of even
(odd) Fock states for bosonic systems, and those being a superposition of Dicke states |n⟩j ≡ |j,−j + n⟩ with the even
(odd) excitations for the atomic systems. The Dicke states |n⟩j satisfy N |n⟩j = n|n⟩j. Specifically, even and odd bosonic
coherent states have been realized experimentally in various physical systems. The even (odd) states serve as examples for
demonstrating connections between bosonic and atomic squeezing. For even (odd) states, ⟨a⟩ = 0; thus, from Eq. (8), we
obtain

ζ 2
B = 1 + 2⟨aĎa⟩ − 2|⟨a2⟩|. (133)

Obviously, one necessary condition for squeezing is that |⟨a2⟩| ≠ 0.
For even (odd) atomic states, the squeezing parameter ξ 2S has already been given in Eq. (103), and we rewrite it as

ξ 2S = 1 + 2⟨N ⟩ −
⟨N 2

⟩

j
−

|⟨ J2
−
⟩|

j
. (134)

Using Eq. (132), in the limit of j → ∞, we find that Eq. (134) reduces to Eq. (133) for even (odd) states. Also, we may find
that the squeezing parameter ξ 2R also reduce to ζ 2

B in this limit. This result displays a direct connection between bosonic
squeezing and atomic squeezing. From an experimental point of view, the number of atoms is typically large enough, so the
observed atomic squeezing is expected to approximate the bosonic quadrature squeezing. As a remark, Eqs. (133) and (134)
obtained for even and odd states are also applicable to arbitrary states, which is discussed in Ref. [204].

3. Generation of spin squeezing with nonlinear twisting Hamiltonians

In this section, we discuss generating spin-squeezed states with the one-axis twisting and two-axis twisting
Hamiltonians. The one-axis twisting Hamiltonian is one of themost important models studied in generating spin squeezing,
both theoretically and experimentally. It also describes a nonlinear rotator, and was studied in Ref. [207] before its
applications in spin squeezing. The proposal of using these two types of twisting Hamiltonians to generate spin-squeezed
states is directly inspired by using the nonlinear Hamiltonian (10) to produce bosonic squeezing.

In Section 3.1, we first present the analytical results of the evolution of the one-axis twisting. Then we discuss how to
implement this Hamiltonian in a two-component BEC, and by using large-detuned light–atom interactions. Experimental
results are reviewed in Section 8.1. Then in Section 3.2, we discuss the two-axis twisted state. As compared with the one-
axis twisting, one can obtain a higher degree of squeezing by using the two-axis twisting Hamiltonian. However, this type
of Hamiltonian is not easy to be implemented in experiments, and analytical results are not available for arbitrary system
size.

3.1. One-axis twisting Hamiltonian

Here we discuss the generation of spin squeezing by using the one-axis twisting Hamiltonian [1,207]. The one-axis
twisting model is very simple, and is one of the most widely studied models in generating spin-squeezed state [18,22,
106,109,110,118,120–122,125,126,128–131,134,156,166,208–213]. It works in analogy to the squeezing operator, Eq. (16),
in photon systems and has been implemented in BEC via atomic collisions [4,17–20] and in atomic ensembles [22,106,110,
166,212,213]. Moreover, it allows simple derivations of various analytical results.
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Table 3
Expectation values of local observables for the one-axis twisted state.

⟨σ1z⟩ − cosN−1 (θ/2)
⟨σ1zσ2z⟩

1
2


1 + cosN−2 θ


⟨σ1+σ2−⟩

1
8


1 − cosN−2 θ


⟨σ1−σ2−⟩ −

1
8


1 − cosN−2 θ


−

i
2 sin (θ/2) cosN−2 (θ/2)

3.1.1. One-axis twisted states
Consider now an ensemble of N spin-1/2 particles with exchange symmetry, and assume that its dynamical properties

can be described by collective operators Jα, α = x, y, z. The one-axis twisting Hamiltonian reads [1,207]

HOAT = χ J2x =
χ

4

N−
k,l=1

σkxσlx, (135)

which is a nonlinear operator with coupling constant χ and involves all pairwise interactions, which indicates that the
spin-squeezed states generated by this Hamiltonian may exhibit pairwise correlations. The most commonly used twisting
Hamiltonian is along the z-axis, with the initial state being a CSS pointing along the x-axis. Since the twisting is along the
x-axis, we choose the initial CSS along the z-axis to make our analysis consistent with the z-axis twisting version. Here we
prefer the x-axis twisting Hamiltonian satisfying

[HOAT, P] = 0, (136)

where P is the parity operator given by Eq. (100). We choose the initial state as |j,−j⟩ = |1⟩⊗N . Considering its dynamic
evolution, the spin-squeezed state at time t is formally written as

|Ψ (t)⟩ = exp

−iθ J2x /2


|1⟩⊗N , (137)

where

θ = 2χ t (138)

is the one-axis twisting angle. This state is the one-axis twisted state with even parity, and theMSD is along the z-direction;
thus the results derived in Section 2 can be directly used here.

The expectation values needed for calculating spin squeezing parameters are derived in Appendix D, and are summarized
in Table 3. By substituting expressions ⟨σ1+σ2−⟩ and ⟨σ1−σ2−⟩ into Eq. (111), we obtain

ξ 2S = 1 − Cr = 1 − (N − 1)C, (139)

where

C =
1
4

[
1 − cosN−2 θ

2
+ 16 sin2


θ

2


cos2N−4


θ

2

]1/2
−


1 − cosN−2 θ


. (140)

Itwill be clear in Section 4 that the quantity C is the concurrence [14],measuring entanglement of two spin s = 1/2 particles.
In the case when N ≫ 1 and |θ | ≪ 1, while N |θ | ≫ 1 and N |θ |2 ≪ 1, we can expand Eq. (140) and find that the spin-

squeezing parameter scales as [1]

ξ 2S ∼ N−2/3, (141)

at |θ | = θ0 = 121/6 (N/2)−2/3. Since θ is very small and N is large, at θ0 we find

⟨σ1z⟩ ∼ − exp


−


4
3
N
−1/3


, (142)

and then, for large enough N , we have

ξ 2R ∼ N−2/3. (143)

Therefore, the projection noise is reduced by a factor of N−2/3. The optimal squeezing angle for the one-axis twisting is [1]

δ ∼
1
2
arctan


N−1/3 , (144)

which varies with the particle number N; although if N is large enough, δ is close to 0.
The squeezing and the dynamic evolution of the state can also be illustrated by calculating the Husimi-Q function

Q (θ0, φ0) = |⟨θ0, φ0|Ψ (t)⟩|2 , (145)
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Fig. 2. (Color online) Husimi Q function of spin-squeezed states generated by the one-axis twisting model for various times: (a) χ t = 0, (b) χ t = 0.1,
(c) χ t = 0.2 and (d) χ t = 0.3. The system size is N = 60, and at the beginning χ t = 0, the state is a CSS and thus the Q function is a circle. The optimal
squeezing angle rotates with time.

which represents the quasiprobability distribution of |Ψ (t)⟩, and |θ0, φ0⟩ is the CSS given in Eq. (20). The Husimi-Q function
is shown in Fig. 2, where the coordinate we used is determined by

x = Q cos θ0 cosφ0,

y = Q cos θ0 sinφ0. (146)

As we can see, the initial CSS is a circle given by the Husimi function, and, during the evolution, the Husimi-Q function
becomes squeezed and elliptical, while the squeezing angle rotates.

Nowwe discuss two additional parameters ξ 2R and ξ̃ 2E . The parameter ξ 2R is easily obtained, aswe knowboth ξ 2S and ⟨σ1z⟩
2.

To obtain ξ̃ 2E , we also need to derive Czz and ⟨σ⃗1 · σ⃗2⟩, as seen from Table 2. For this state, ⟨σ⃗1 · σ⃗2⟩ = 1, thus the expression
of ξ̃ 2E reduces to

ξ̃ 2E = min

ξ 2S , ς

2
= min {1 − Cr , 1 + (N − 1)Czz} . (147)

By substituting the expressions for ⟨σ1zσ2z⟩
2 and ⟨σ1z⟩

2 (Table 3) into the definition of the correlation function, we obtain,

Czz =
1
2


1 + cosN−2 θ


− cos2N−2(θ/2) ≥ 0. (148)

The proof of the above inequality is given in Appendix C of Ref. [200].
As the correlation function Czz and the rescaled concurrence Cr are always larger than zero, Eq. (147) reduces to

ξ̃ 2E = ξ 2S = 1 − Cr . (149)

So, for the state given by Eq. (137), the spin-squeezing parameters ξ̃ 2E and ξ 2S are equal, and we summarize these results in
Table 4.

3.1.2. One-axis twisting with a transverse field
In Ref. [118], it was found that a one-axis twisting Hamiltonian with a transverse control field

H = χ J2x + BJz, (150)

ismore effective in generating squeezed states,whereB is the strength of the external field. Ref. [214] proved that the optimal
spin-squeezed states that maximize the sensitivity of the Ramsey spectroscopy are eigensolutions of this Hamiltonian. This
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Table 4
Spin-squeezing parameters in terms of the rescaled concurrence Cr given by Eqs.
(139) and (140) for the one-axis twisted state.

Squeezing parameters Relations with rescaled concurrence

ξ 2S 1 − Cr

ξ 2R
1−Cr
⟨σ1z ⟩2

ξ̃ 2E 1 − Cr

type of Hamiltonian was considered in BEC [121,122,128,129,131,134], and atomic ensembles [110]. The initial state is also
a CSS |j,−j⟩, while the dynamic evolution cannot be solved analytically, except for N ≤ 3, and numerical results show that
the external field leads to an improvement of the degrees of squeezing in an extended period of time.

3.1.3. One-axis twisting in Bose–Einstein condensates
Below, we discuss how to derive the one-axis twisting Hamiltonian from a two-component BEC, which can be regarded

as a BEC with atoms in two internal states, or similarly, a BEC in a double-well potential. We consider the case of N atoms
in two internal states |A⟩ and |B⟩. The Hamiltonian of the system is given by [4,124] (h̄ ≡ 1)

H =

∫
dr⃗
−
k=A,B


ψ̂

Ď
k


r⃗

ĥkψ̂k


r⃗

+

gkk
2
ψ̂

Ď
k


r⃗

ψ̂

Ď
k


r⃗

ψ̂k

r⃗

ψ̂k

r⃗


+

∫
dr⃗gABψ̂

Ď
A


r⃗

ψ̂

Ď
B


r⃗

ψ̂A

r⃗

ψ̂B

r⃗


(151)

where the single-particle Hamiltonian

ĥk = −
∇

2

2m
+ Vk


r⃗


(152)

governs atoms in the internal state k, with atom mass m and trapping potential Vk

r⃗

. The bosonic field operator ψ̂k


r⃗


annihilates an atom at position r⃗ in the internal state k, which obeys
ψ̂k

r⃗

, ψ̂

Ď
k


r⃗ ′


= δ

r⃗ − r⃗ ′


. (153)

The interaction strengths

gkl =
4πakl
m

, (154)

with akl the s-wave scattering length and gAA, gBB, and gAB are for collisions between atoms in states A, B, and interspecies
collisions, respectively.

Now we employ the single-mode approximation for each of the components,

ψ̂A

r⃗


= φA

r⃗

a, ψ̂B


r⃗


= φB

r⃗

b, (155)

whereφA

r⃗

andφB


r⃗

are assumed to be real, a and b are the bosonic annihilation operators that satisfy


a, aĎ


=

b, bĎ


=

1 and [a, b] = 0. In the single-mode approximation, the Hamiltonian is rewritten as

H = (ωA − UAA) aĎa + (ωB − UBB) bĎb + UAA

aĎa
2

+ UBB

bĎb
2

+ 2UABaĎabĎb, (156)

where

ωk =

∫
dr⃗φ∗

k


r⃗

ĥkφk


r⃗

,

Ukl =
gkl
2

∫
dr⃗
φk


r⃗
2 φl


r⃗
2 . (157)

Note that φk

r⃗

obeys the coupled Gross–Pitaevskii equation, thus ωk and Ukl depend on the time t . Now the effective

Hamiltonian is rewritten by using angular momentum operators via the following Schwinger representation

Jz =
1
2


aĎa − bĎb


,

J+ = aĎb, J− = abĎ, (158)

where the operator 2Jz measures the population difference between states |A⟩ and |B⟩, and J± describe the atomic tunneling
between the two internal states. The total atom number operator N̂ = aĎa + bĎb is a conserved quantity here. Using the
Schwinger representation (158) the Hamiltonian (156) can be written as

H = e(t)N̂ + E(t)N̂2
+ δ(t)Jz + χ(t)J2z , (159)
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where the nonlinear interaction coefficient is

χ(t) = UAA + UBB − 2UAB, (160)

and the other coefficients are

e(t) = (ωA + ωB − UAA − UBB) /2,
E(t) = (UAA + UBB + 2UAB) /4,

δ(t) = ωA − ωB + (UAA − UBB)

N̂ − 1


. (161)

As the number operator N̂ is a conserved quantity, if χ(t) ≠ 0 as presented in Section 8.1, spin-squeezed states are gen-
erated as discussed previously. The validity of using the single-mode assumption to calculate spin squeezing was verified
in Refs. [119,124], based on both Bogoliubov theory and positive-P simulations. Note that, the original Hamiltonian (151)
entangles the internal and motional states of the atoms, which is a source of decoherence for spin squeezing. Using direct
numerical simulations [4,153], the spin squeezing produced via the original Hamiltonian (151) is roughly in agreement with
the one-axis twisting Hamiltonian (159).

We now consider that a driving microwave field is applied [128], and the Hamiltonian becomes

H1 = H +
1
2

∫
dr⃗

ψ̂

Ď
A


r⃗

ψ̂B

r⃗

ΩRe−i1t

+ h.c.

, (162)

where∆ is the detuning of the field from resonance andΩR is the effective Rabi frequency, assumed to be positive. Following
the same steps, we effectively obtain the Hamiltonian in terms of the angular-momentum operators as

H1 = δ(t)Jz + χ(t)J2z +Ω

J+e−iδt

+ J−eiδt

, (163)

where

Ω = ΩR

∫
dr⃗φ∗

A


r⃗

φB

r⃗

. (164)

Usually, we can assume δ̃(t) = 0. As presented in Ref. [118], by using the control field to assist the one-axis twisting, spin
squeezing can be maintained for an extended period of time. In Ref. [130], χ(t) is assumed to be independent of time t , and
the external field is turned off rapidly at a time tM , so thatΩ(t) = ΩRΘ (tM − t), whereΘ(t) is the usual step function, and
the maximal-squeezing time tM is obtained analytically

χ tM ≃
π

4


χ

ΩRN
, (165)

which is valid for large N

≥103. The time-dependent fieldΩ(t) provides the control for storing the spin squeezing.

3.1.4. One-axis twisting from large-detuned atom–field interaction
Next we discuss the derivation of the one-axis twisting Hamiltonian from a collection of two-level atoms interacting

with a large detuned field [22,106–110]. Consider now an ideal model: a collection of N two-level atoms in a cavity; the
Hamiltonian for the whole system becomes

H = H0 + HI , (166)

where

H0 = ω0Jz + ωcaĎa,

HI = g

J+a + J−aĎ


. (167)

H0 describes the free dynamics of the atoms and field, andHI is the interaction term under the rotatingwave approximation.
The spin operators Jz,± describe the atomic system, a, aĎ describe the cavity field, and g is the atom–field interaction strength.
We can see from the Hamiltonian that atoms interact with the cavity field, while no direct interaction exists between atoms.
However, under the large-detuning condition, i.e., the atom–field detuning ∆ = ω0 − ωc is very large as compared to g
such that |∆| ≫ g

√
N , and we can perform the Frölich–Nakajima transform to obtain an effective Hamiltonian describing

nonlinear atom–atom interactions. The Frölich–Nakajima transform is performed as,

HS = e−SHeS, (168)

where S is of the same order as the interaction term HI . Expanding the above transform to second order in S, we have

HS = H + [H, S] +
1
2
[[H, S] , S]

= H0 + (HI + [H0, S])+
1
2
[(HI + [H0, S]) , S] +

1
2
[HI , S] , (169)
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and let HI + [H0, S] = 0, which gives

HS = H0 +
1
2
[HI , S] , (170)

where

S =
g
∆


aĎJ− − aJ+


. (171)

Inserting Eq. (171) into Eq. (170), we obtain the effective Hamiltonian

HS = H0 − η

J2z −


2aĎa + 1


Jz

, (172)

and the factor η = g2/∆. Note that the effective Hamiltonian (172) contains a one-axis twisting term J2z , and a dispersive
interaction term proportional to aĎaJz , which is employed in the QND measurement and shall be discussed in Section 8.

If photon loss is taken into account, the effective Hamiltonian is of the same form as Eq. (172), while the interaction
strength is modified to be [106]

η =
g2∆

∆2 + γ 2/4
, (173)

where γ is the decay rate of the cavity field and satisfies γ ≪ ∆. The derivation of Eq. (173) can refer [106], where the atoms
are laid in a cavity that is highly detuned from the atomic transition frequency, while the atomic dissipation induced
by spontaneous emission was considered to be negligibly small as compared to the time scale of interaction. Spin
squeezing of atoms in cavity was also studied in [107–109]. In experiments, the effective one-axis twisting Hamiltonian
was demonstrated for squeezing individual high spin (F = 4 [22], and F = 3 [89,110]) Cs atoms that interact with an
off-resonant light field.

Refs. [210,212,213] proposed an interesting method to generate an effective one-axis twisting Hamiltonian via cavity
feedback. The large-detuned atom–field interaction in the cavity induces an effective QND-type Hamiltonian,

H = αaĎaJz, (174)

while the backaction of the cavity light causes the photon number operator aĎa to be linearly proportional to Jz , thus the
QND Hamiltonian becomes a one-axis twisting Hamiltonian. In a recent experiment [212], an effective one-axis twisting
Hamiltonian was generated by cavity feedback, and achieved 5.6(6) dB improvement in signal-to-noise ratio for the |F =

1,mF = 0⟩ ↔ |F = 2,mF = 0⟩ hyperfine clock transition in 87Rb atoms.

3.2. Two-axis twisted states

Although spin squeezing can be produced effectively by the one-axis twisting model, the optimal squeezing angle
depends on the system size and evolution time. This problem is solved if the twisting is performed simultaneously clockwise
and counterclockwise about two orthogonal axes in the plane normal to the MSD. The initial state is also |j,−j⟩, and the
twisting is about two axes in the θ = π/2, φ = ±π/4 directions. The relevant two spin operators are written as

J π
2 ,
π
4

= cos
π
4


Jx + sin

π
4


Jy =

1
√
2


Jx + Jy


, (175)

J π
2 ,−

π
4

= cos
π
4


Jx − sin

π
4


Jy =

1
√
2


Jx − Jy


. (176)

The two-axis twisting Hamiltonian is written as [1]

HTAT = J2π
2 ,
π
4

− J2π
2 ,−

π
4

= χ

JxJy + JyJx


=
χ

2i


J2
+

− J2
−


, (177)

which is analogous to the Hamiltonian (10) for producing squeezed light that creates and annihilates photons in pairs.
By replacing a and aĎ with J−/

√
N and J+/

√
N , respectively, we can obtain the two-axis twisting Hamiltonian shown in

Eq. (177). Various approaches for implementing this Hamiltonian were studied in Refs. [136,137,208,215–217]. The MSD is
also along the z-axis. Unfortunately, the two-axis twisting model cannot be solved analytically for arbitrary N , except for
N ≤ 3. Below, we list two advantages of the two-axis twisting compared with the one-axis twisting case. (i) The optimal
squeezing angle is invariant during the evolution. Since the MSD for the two-axis twisting Hamiltonian is along the z-axis,
according to Eq. (58), the optimal squeezing angle is determined by two quantities,


J2x − J2y


, and


JxJy + JyJx


. Due to

JxJy + JyJx,HTAT


= 0, (178)
JxJy + JyJx


is invariant during the time evolution. Here, the initial state is the CSS |j,−j⟩, thus


JxJy + JyJx


= 0. Then, the

optimal squeezing direction is ϕ = 0, π/2 during the evolution. The Husimi function is shown in Fig. 3, and it is clear that
the optimal squeezing angle is invariant.



112 J. Ma et al. / Physics Reports 509 (2011) 89–165

0.2

0.1

0

-0.1

-0.2

0.2

0.1

0

-0.1

-0.2

-0.2 0 0.2 -0.2 0 0.2

0.2

0.1

0

-0.1

-0.2

-0.2 0 0.2

0.2

0.1

0

-0.1

-0.2

-0.2 0 0.2

a b

c d

Fig. 3. (Color online) Husimi Q function of spin-squeezed states generated by the two-axis twisting model for various times: (a) χ t = 0, (b) χ t = 0.1,
(c) χ t = 0.2, and (d) χ t = 0.3. The system size is N = 60. Compared with the one-axis twisting, the optimal squeezing angle here is invariant during the
time evolution.

Table 5
Comparison of squeezing parameters when using either the one-axis twisting or the two-axis twisting Hamiltonian.

One-axis twisting Two-axis twisting

Minimum ξ 2S and ξ 2R ∝
1

N2/3 ∝
1
N

Optimal squeezing angle δ ∼
1
2 arctan


N−1/3


Unchanged

Physical
implementations

(i) Bose–Einstein condensation [17–20];
(ii) Large detuning atom–field interaction [106,110].

Effective atom–atom interaction
via photon exchange [218,215].

(ii) The degree of squeezing is high. By numerical calculations, the spin squeezing parameters scale as [1]

ξ 2R ∝
1
N
, ξ 2S ∝

1
N
, (179)

in the two-axis twisting model. Thus, according to Eq. (69), the phase noise approaches the Heisenberg limit. Comparisons
between the one-axis twisting and two-axis twisting Hamiltonians are displayed in Table 5.

4. Spin squeezing, negative pairwise correlations, and entanglement

In this and the following sections, we mainly concentrate on spin squeezing, quantum correlations, and entanglement.
Here, we first consider spin squeezing and pairwise correlations in a system with exchange symmetry, and consider the
squeezing parameters ξ 2S and ξ̃ 2E . Note that for a CSS, which has no pairwise correlation, the variance of Jn⃗⊥

is evenly
distributed on individual spin components in the n⃗⊥-direction, thus if a state has negative pairwise correlations in the
n⃗⊥-direction, the variance Jn⃗⊥

could be reduced as compared with CSSs. Below, we show that, as discussed in Ref. [13], spin
squeezingwith respect to ξ 2S < 1 implies negative pairwise correlation in the n⃗⊥ direction.Moreover, theminimumpairwise
correlation is associated with parameter ξ̃ 2E , and ξ̃

2
E < 1 is equivalent to the existence of negative pairwise correlations.

4.1. Spin squeezing and pairwise correlations

As discussed in Refs. [1,13], the spin-squeezing parameter ξ 2S is well defined in the j = N/2 subspace, where the states are
of exchange symmetry. Thus, the expectation values and variances of the angular momentum operators Jα can be expressed
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in terms of the local pairwise correlations, which helps us to obtain the relations between the spin squeezing parameters
and the pairwise correlations. The pairwise correlation function is defined as

Gin⃗,jn⃗ ≡

σin⃗σjn⃗


− ⟨σin⃗⟩


σjn⃗

= ⟨σ1n⃗σ2n⃗⟩ − ⟨σ1n⃗⟩

2 , (180)

with i, j being particle indices, and the second equality holds due to exchange symmetry. One can further define the
minimum pairwise correlation as

Gm = min
n⃗

G1n⃗,2n⃗, (181)

where the minimization is over an arbitrary direction n⃗.

4.1.1. Spin-squeezing parameter ξ 2S and correlation Gn⃗⊥,n⃗⊥

First, we consider the spin-squeezing parameter ξ 2S . From the relation Jn⃗ = 1/2
∑N

i=1 σin⃗, one finds the variance of Jn⃗,
which is given by

(1Jn⃗)2 =
1
4

−
ij


⟨σin⃗σjn⃗⟩ − ⟨σin⃗⟩⟨σjn⃗⟩


=

1
4


N

1 − ⟨σ1n⃗⟩

2
+ N(N − 1)G1n⃗,2n⃗


, (182)

where we used the symmetry property in deriving the last equality. From this equation, the correlation function can be
written as

G1n⃗,2n⃗ =
4

N (1Jn⃗)2 + ⟨ Jn⃗⟩2


N2(N − 1)

−
1

N − 1
. (183)

If the correlation function is along the direction n⃗⊥, Eq. (183) reduces to

G1n⃗⊥,2n⃗⊥
=

4

J2n⃗⊥


− N

(N − 1)N
, (184)

where we have used the fact ⟨ Jn⃗⊥
⟩ = 0. From the relation between the spin squeezing parameter ξ 2S and the expectation

value

J2n⃗⊥


,

min
n⃗⊥


J2n⃗⊥


=

N
4
ξ 2S , (185)

one obtains the minimum pairwise correlation [13]

min
n⃗⊥

Gn⃗⊥,n⃗⊥
=
ξ 2S − 1
N − 1

, (186)

wherewe have used Eq. (184). This implies thatminn⃗⊥


Gn⃗⊥,n⃗⊥


< 0 is equivalent to ξ 2S < 1. Therefore, spin-squeezed states

(ξ 2S < 1) have negative pairwise correlations in the n⃗⊥ direction (Gn⃗⊥,n⃗⊥
< 0).

4.1.2. Spin-squeezing parameter ξ̃ 2E and correlation G1n⃗,2n⃗

Now, we investigate the relation between the correlation function G1n⃗,2n⃗ and the squeezing parameter ξ̃ 2E . It is more
convenient to rewrite the correlation function as

G1n⃗,2n⃗ = ⟨n⃗T σ⃗1σ⃗
T
2 n⃗⟩ − ⟨n⃗T σ⃗1⟩⟨σ⃗

T
2 n⃗⟩ = n⃗TGn⃗, (187)

where the normalized direction n⃗ =

nx, ny, nz

T , and the pairwise correlation matrix G is given by

G = ⟨σ⃗1σ⃗
T
2 ⟩ − ⟨σ⃗1⟩⟨σ⃗

T
2 ⟩. (188)

The matrix elements of G are

Gk,l = ⟨σ1kσ2l⟩ − ⟨σ1k⟩ ⟨σ2l⟩ , k, l = x, y, z. (189)

From Eq. (183), we know that the correlation function G1n⃗,2n⃗ is a linear function of the quantity N (1Jn⃗)2 + ⟨Jn⃗⟩2, which
can be written as

N (1Jn⃗)2 + ⟨ Jn⃗⟩2 = n⃗T


N


⟨⃗J J⃗T ⟩ + ⟨⃗J J⃗T ⟩T

2
− ⟨⃗J⟩⟨⃗J⟩T


+ ⟨⃗J⟩⟨⃗J⟩T


n⃗. (190)
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The matrix

N


⟨⃗J J⃗T ⟩ + ⟨⃗J J⃗T ⟩T

2
− ⟨⃗J⟩⟨⃗J⟩T


+ ⟨⃗J⟩⟨⃗J⟩T (191)

is just the matrix Γ given by Eq. (92). Therefore, we have

N (1Jn⃗)2 + ⟨ Jn⃗⟩2 = n⃗TΓ n⃗. (192)

Substituting Eqs. (187) and (192) into Eq. (183) leads to the following relation

G =
4Γ

N2 (N − 1)
−

I
(N − 1)

, (193)

where I is a 3 × 3 identity matrix, and thus G and Γ can be diagonalized simultaneously. This indicates that, Gn⃗,n⃗ can be
expressed in terms of ξ 2S or ξ̃ 2E by choosing a specific direction n⃗.

Now we look for the relation between the parameter ξ̃ 2E and the minimum pairwise correlation. From Eq. (187), the
minimum pairwise correlation

Gm = min
n⃗


Gn⃗,n⃗


= min

n⃗


n⃗Gn⃗T 

= gmin, (194)

where gmin is the minimum eigenvalue of the pairwise correlation matrix G. From Eq. (193), we find

gmin =
4λmin − N2

N2 (N − 1)
. (195)

In the symmetric case (j = N/2), as we have assumed here, ξ̃ 2E = 4λmin/N2, and thus

Gm =
ξ̃ 2E − 1
N − 1

. (196)

If the minimal pairwise correlation is in the plane normal to the MSD, the above relation will degenerate to Eq. (186). In
another form, we write

ξ̃ 2E = 1 + (N − 1)Gm. (197)

This exact result indicates that the spin squeezing defined by the parameter ξ̃ 2E is equivalent to the negative pairwise
correlation, i.e., Gm < 0 implies ξ̃ 2E < 1 and vice versa.

4.2. Spin squeezing and pairwise entanglement

One of the most useful applications of spin squeezing is to detect entanglement for many-qubit systems. To determine
whether a state is entangled, we just need tomeasure the collective operators, which inmany cases are particle populations.
Moreover, in many experiments, such as BEC, particles are not accessed individually, and the spin-squeezing parameter is
easier to obtain than the concurrence and the entanglement entropy. Different kinds of spin-squeezing inequalities may
be used to detect various types of entanglement [6,26–28]. In Refs. [13,15,219–221], the relationships between negative
pairwise correlation, concurrence, and ξ 2S for symmetric states and even (odd)-parity states were found. Refs. [222,223]
showed that for a two-qubit Dicke system, the parameter ξ 2S is better than ξ 2R to measure entanglement. A many-body
entanglement criterion for spin-squeezing parameter was given in Ref. [4]. Inspired by this work, some other generalized
spin squeezing inequalities were proposed. In Refs. [26,27], by employing a positive partial transpose method, they found
generalized spin squeezing inequalities as the criteria for two- and three-qubit entanglements. In Refs. [28,224], optimal
spin squeezing inequalities were proposed.

At the timewhen squeezing parameters ξ 2S and ξ 2R were proposed, Refs. [1–3] noticed the potential relationship between
spin squeezing and entanglement. Since ξ 2S = 1 for CSS, Ref. [1] expected that for an appropriate correlated state, ξ 2S < 1.
As shown above, the one-axis twisting Hamiltonian can produce squeezed states, and this Hamiltonian involves pairwise
interactions. This indicates that spin squeezing is associated with pairwise entanglement.

To detect two-qubit entanglement, it was proven [26,27,225] that if the inequality[
J2n⃗1


+

N (N − 2)
4

]2
≥

[
J2n⃗2


+


J2n⃗3


−

N
2

]2
+ (N − 1)2


Jn⃗1
2 (198)

is violated then the state is two-qubit entangled. For symmetric states, the above inequality is simplified to

1 −
4 ⟨ Jn⃗⟩2

N2
≥

4 (1Jn⃗)2

N
, (199)

and a symmetric state is two-qubit entangled if and only if it violates the above inequality.
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Entanglement of two-qubit systems is characterized by the concurrence [14]. The concurrence C , quantifying the
entanglement of a pair of qubits, is defined as [14]

C = max (0, λ1 − λ2 − λ3 − λ4) , (200)

where the quantities λi’s are the square roots of the eigenvalues, in descending order, of the matrix

ϱ12 = ρ12(σ1y ⊗ σ2y)ρ
∗

12(σ1y ⊗ σ2y), (201)

whereρ12 is the two-qubit densitymatrix, andρ∗

12 is the complex conjugate ofρ12. From its definition (200), the concurrence
C ≥ 0, and the existence of two-qubit entanglement is equivalent to C > 0.

For example, we calculate the concurrence of a pure state

|ψ⟩ = a|00⟩ + b|01⟩ + c|10⟩ + d|11⟩. (202)

Then the density matrix of |ψ⟩ is

ρ = |ψ⟩⟨ψ |, (203)

and its conjugate ρ∗ is a pure state. Since σ1y ⊗ σ2y is a unitary operation,

ρ̃ = σ1y ⊗ σ2yρ
∗

12σ1y ⊗ σ2y, (204)

is still a pure state. Therefore, the rank of ρρ̃ is less than or equal to one, and it has at most one nonzero eigenvalue λ, and
the concurrence

C =
√
λ =


Tr (ρρ̃) =

⟨ψ |σ1y ⊗ σ2y (|ψ⟩)∗


= 2 |ad − bc| . (205)

If a = d = 1/
√
2 and b = c = 0, then |ψ⟩ is the Bell state and is entangled since C = 1.

Following the previous discussion, we proceed to give a quantitative relation between the squeezing parameter and the
concurrence for states with even (odd) parity and nonzero mean spin, i.e., ⟨Jz⟩ ≠ 0. The two-spin reduced density matrix
for a parity state with exchange symmetry can be written in a block-diagonal form [219]

ρ12 =


v+ u∗

u v−


⊕


w y
y w


, (206)

in the basis {|00⟩, |11⟩, |01⟩, |10⟩}, where

v± =
N2

− 2N + 4⟨ J2z ⟩ ± 4⟨ Jz⟩(N − 1)
4N(N − 1)

,

w =
N2

− 4⟨ J2z ⟩
4N(N − 1)

, u =
⟨ J2

+
⟩

N(N − 1)
,

y =
4⟨ J2x + J2y ⟩ − 2N

4N(N − 1)
, (207)

which can be written in terms of local expectations as

v± =
1
4
(1 ± 2⟨σ1z⟩ + ⟨σ1zσ2z⟩) , (208)

w =
1
4
(1 − ⟨σ1zσ2z⟩) , (209)

u = ⟨σ1−σ2−⟩, (210)
y = ⟨σ1+σ2−⟩. (211)

The concurrence is then given by [14]

C = 2max

0, |u| − w, y −

√
v+v−


. (212)

From the above expressions we know that the spin-squeezing parameters and concurrence are determined by the
expectation value ⟨σ1z⟩, correlations ⟨σ1+σ2−⟩ , ⟨σ1−σ2−⟩, and ⟨σ1zσ2z⟩.

Since

J2

= N/2 (N/2 + 1), from Eq. (207), one can straightforwardly verify that

w = y. (213)

Thus the concurrence given by Eq. (212) becomes

C = 2max

0, |u| − y, y −

√
v+v−


. (214)
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Table 6
Spin squeezing parameters ξ 2S and ξ̃ 2E as well as the concurrence C for parity states. Symbols are defined in the text.

Pairwise entangled (C > 0) Unentangled

Concurrence C = 2(|u| − y) > 0 C = 2(y −
√
v+v−) > 0 C = 0

ξ 2S ξ 2S = 1 − (N − 1) C < 1 ξ 2S > 1 ξ 2S ≥ 1

ξ̃ 2E ξ̃ 2E = 1 − (N − 1) C < 1 ξ̃ 2E = 1 − 2(N − 1)(y +
√
v+v−)C < 1 ξ̃ 2E ≥ 1

Since the density matrix should be positive, we find
√
v+v− ≥ |u| . (215)

From this inequality, one may find that if |u| − y > 0, then y −
√
v+v− < 0 and if y −

√
v+v− > 0, |u| − y < 0. In other

words, two quantities |u| − y and y −
√
v+v− cannot be simultaneously larger than zero.

From Table 2 and Eqs. (210) and (211), we can write the spin-squeezing parameter ξ 2S in terms of the reduced matrix
elements u and y as

ξ 2S = 1 − 2(N − 1) (|u| − y) . (216)

Again from Table 2, ξ̃ 2E contains the quantity

ς2
= 1 + (N − 1)Czz . (217)

So, to write ξ̃ 2E in terms of the matrix elements, we consider the correlation function Czz . From Eqs. (208), (209) and (213),
we obtain

y2 − v+v− = −
1
4

Czz . (218)

This is a key step. Thus, from Eq. (217), we have

ς2
= 1 − 4(N − 1)(y +

√
v+v−)(y −

√
v+v−). (219)

From the above equation and Table 2, we obtain

ξ̃ 2E = min

ξ 2S , 1 − 4(N − 1)(y +

√
v+v−)(y −

√
v+v−)


. (220)

The relations between spin squeezing and concurrence are displayed in Table 6. From it we can see that, for a symmetric
state, ξ̃ 2E < 1 is qualitatively equivalent to C > 0, implying that spin squeezing according to ξ̃ 2E is equivalent to pairwise
entanglement [226]. Although ξ 2S < 1 indicates C > 0, when C = 2(y −

√
v+v−) > 0, we find ξ 2S > 1. Therefore, a spin-

squeezed state (ξ 2S < 1) is pairwise entangled, while a pairwise entangled state may not be spin-squeezed according to the
squeezing parameter ξ 2S [15].

Below we give a simple example to illustrate the above results. Consider a simple superposition of Dicke states

|ψD⟩ = cos θ |j,m⟩ + eiϕ sin θ |j,m + 2⟩, n = −j, . . . , j − 2 (221)

with the angle θ ∈ [0, π) and the relative phase ϕ ∈ [0, 2π), and j = N/2. This state is of even parity, and the MSD is along
the z-direction. The relevant spin-expectation values can be obtained as

⟨ Jz⟩ = m + 2 sin2 θ,

⟨ J2z ⟩ = m2
+ 4 (m + 1) sin2 θ,

⟨ J2
−
⟩ =

1
2
eiϕ sin 2θ

√
µm, (222)

where µm = (j + m + 1) (j + m + 2) (j − m) (j − m − 1). With the above results we find

u =
eiϕ sin 2θ
2N(N − 1)

√
µm,

y =
1

N − 1


N
4

−
1
N


m2

+ 4(m + 1) sin2 θ

,

√
v+v− =


N2 − 2N + 4


J2z
2

− 16(N − 1)2 ⟨ Jz⟩2

4N(N − 1)
, (223)
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Fig. 4. (Color online) Spin-squeezing parameters ξ̃ 2E , ξ̃
2
S and concurrence C as a function of θ , with N = 3 and m = −N/2. The correspondence between

ξ̃ 2E and the concurrence C is clear.

and thus the spin-squeezing parameters are obtained as

ξ 2S = 1 −
1
N


|sin 2θ |

√
µm − 2


m2

+ 4 (m + 1) sin2 θ

−

N2

2


, (224)

ς2
=

4
N


m2

+ 4(m + 1) sin2 θ

−

4(N − 1)
N2


m + 2 sin2 θ

2
. (225)

In Fig. 4, we plot these two spin-squeezing parameters and concurrence versus θ within one period. The system size
N = 3 andm = −3/2. We observe that for θ ∈ (0, π/3) ∪ (2π/3, π), ξ̃ 2E = ξ 2S < 1, therefore the state is spin-squeezed in
the x–y plane. Moreover, as C > 0, the state is pairwise entangled. For θ ∈ (π/3, 2π/3), it is obvious that the state is also
pairwise entangled, since C > 0, while spin squeezing occurs in the z-axis since ξ̃ 2E < 1 and ξ 2S > 1. These results clearly
show that ξ̃ 2E < 1 is equivalent to C > 0.

4.3. Spin squeezing and many-body entanglement

To characterize and detect many-body entanglement is one of the most challenging open problems in quantum
information theory [9]. The simplest many-body state is the three-qubit pure state, for which there exists a goodmeasure of
tripartite entanglement based on the concurrence [227]. One can also use the state preparation fidelity F for a N-qubit state
ρ in order to investigate many-body entanglement. The state ρ can be either pure or mixed. The fidelity F is defined as [228]

F(ρ) = ⟨ΨGHZ|ρ|ΨGHZ⟩, (226)

where |ΨGHZ⟩ = 1/
√
2(|00 . . . 0⟩ + |11 . . . 1⟩) is the N-particle Greenberger–Horne–Zeilinger (GHZ) state. The sufficient

condition for N-particle entanglement is given by [228]
F(ρ) > 1/2. (227)

We have the freedom to choose other GHZ states such as |ΨGHZ⟩ = 1/
√
2(|00 . . . 01⟩ ± |11 . . . 10⟩), etc. By local unitary

operations we can transfer these states to the original GHZ state and these operations do not change the entanglement.
Detailed discussions on this sufficient condition can be found in Refs. [228,229]. They also discussed how to use many-body
Bell inequalities to detect many-body entanglement.

Spin squeezing inequalities can act as entanglement criteria (see also Ref. [6]). To detect three-qubit entanglement, it
has been proven that it is necessary to measure the third-order moments of the collective angular momenta [26,27]. It was
found that, for a state ρ and three orthogonal directions n⃗1, n⃗2, and n⃗3, if the following inequality [27]

−
1
3
⟨J3n⃗1⟩ + ⟨Jn⃗2 Jn⃗1 Jn⃗2⟩ −

N − 2
2

⟨J2n⃗3⟩ +
1
3
⟨Jn⃗1⟩ +

N(N − 1)(5N − 2)
24

< 0, (228)

is satisfied, the state ρ possesses a genuine GHZ-type entanglement. If one of the following inequalities
⟨ J3n⃗3⟩ − 2⟨ Jn⃗2 Jn⃗3 Jn⃗2⟩ − 2⟨ Jn⃗1 Jn⃗3 Jn⃗1⟩

−
N − 2

2


2⟨ J2n⃗1⟩ + 2⟨ J2n⃗2⟩ − ⟨ J2n⃗3⟩


−

N2
− 4N + 8

4
⟨ Jn⃗3⟩ +

N(N − 2)(13N − 4)
24

< 0, (229)

−
1
3
⟨ J3n⃗1⟩ + ⟨ Jn⃗2 Jn⃗1 Jn⃗2⟩ −

N − 2
2

⟨ J2n⃗3⟩ +
1
3
⟨Jn⃗1⟩ +

N2(N − 2)
8

< 0, (230)

are fulfilled, then the state ρ possesses a genuine three-qubit entanglement.
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4.4. Spin-squeezing inequalities for higher spin-j systems

The entanglement criteria presented above are all suitable for spin-1/2 systems. However, in most realistic experiments,
atoms can have larger spins. In general, we cannot straightforwardly generalize the above criteria to spin-j cases. To
introduce the spin-squeezing inequality for higher-spin systems, we first consider the squeezing parameter ξ 2R [230]. Unlike
ξ 2S , it is difficult to determine the minimum value of ξ 2R , since its denominator is not a constant. To find the minimum value
of ξ 2R , which corresponds to the extreme spin squeezing, one can use the Lagrange multiplier method, to find the state that
minimizes [230]

f = µ ⟨ Jz⟩ + (1Jx)2 . (231)
Here the z-direction is assumed to be the MSD and1Jx is the minimum variance in the x–y plane. As discussed in Ref. [230],
for integer spins the state that minimizes1Jx for a given ⟨ Jz⟩ has vanishing ⟨ Jx⟩ and


Jy

, thus f = µ ⟨ Jz⟩+


J2x

. To minimize

f , one could find the ground state of H = µJz + J2x , which is just a transverse-field one-axis twisting Hamiltonian. For half-
integer spins, the problem becomesmore difficult, since the state that minimizes


J2x

does notminimize1Jx for a given ⟨ Jz⟩,

and then one cannot formulate the problem as the diagonalization of an operator containing a Lagrange multiplier term. A
Monte Carlo variational calculation that minimizes f is presented in Ref. [230].

Now, consider states of N spin-j particles. The collective spin operator is J⃗ ≡
∑

i J⃗i, with J⃗i the spin operator for the i-th
particle. A separable state of N spin-j particles could also be represented as

ρsep =

−
k

pkρ
(1)
k ⊗ ρ

(2)
k ⊗ · · · ⊗ ρ

(N)
k , (232)

where ρ(i)k is the density matrix of the i-th spin-j particle. For separable states, the variance of Jx obeys the inequality [230]

(1Jx)
2

≥

−
k

pk
N−
i=1


(1Jx)2

(k)
i ≥

−
k

pk
N−
i=1

jFj


⟨Jz⟩

(k)
i

j


, (233)

where the first inequality comes from the concavity of the variance, the function Fj(x) is the minimum variance of Jx divided
by j for a given x, x = ⟨ Jz⟩

(k)
i /j, and Fj(x) is a convex function. Therefore, by considering Jensen’s inequality, we have

(1Jx)
2

≥

−
k

pkNjFj


N−
i=1

⟨Jz⟩
(k)
i

Nj


≥ NjFj

−
k

pk
N−
i=1

⟨ Jz⟩
(k)
i

Nj



= NjFj


⟨Jz⟩

Nj


, (234)

and if the above inequality is violated, the spin-j system is entangled.
Another entanglement criterion is based on the following inequality [231],

(1Jx)2 +

1Jy

2
+ (1Jz)2 ≥ Nj, (235)

which holds for separable states of a many-body N spin-j system. Based on this inequality, Ref. [231] gave a spin-squeezing
parameter

ξ 2singlet =
(1Jx)2 +


1Jy

2
+ (1Jz)2

J
, (236)

where J = Nj. The subscript ‘singlet’ means that this parameter can detect entanglement in singlet states. It has been proven
in Ref. [231] that, states satisfying

ξ 2singlet < 1 (237)
are entangled. This inequality can be used to detect entanglement in the vicinity ofmany-qubit singlet states. These are pure
states that are invariant under a simultaneous unitary rotation on all qubits. For example, for two qubits, the only state is
the two-qubit singlet state, which is invariant under rotation.

4.5. Two-mode spin-squeezed states

The spin squeezing discussed above is also called one-mode spin squeezing, which describes the fluctuations of collective
spin operators Ĵα (α = x, y, z) of a total system. The two-mode spin squeezing [21,232,233] is analogous to the definition
of the two-mode squeezing of continuous observables [143], and is proved to be a criterion of inseparability between spin
variables of two separated atomic samples.

A bipartite system is separable if and only if its state can be written as

ρ =

−
i

piρ
(1)
i ⊗ ρ

(2)
i , (238)
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where pi denotes the probability. In the continuous case, it has been proven that [234,235] the following inequality

∆

q(1) + q(2)

2
+∆


p(1) − p(2)

2
< 2 (239)

is a sufficient condition for entanglement between subsystems 1 and 2. The continuous operators q(i) and p(i) belong to
subsystems i, satisfying


q(k), p(l)


= iδk,l (k, l = 1, 2).

For spin systems, the observables of interest are spin operators

Ĵ (±)α = Ĵ (1)α ± Ĵ (2)α . (240)

The usual criterion for two-mode spin squeezing is [236]
1J (+)z

2
+

1J (−)y

2
<

J (+)x


. (241)

It has been shown [21,233,237] that two-mode spin squeezing implies the entanglement between spin components of
the two subsystems. Furthermore, for pure states of two spin systems of equal dimension, two-mode spin squeezing
after application of local unitaries is a necessary condition for entanglement, except for a set of bipartite pure states of
measure zero [236]. Using the Heisenberg–Weyl algebra discussed in Section 2.9, Eq. (241) can reduce to Eq. (239). In Refs.
[21,233,237], two spatially separated atomic ensembles, each containing about 1012 Cs atoms, were entangled for 0.5 ms
by interacting with a polarized field. The entangled state generated in this experiment is similar to a two-mode squeezing
but not the maximally entangled state. Furthermore, the two-mode spin-squeezed states can also be generated via QND
measurements with feedback [238]. Due to the considerable long lifetime of entanglement, two-mode spin squeezed
was proposed to be a valuable resource of quantum information, and could be used to perform atomic quantum state
teleportation and swapping [232,233].

5. Spin squeezing, Fisher information, and quantummetrology

As discussed previously, the squeezing parameter ξ 2R characterizes the sensitivity of a state with respect to SU(2)
rotations, and has been studied in quantum metrology. In this section, we first introduce the QFI [171,239–241], which
determines the precision of the parameter estimation. Then, we discuss the relation between QFI and spin squeezing
[242–245]. Finally, we discuss the applications of spin squeezing and QFI in entanglement enhanced quantum metrology,
where the Ramsey and Mach–Zehnder interferometers are discussed.

5.1. Quantum Fisher information

The Fisher information measures the amount of information of a parameter that we can extract from a probability
distribution. It determines how precise we can estimate a parameter, and with a larger Fisher information we can estimate
a parameter with higher precision. We begin with a brief discussion on Fisher information in the context of probability
theory. For more details, please refer to Chapter 13 in [241]. In the regime of the parameter estimation theory, the central
problem is to estimate the parameter λ in a probability distribution p (x|λ), where x is the random variable, and below we
only consider the single-parameter case.

The minimum variance of our estimation is determined by the Fisher information. Consider now a general distribution
p (x|λ); to estimate the parameter λ, we construct an estimator E(x) which is a map from the experimental data x to the
parameter λ. The expectation value of the estimator is

⟨E(x)⟩ =

∫
dx p (x|λ) E(x). (242)

We consider the case ⟨E(x)⟩ = λ, i.e., the so-called unbiased estimation, thus we have∫
dx p (x|λ) [E(x)− λ] = 0. (243)

Differentiating both sides with respect to λ gives∫
dx p (x|λ) L (x, λ) [E(x)− λ] = 1, (244)

where

L (x, λ) =
∂ ln p (x|λ)

∂λ
. (245)

Now, square both sides of Eq. (244) and use the Cauchy–Schwarz inequality:

|⟨f , g⟩|2 ≤ ⟨f , f ⟩⟨g, g⟩, (246)
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and we obtain the Cramér–Rao inequality:

(1E(x))2 ≥
1

NIλ
, (247)

where

(1E(x))2 =

∫
dx p (x|λ) [E(x)− λ]2 (248)

is the variance of E(x), and

Iλ =

∫
dx p (x|λ) L (x, λ)2 (249)

is the Fisher information with respect to λ. N is the number of independent experiments (here N = 1), i.e., by repeating the
experiment N times, the precision of E(x) is improved by 1/N . In practice, we need to maximize the precision of λ, while
this is fundamentally limited by the Fisher information Iλ, which can be regarded as the amount of information of λ that
we can obtain from p (x|λ), i.e., with more information, we can make more precise estimations.

Now we turn to discuss the QFI [239–241], which is the extension of the classical Fisher information in the quantum
regime. Consider an n × n density matrix ρ (λ), by performing the positive operator valued measure (POVM) {Pi}, the
parameter λ resides in the outcomes probability as

pi (λ) = Tr (ρ (λ) Pi) . (250)
According to Eq. (249), we have

Iλ =

−
i

(Re {Tr [Lλρ (λ) Pi]})2

pi (λ)
, (251)

where Lλ is the so-called symmetric logarithmic derivative determined by the following equation

∂ρ (λ)

∂λ
=

1
2
[ρ (λ) Lλ + Lλρ (λ)] . (252)

The operator Lλ is a quantum analogy of L (x, λ) in Eq. (245). Thus, a set of POVM yields a corresponding probability
distribution, which gives the Fisher information Iλ of the parameter λ. It was proven that [246]

Iλ ≤ Fλ = Tr

ρ (λ) L2λ


, (253)

where Fλ is the QFI, which is measurement-independent. The explicit expression of the QFI is given by

Fλ =

k−
i=1

(∂λpi)2

pi
+

k−
i≠j

2

pi − pj

2
pi + pj

ϕi|∂λϕj
2 , (k ≤ n), (254)

where pi and |ϕi⟩ are the ith nonzero eigenvalue and eigenvector of ρ (λ). Therefore, they are all functions of the parameter
λ. The probability distribution that gives the maximum Fisher information, i.e. the QFI, is produced by the optimal POVM
built of the eigenprojectors of Lλ. However, in some cases Lλ is not a proper physical observable, and the corresponding
POVM cannot be realized in experiments, thus the QFI is not always attainable.

The role of the QFI in parameter estimation is given by the quantum Cramér–Rao bound [239,240],
1λ̂
2

≥ (1λ)2QCB ≡
1

NmFλ
, (255)

where Nm is the number of independent experiments, λ̂ is the so-called unbiased estimator of the parameter λ, i.e. ⟨λ̂⟩ = λ.
Indeed, λ̂ is a map from the experimental data to the parameter space. The Cramér–Rao bound gives the ultimate limit for
the precision of λ that can be achieved.

In a sense, parameter estimation is equivalent to distinguishing neighboring states along their path in parameter space.
The QFI has a more intuitive geometric explanation, and it is the geometric metric of the state ρ (λ) in parameter space,
since

Fλ(dλ)2 = 4(dsB)2, (256)
where (dsB)2 is the Bures distance [247]. Thus, the Fisher information is equivalent to the so-called fidelity
susceptibility [248], that has been extensively studied for characterizing QPT.

5.2. Spin squeezing and quantum Fisher information

Recently, it has been found that QFI gives amore stringent criterion for entanglement than the spin-squeezing parameter
ξ 2R [242,244]. However, for identical particles, it was shown [161,162] that neither spin squeezing nor quantum Fisher
information are entanglement witnesses. Below, we deal with distinguishable particles. Consider now an ensemble of N
spin-1/2 particles represented by a density matrix ρ. The QFI with respect to θ is given by
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F [ρ (θ) , Jn⃗] = Tr

ρ (θ) L2θ


, (257)

where

ρ (θ) = exp (−iθ Jn⃗) ρ exp (iθ Jn⃗) , (258)

and Jn⃗ is the generator of the rotation along the direction n⃗. For pure states, the QFI becomes [242]

F [ρ (θ) , Jn⃗] = 4 (1Jn⃗)2 . (259)

For mixed states

F [ρ (θ) , Jn⃗] ≡

−
i≠j

2

pi − pj

2
pi + pj

ϕi|Jn⃗|ϕj
2 . (260)

Comparing Eq. (254) with Eq. (260), there are no derivatives of pi, since the transformation in Eq. (258) does not change
the eigenvalues of ρ. Actually, as explained in the previous section, F [ρ (θ) , Jn⃗] characterizes the geometric properties of ρ
with respect to rotation, and is the rotational sensitivity of the state, thus we need not to perform a true rotation.

According to Eq. (255), the lower bound of the uncertainty of θ is given by

(1θ)2QCB =
1

F [ρ (θ) , Jn⃗]
, (261)

where we set Nm = 1. If we measure the angular momentum operator J , the lower bound of1θ becomes

(1θ)2SS =
ξ 2R

N
, (262)

where ξ 2R is the spin-squeezing parameter. Since the Cramér–Rao bound [239,240] gives the ultimate limit of the precision
of θ , we must have

(1θ)2QCB ≤ (1θ)2SS , (263)

and thus

χ2
≡

N
F [ρ (θ) , Jn⃗]

≤ ξ 2R , (264)

which was proved in Ref. [242]. They also proved that if

χ2 < 1, (265)

the state is entangled. It is known that ξ 2R < 1 also indicates entanglement. Thus, χ2 < 1 is more stringent than ξ 2R < 1 in
detecting many-body entanglement, regarding the cases when χ2 < 1 and ξ 2R ≥ 1.

The inequality (264) can be readily proven when ρ (θ) is a pure state, since in this case the QFI is just as Eq. (259). By
using the Heisenberg uncertainty relation, we have

F

ρ (θ) , Jn⃗′

⊥

 
1Jn⃗⊥

2
≥ |⟨ Jn⃗⟩|2, (266)

where the directions n⃗⊥, n⃗′

⊥
, and n⃗ are orthogonal to each other. Then, according to the definitions of ξ 2R andχ2, we can obtain

the inequality (264). Both the spin-squeezing parameters and the QFI could be used as criteria for entanglement, which is a
resource for high-precision measurements. Note that, generally, it is difficult for experiments to achieve the precision given
theoretically by the QFI due to the practical difficulties of the measurements.

5.3. Spin squeezing, Fisher information and metrology

Here, we discuss spin squeezing and QFI in quantummetrology [171,249–252]. In general, we cannot access parameters
of a state or a Hamiltonian directly, since they are not physical observables. But in many cases, the parameter is related to
an observable, like in the Ramsey spectroscopy, where the phase φ gained in the free evolution is related to the population
differences, and the parameters can also be obtained via Landau–Zener–Stückelberg interferometry [32]. This parameter
estimation scheme is illustrated below.

Prepare a state ρ,
⇓

Quantum evolution ρφ = U(φ)ρUĎ(φ),

⇓

Measurement ⟨Ô⟩φ = Tr

Ôρφ


, (267)
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a b c

Fig. 5. (Color online) Schematic diagrams of the Ramsey (above) and Mach–Zehnder (below) interferometers. For the Ramsey interferometer, the blue
arrows represent the states of the spin. The uncertainty of the spin components are represented by the elliptical multi-color disks. The red circle in (c)
represent the uncertainty of a CSS. For the Mach–Zehnder interferometer, two beams are injected from both sides of the first beam splitter, BS1. The
parameter φ is the phase difference gained between the two beam splitters BS1 and BS2. After the second beam splitter, BS2, photon numbers are detected,
and the number difference between the two detectors is related to the phase difference φ. The two beam splitters correspond to the two π/2 pulses in the
Ramsey process (a) and (c).

where the information of the parameter φ is contained in the measurement result ⟨Ô⟩φ , and in some cases the observable Ô
cannot be accessed directly, and this was studied in Ref. [253]. The fluctuation of the observable Ô is unavoidable, and the
variance of φ is

1φ =
(1Ô)φ∂⟨Ô⟩φ/∂φ

 . (268)

Since φ is periodic, its mean and variance are not calculated as non-periodic variables, and this should be declared. To
calculate the mean of φ, we first obtain the mean of Ô, that is ⟨Ô⟩φ . Then the mean of φ is the inverse function of ⟨Ô⟩φ . For
more details, please refer [254]. Since in many cases the evolution processes are fixed (or hard to change), we can reduce
the variance of φ by choosing an appropriate initial state ρ and operator Ô. When we measure Jz , the precision is given by
the squeezing parameter ξ 2R , as shown in Eq. (69).

We first give a brief summary of Ramsey processes, also shown in Fig. 5. Consider an ensemble of N two-level particles
interacting with an applied magnetic field B⃗. The Hamiltonian of the two-level particles is

H = −µ⃗ · B⃗, (269)

where µ⃗ = µ0 J⃗ is the magnetic moment and B⃗ = B0n⃗z + B⃗1, with a static magnetic field

B0 = −h̄ω0/µ0, µ0 < 0, (270)

and a time-dependent field

B⃗1 = B1

n⃗x cos(ωt)+ n⃗y sin(ωt)


. (271)

The Hamiltonian now becomes

H = h̄ω0Jz +
h̄ΩR

2


J+e−iωt

+ h.c.

, (272)

whereΩR = |µ0B1| /h̄ is the Rabi frequency. It is convenient to use a frame of reference rotating around B0 with frequency
ω,

HR = h̄ (ω0 − ω) Jz + h̄ΩRJx, (273)
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where the second term in Eq. (273) acts as a pulse. When this pulse is applied, the above Hamiltonian is approximated as

HR ≃ h̄ΩRJx, (274)

sinceΩR ≫ |ω0 − ω|.
As shown in Fig. 5, Ramsey interferometry consists of two π/2-pulses of length tπ/2 = π/ (2ΩR) and a free evolution of

length t . The first pulse acts as a π/2 rotation around the x-axis. Thereafter, during the free-evolution period, when B1 = 0,
the state vector precesses about the z-axis and acquires a phase φ = (ω − ω0) t . Assuming t ≫ tπ/2, the time of the entire
process is

tf = 2tπ/2 + t ≃ t. (275)

After the free period, followed by a second Ramsey pulse, the spin direction is rotated around the x-axis by π/2. Then the
initial state evolves to

|ψ(t)⟩ = U|ψ(0)⟩,

where the unitary operator is

U = exp

−i
π

2
Jx

exp (iφJz) exp


−i
π

2
Jx


= exp

−iφJy


exp (−iπ Jx) . (276)

Then we could measure the number of atoms in the excited energy level |0⟩ to estimate φ. This is equivalent to measuring
Jz :

⟨ Jz⟩t = ⟨ Jx⟩t=0 sinφ − ⟨ Jz⟩t=0 cosφ, (277)

where the subscript t denotes the time, and in the right-hand side, the average ⟨. . .⟩t=0 is carried out using the initial state.
From the evolution operator U , we can further find the variance

(1Jz)2t = cos2 φ

1J2z


t=0 + sin2 φ


1J2x


t=0 − sin(2φ) Cov(Jx, Jz)t=0. (278)

Then ω0 is related to the measurement data of ⟨Jz⟩ via

ω0 = ω +
1
t
arccos


−

⟨ Jz⟩t
⟨ Jz⟩t=0


. (279)

In practice, we repeat the above procedure Nm times, with a total experimental time T = Nmt . Then, we can estimate φ with
the uncertainty

(1φ)2 =
(1Jz)2t

Nm |∂ ⟨ Jz⟩t /∂φ|
2 , (280)

which is obtained by using the propagation of the fluctuation (268). Below, we set Nm = 1.
From Eqs. (277), (278) and (280), the phase uncertainty is related to the initial states and the phase. Below, we discuss

the uncertainty of φ for different initial states. If the initial state is prepared as a CSS

|ψ(0)⟩CSS = |j,−j⟩ = |1⟩⊗N , (281)

i.e., all the atoms are prepared in their ground states and the spin vector points in the −z direction, as shown in Fig. 13. For
this initial state shown in Eq. (281), we can find

(1φ)2CSS =
1
N
, (282)

which is the shot-noise limit, and we have already known in Section 2.5 since ξ 2R = 1 for a CSS. We can also obtain Fφ = 1
by using Eq. (254).

Next, we consider a spin-squeezed state

|ψ(0)⟩SSS =
1

√
2

[
|j, 0⟩x −

1
√
2
(|j,+1⟩x + |j,−1⟩x)

]
, (283)

where the subscript x is used for the eigenstates of Jx, i.e., Jx|j,m⟩x = m|j,m⟩x. This state was studied in Ref. [215], the
expectation values are

⟨ Jx⟩t=0 =

Jy

t=0 = Cov ( Jx, Jz) = 0,

⟨ Jz⟩t=0 =


j(j + 1)

2
, (284)



124 J. Ma et al. / Physics Reports 509 (2011) 89–165

and

(1Jx)2t=0 =
1
2
,

1Jy
2
t=0 =

3
8
j(j + 1)−

1
4
,

(1Jz)2t=0 =
1
8
j(j + 1)−

1
4
. (285)

This state is spin squeezed, since

ξ 2R =
2

N/2 + 1
, (286)

and the phase uncertainty is optimized at φ ≃ π/2,

(1φ)2SSS =
1

j(j + 1)
∝

1
N2
, (287)

which attains the Heisenberg limit.
Now we select the initial state to be a maximally entangled state

|ψ(0)⟩GHZ =
1

√
2


|j, j⟩y + |j,−j⟩y


, (288)

which is the N-body GHZ state, or the so-called NOON state in quantum optics. We emphasize that for this state the phase
cannot be estimated by measuring the population difference Jz , since

⟨ Jz⟩t=0 = ⟨ Jx⟩t=0 = 0, (289)
and this means that we cannot obtain any information about φ, and the spin squeezing parameter ξ 2R is divergent. On the
other hand, after the Ramsey process

|ψ(φ)⟩GHZ = U|ψ(0)⟩GHZ =
1

√
2


|j, j⟩y + e−iNφ

|j,−j⟩y

. (290)

By using Eq. (254) we find its QFI: Fφ = N2, which implies that the precision of φ could attain the Heisenberg limit. To
achieve this precision we should measure the parity operator [34,38,255]

P ≡

N∏
i=1

σiz . (291)

The expectation values and variances of P under the state |ψ(φ)⟩GHZ are

⟨P⟩t = cosNφ,

P2

t = 1, (292)
thus the optimal phase uncertainty

(1φ)2GHZ =
1
N2

(293)

is attainedwhenNφ ≃ π/2, which is the Heisenberg-limit uncertainty. Although the Heisenberg-limit precision is attained,
we should note that the parity operator P shown in Eq. (291) is not easy to measure in experiments as compared with
the angular momentum operators, especially when N is large. Additionally, it is also difficult to prepare an N-body GHZ
state with current experimental techniques. In summary, both spin squeezing and QFI are related to the precision in phase
estimation. Metrology based on spin squeezing is comparatively easy to implement in experiments, while the ultimate
precision is determined by the QFI.

5.4. Mach–Zehnder interferometer as an optical version of Ramsey interferometry

We now provide a brief review of the Mach–Zehnder interferometer, which can be regarded as an optical version of the
Ramsey interferometer. It consists of two beam splitters (BS) and two mirrors, with a schematic diagram shown in Fig. 5.
Light beams passing through the Mach–Zehnder interferometer undergo transformations as

a1,out
a2,out


= VBS Vφ VBS


a1,in
a2,in


, (294)

where ai (i = 1, 2) are the annihilation operators of the ith path, and

VBS = exp

i
α

2
σx


=

 cos
α

2
i sin

α

2

i sin
α

2
cos

α

2

 , (295)
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denotes the transform of the BS, and R = sin (α/2)2 and T = cos (α/2)2 are the transmission and reflection rates, respec-
tively. The image number i arises from the half-wave loss. Below, we consider the 50–50 BS, that is α = π/2, which acts as
the two π/2 pulses in the Ramsey process. The difference between the two path lengths gives rise to a phase difference φ,
and can be represented by acting the transform

Vφ = exp


−i
φ

2
σz


=


exp(−iφ/2) 0

0 exp(iφ/2)


(296)

on modes a1 and a2. It is convenient to manipulate these transformations in the Schwinger representation (158) as

Jα,out =


aĎ1,out, a

Ď
2,out

 σα
2


a1,out
a2,out


= UJα,inUĎ, (α = x, y, z) , (297)

where the unitary transform U is as in Eq. (276). At the output-port, the information of the phase φ is obtained by detecting
the photon number difference. Since the Mach–Zehnder interferometer is an optical instrument, it is not easy to use it to
prepare a well-defined number of photons, unlike the Ramsey interferometer, where the atom number is conserved.

6. Spin squeezing, quantum phase transitions, and quantum chaos

In this section, we discuss the applications of spin squeezing in identifying quantum phase transitions (QPTs) [256] and
quantum chaos [257]. For this task, spin squeezing has three main advantages. (i) It is comparatively easy to measure; (ii) it
is an entanglement witness; (iii) it characterizes the sensitivity of a state with respect to SU(2) rotations, thus is promising
to detect quantum chaos.

Quantum phase transitions occur at absolute zero temperature, and are subject to quantum fluctuations. Conventionally,
QPTs were first studied using Landau’s order parameter theory in the framework of statistics and condensedmatter physics.
When a QPT occurs, the ground state can change drastically, and the correlation length diverges. Therefore, considering
these intrinsic properties of QPTs, researchers investigated there by using concepts borrowed from quantum information
[11,12], such as quantum entanglement [6,9] and fidelity [258]. As discussed previously, spin squeezing is closely related to
entanglement, and it is easier to measure experimentally. Therefore, it is desirable to study spin squeezing in QPTs.

Afterward we discuss using spin squeezing as a signature of quantum chaos. In the classical regime, one of the most
distinct features of chaos is the extreme sensitivity of the trajectories with respect to perturbations. However, in the
quantumworld, due to the unitarity of quantumevolutions, the overlap (or fidelity) between two initially-separated states is
invariant during their evolution, and thus there is nowell-accepted definition of quantum chaos. To try to solve this problem,
various signatures of quantum chaos have been identified [257,259,260]. Entanglement and spin squeezing [1,3], which are
pure quantum effects, have also been identified as signatures of quantum chaos. Recently, entanglement, measured by the
linear entropy, as a signature of quantum chaos has been demonstrated experimentally in an atomic ensemble [261]. The
experimental results and the theoretical predictions show a good agreement [261].

6.1. Spin squeezing and quantum phase transitions in the Lipkin–Meshkov–Glick model

Below we discuss the spin squeezing of the ground state of the Lipkin–Meshkov–Glick model [262], which has a
typical second-order QPT [225,263]. The concurrence and spin squeezing [225,226,243,263–265] are employed to study the
pairwise correlation of this model, and to indicate the QPT point. This model has also been widely studied in the statistical
mechanics of quantum spin systems [266], Bose–Einstein condensations [267], and superconducting circuits [268]. It is
an exactly solvable [269,270] many-body interacting quantum system, as well as one of the simplest to show a quantum
transition in the strong-coupling regime.

The Hamiltonian of the Lipkin–Meshkov–Glick model is

H = −
λ

N


J2x + γ J2y


− hJz, (298)

where

Jα =

N−
i=1

σ i
α

2
, (α = x, y, z) (299)

are the collective spin operators;σ i
α are the Paulimatrices;N is the total spin number;γ ∈ [0, 1] is the anisotropyparameter;

λ and h are the spin–spin interaction strengths and the effective external field, respectively. Here we set λ = 1, where the
Lipkin–Meshkov–Glick model describes ferromagnetism. The QPT of this model originates from the competition between
the spin–spin interaction and the external field. Withmean-field approach [271] we can see that, when h > 1, all spins tend
to be polarized in the field direction, i.e.,


σ i
z


= 1. However, when h < 1, it is two-fold degenerate with


σ i
z


= h. Therefore,

a spontaneous symmetry-breaking occurs at h = 1, which is a second-order QPT point between the so-called symmetric
(h ≥ 1) phase and the symmetry-broken (h < 1) phase. However, by considering quantum effects, the exact ground state is
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a b

Fig. 6. (Color online) Squeezing parameter ξ 2S versus the applied magnetic field h (a), and the ‘phase diagram’ of spin squeezing in the h–γ plane (b), for
the ground state of the Lipkin–Meshkov–Glick model [263]. The system size is N = 27 . The maximal squeezing occurs at the critical point. The two black
dots denote ξ 2S = 1, at these points the ground states are coherent spin states. (b) shows the squeezed and non-squeezed regions that are separated by
h0 =

√
γ , ξ 2S = 1 in the thermodynamic limit.

not degenerate in the symmetry-broken phase (γ ≠ 1). Since the Hamiltonian is of spin-flip symmetry, i.e.,

H,
∏N

i=1 σ
i
z


=

0, we have ⟨Jx⟩ =

Jy

= 0, ⟨JxJz⟩ =


JyJz

= 0, and the MSD is along the z-direction. In addition,


H, J2


= 0, and the ground

state lies in the j = N/2 symmetric sector.
In the isotropic case, γ = 1, the ground state is simply the Dicke state, as discussed in Section 2, and ξ 2S,R ≥ 1 for all Dicke

states, indicating that there is no spin squeezing with respect to ξ 2S and ξ 2R . For the Dicke state |j,m⟩, we have

ξ̃ 2E =
m2

j2
≤ 1, (300)

thus the squeezing occurs along the z-axis direction with respect to ξ̃ 2E .
In the anisotropic case, γ ≠ 1, there is a second-order QPT. Since the system is of exchange symmetry, and the ground

state has a fixed parity, ξ 2S and ξ̃ 2E are closely related to the concurrence, as demonstrated in Refs. [225,226,263]. In the
thermodynamic limit, we could calculate the squeezing parameter by using the Holstein–Primakoff transformation. The
results are [243]

ξ 2S =



(h − 1) / (h − γ ), for h ≥ 1,
1 − h2


/ (1 − γ ), for h < 1.

(301)

As shown in Fig. 6, there is no spin squeezing when h is smaller than h0 =
N−1
N

√
γ . At the point h = h0, the ground state is

a CSS, for which the squeezing parameters are equal to one.
To demonstrate the QPT, we calculate the values of ξ 2S and ∂hξ 2S in the vicinity of the critical point. Ref. [263] found that

at the critical point

ξ 2S ∼ 1/N−0.33±0.01,

∂λξ
2
S ∼ −1/N−0.33±0.03. (302)

The above results are immediate consequences of the concurrence C , as shown in Ref. [263]. If ξ 2S ≤ 1, we find ξ 2S =

1− (N −1)C due to the exchange symmetry. Generalized spin squeezing inequalities can be used to detect the ground state
entanglement for lattice models [6]. However, as these inequalities are not given in terms of parameters like ξ 2S , there are
no such scaling laws, and we do not focus on them here.

In addition to spin squeezing and concurrence, other measures such as negativity [272], geometric entanglement [273],
and entropy [274] have also been studied. Due to its symmetry, the spin-squeezing parameter ξ 2S is closely related to the
concurrence in this model. At the critical point, the derivative of the parameter ξ 2S with respect to the external driving field
strength tends to diverge.

6.2. Spin squeezing and quantum chaos in the quantum kicked-top model

In this section and the following,we discuss spin squeezing in two typical quantumchaotic systems: the quantumkicked-
top model and the Dicke model. To facilitate the correspondence between the classical and quantum regimes, the initial
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Fig. 7. Stroboscopic phase–space dynamics of the classical kicked top for κ = 3. Two hundred stroboscopic trajectories are plotted, each for a duration of
233 kicks. The circle-shaped islands denote regular dynamics, and the stochastic points reflect chaotic dynamics.
Source: This figure is from Ref. [196].

states are chosen as CSSs. To connect the quantum dynamics to classical chaos, we choose the initial states located in both
chaotic and regular regions. The dynamics of the squeezing parameters distinguishwell between regular and chaotic regions,
and we conclude that spin squeezing could be a good signature for quantum chaos.

The quantum kicked-top model can be realized in cold atomic ensembles [39,110], and it is familiar to us since it has the
form of a one-axis twisting Hamiltonian with a periodic pulse,

H =
κ

2jτ
J2z + pJy

∞−
n=−∞

δ (t − nτ) , (303)

where the second term is the periodic driven pulse (with discrete kicks). The dynamics of this model is described by the
Floquent operator

F = exp


−i
κ

2j
J2z


exp


−ipJy


, (304)

where we choose p = π/2 and τ = 1 for convenience. The evolution of an initial state |ψ(0)⟩ is given by |ψ(n)⟩ =

F n
|ψ(0)⟩. The spin-squeezing dynamics can be obtained from this state. The chaotic behavior of this model has been

recently demonstrated experimentally via linear entropy [261], by using the tensor part of an effective Hamiltonian for the
dispersive atom–field interaction, and just in the same system, spin-squeezed states have been created [39,110]. Therefore,
the theoretical proposal of using spin squeezing as a signature of quantum chaos could be realized using current techniques.
In Fig. 8, we present numerical results [196] for the dynamics of the spin-squeezing parameters.

To demonstrate the chaotic properties for this model, one could represent the model Hamiltonian under the CSS in the
large-j limit [196]. The classical limit of the quantum kicked top is obtained by expressing (X, Y , Z) =


⟨Jx⟩ ,


Jy

, ⟨Jz⟩


/j,

and factorizing all the second moments to products of first moments, such as

JxJy

/j2 = XY . Then the classical equations

of motion can be obtained from the Heisenberg operator equations of motion with the factorization rule. The classical
normalized angular momentum variables (X, Y , Z) can be parameterized in spherical coordinates as (X, Y , Z) =

(sin θ cosφ, sin θ sinφ, cos θ), where θ and φ are the polar and azimuthal angles, respectively. Thus, the map is essentially
two dimensional.

The stroboscopic plot with parameter κ = 3 is displayed in Fig. 7. The parameter κ is chosen such as to yield a mixture of
regular and chaotic areas. Elliptic fixed points surrounded by the chaotic sea are evident. Two such elliptic fixed points have
coordinates (θ, φ) = (2.25,−2.5) and (θ, φ) = (2.25, 0.63). As we will see, this phase–space structure of the classical
kicked top determines spin squeezing in the quantum kicked top. If the initial state |θ0, φ0⟩ is chosen at one of these two
points, the classical dynamics is regular.

Now, we return to the quantum Hamiltonian. The initial state is also a CSS, while the evolution is via the Floquent
operator. The numerical results [196] for the squeezing parameter ξ 2S are shown in Fig. 8. The polar angle θ = 2.25 is chosen
for all the initial states. The four plots show very clear variations of the dynamics of ξ 2S for the fixed point (φ0 = 0.63),
regular region (φ0 = 0.5), and the chaotic region (φ0 = 0.0 and φ0 = −1.0).

Spin squeezing is drastically suppressed in the chaotic region. As shown in Fig. 8, spin squeezing occurs frequently for
the initial state located at the elliptic fixed point φ0 = 0.63, whereas spin squeezing vanishes after a very short time (n = 2)
when the initial state is in the ‘deep’ chaotic region (φ0 = −1.0). When the initial state is in the regular region (φ0 = 0.5),
spin squeezing exists over a relatively long time, and only when steps n > 318, the spin squeezing vanishes. When the



128 J. Ma et al. / Physics Reports 509 (2011) 89–165

Fig. 8. Dynamical evolution of the spin squeezing parameter ξ 2S for the initial CSS with θ0 = 2.25 for different values of φ0 . The other parameters are fixed
here at κ = 3 and j = 25. The inset displays the initial dynamics when φ0 = 0.63.
Source: This figure is from Ref. [196].

initial state is centered in the ‘shallow’ chaotic sea φ0 = 0, spin squeezing disappears after n = 4 and never revives. The
strong spin-squeezing oscillations mainly originate from the periodic kicks. Without kicks, the spin squeezing exhibits only
periodic regular oscillations. Thus, we see that spin squeezing is very sensitive to classical chaos, and classical chaos strongly
suppresses spin squeezing.

6.3. Spin squeezing and quantum chaos in the Dicke model

In this section, we consider the Dicke model, which characterizes the interaction between an optical field and atoms.
The Dicke model describes an ensemble of two-level particles interacting with a single-mode cavity bosonic field, and the
corresponding Hamiltonian reads (h̄ = 1)

H = ω0Jz + ωaĎa +
R

√
2j


J+a + J−aĎ


+

R′

√
2j


J+aĎ + J−a


, (305)

where the collective pseudo-spin operators are Jα =
∑N

i=1 σiα/2, (α = x, y, z) with σiα being the Pauli operator for the
i-th particle, and R, R′ are the coupling strengths. The denominator

√
2j that arises from the dipole coupling strength is

proportional to 1/
√
V , where V is the volume of the cavity. When we consider the ground state, the system undergoes a

second-order QPT between a normal phase and a super-radiant phase [275,276]. This Hamiltonian is integrable under the
rotating-wave approximation, i.e. R′

= 0, which is used to demonstrate the transfer of squeezing between the field and
atoms, while in this case no chaos exists. In the non-rotating-wave-approximation regime, R′

≠ 0, its classical dynamics
exhibits chaos. Therefore, this system is a desirable model for studying the interface between quantum and classical chaos.

As discussed previously, to study quantum chaos, we express the Hamiltonian in the classical limit (in the coherent-state
representation). As this system consists of the atomic and optical parts, the initial quantum states are chosen as follows:

|ψ(0)⟩ = |η⟩ ⊗ |α⟩, (306)

where |η⟩ and |α⟩ are the coherent spin and bosonic states, respectively. Here the variables η and α can be written as
functions of the classical variables in the corresponding phase spaces: (q1, p1) for the atomic degree of freedom, and (q2, p2)

for the bosonic field η = (p1 + iq1) /

4j − (p21 + q21), α =

1
√
2
(p2 + iq2), where q1, p1, q2, p2 describe the phase space of

the system under consideration, and the indices 1 and 2 denote the atomic and field subsystem, respectively. The classical
Hamiltonian corresponding to Eq. (305) can be obtained under the CSS representation.

The classical dynamics associatedwith theDickeHamiltonianwas explored in Ref. [279]. It was shown that the integrable
cases are recovered when either R or R′ is zero, and the most chaotic dynamics is associated with the condition R = R′. In



J. Ma et al. / Physics Reports 509 (2011) 89–165 129

Fig. 9. Poincaré section for the spin degrees of freedom (section with q2 = 0.0 and p2 > 0.0) in the resonant case (ω = ω0 = 1), energy E = 8.5. The
Poincaré section shows rich structures of the classical dynamics. The circles (KAM surfaces) in the top and bottom of the figure represent regular regions.
For initial conditions outside the circles, the system exhibits chaos.
Source: This figure is from Ref. [277].

Fig. 10. (Color online) Dynamical evolution of the spin-squeezing parameter ξ 2S for the initial states with q1 = 0 and different p1 . (a) The regular region
corresponding to Fig. 9: p1 = 2.0 (solid line) and p1 = −3.5 (dashed line); (b) chaotic region corresponding to Fig. 9: p1 = 0 (solid line) and p1 = −1.0
(dashed line).
Source: This figure is from Ref. [278].

Fig. 9,we show the Poincaré section for the classical counterpart of the spin degrees of freedom, defined by the section q2 = 0
in the four-dimensional phase space, so that every time a trajectory pierces this sectionwith p2 > 0, the corresponding point
(q1, p1) is plotted. Here, the total energy is fixed at E = 8.5, j = 4.5,ω = ω0 = 1. The limit of atomic phase space is indicated
by a border of radius equal to

√
4j. In Fig. 9, we choose the coupling parameters R = 0.5 and R′

= 0.2, which yield a mixture
of regular and chaotic areas of significant sizes. Many fixed points and near-periodic orbits surrounded by the chaotic sea
are evident.

The dynamic behavior of the spin-squeezing parameter ξ 2S is computed by choosing the initial states in the chaotic and
regular regions with respect to the Poincaré section. The results are shown in Fig. 10. We choose two fixed points at q1 = 0,
p1 = 2.0 and q1 = 0, p1 = −3.5, which are in the regular regions, and two additional points q1 = 0, p1 = 0 and q1 = 0,
p1 = −1.0, well inside the chaotic sea.

For the regular regions (see Fig. 10(a)), spin squeezing vanishes after a relatively longer time (t ≈ 9.0), whereas for
the chaotic region (see Fig. 10(b)), the spin squeezing vanishes after a short time (t ≈ 1.8). In summary, spin squeezing is
sensitive to and suppressed by chaos. In contrast to this, chaos enhances the bipartite entanglement quantified by the linear
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entropy in the Dicke model [277]. So, the underlying chaos affects differently the two typical pure quantum mechanical
phenomena, spin squeezing and bipartite entanglement. These results are very similar to the case of quantum kicked top
model. Numerical results for the quantum kicked top and Dicke models suggest that spin squeezing is a good signature
of chaos. Furthermore, by considering the advantage of the spin-squeezing parameter in measurement, it may have good
applications in experiments.

7. Spin squeezing under decoherence

In this section, we take into account decoherence [280–283], which is induced by unavoidable noise, and interactions
with the environment. We shall discuss the effects of decoherence in three aspects.

(i) Decoherence in the generation of spin squeezing. In Section 7.1, we shall show that, if the decoherence effect is
sufficiently weak, although the ability of squeezing generation is weakened, considerably large amount of squeezing
can still be obtained.

(ii) The robustness and lifetime of spin squeezing in the presence of decoherence. In Section 7.2, we show that spin-
squeezed states are more robust to particle-loss [284] as compared to the GHZ state. In Section 7.3, the lifetime of
spin squeezing is studied in three types of decoherence channels, which are quite general to describe decoherence
processes, and spin squeezing sudden vanishing is observed.

(iii) Decoherence in the quantummetrology process. In Section 7.4, we discuss how decoherence affects the ability of spin-
squeezed states to the improvement of phase resolution in Ramsey processes. Although the degree of spin squeezing
is weakened by decoherence, sub-shot noise phase resolution can still be achieved [13], in contrast with the maximal
entangled state, with which we could only attain the shot-noise level precision in the presence of decoherence [285].

7.1. Decoherence and spin squeezing generation

In Section 3, we have discussed generating spin-squeezed states via ideal one-axis twisting Hamiltonian, where
decoherence effects are not taken into account, and the best squeezing scales as ξ 2R ∝ 1/N2/3 for the one-axis twisting and
ξ 2R ∝ 1/N2 for the two-axis twisting. It is natural to expect that decoherence is detrimental to spin squeezing generation,
while if the decoherence effect is sufficiently weak, considerable large amount of squeezing can still be obtained. Below, we
mainly consider the particle loss induced decoherence, which is an unavoidable source of decoherence in cold atom systems,
such as BEC, due to collisions of condensed atoms with the background gas.

We first consider the one-axis twisting Hamiltonian. To estimate the effect of particle losses in a two-mode BEC, Ref. [4]
performed a Monte Carlo simulation of the evolution of squeezing using the one-axis twisting Hamiltonian H = χ J2z . The
particle loss is phenomenologically taken into account by introducing a loss rateΓ . Their simulations [4] indicated that even
under conditions when approximately 10% of the atoms are lost, a squeezing of ξ 2R ∼ 0.01 may be obtained. Refs. [152,153]
presented amore detailed analysis of spin squeezing generation in the presence of particle loss in a two-mode BEC. The time
evolution of the squeezing parameter is derived as

ξ 2R (t) = ξ 2R0(t)
[
1 +

1
3
Γsqt
ξ 2R0(t)

]
, (307)

where ξ 2R (t) is the squeezing without particle loss, and

Γsq =

−
m

Γ (m)
sq , and Γ (m)

sq = mΓ (m), (308)

where Γ (m) is them-body loss rate. They then found that, for one-body losses, the best obtainable spin squeezing scales as

ξ 2R ∝ N−4/15 for N → ∞, (309)

for two-body loss, in the limitN → ∞ the best squeezing is independent ofN , and for three-body losses, the best squeezing
becomes

ξ 2R ∝ N4/15 for N → ∞. (310)

Thus, for one-body losses we can obtain arbitrarily small squeezing parameter by increasing the particle number, while
for three-body losses case, there is a finite optimum number of particles for squeezing. For two-axis twisting model, the
decoherence effects induced by particle loss were studied in Ref. [215], where they established a Raman-scattering-based
approach to implement the two-axis twisting Hamiltonian as Eq. (177). They found that, to achieve the Heisenberg limit
squeezing, it is required that χ ≥ Γ , where χ is the twisting strength in Eq. (177), and Γ is the one-body loss rate. To
achieve any squeezing, it requires Nχ ≥ Γ , where N is the particle number. Quantum-limited metrology in the presence
of collisional dephasing was studied in [245,286], although these works are associated with nonlinear estimation schemes,
their analysis can also be extended to the discussion of spin squeezing. Otherwise, a detailed analysis of decoherence in
quantum light–atom interfaces, such as QND-type interactions, was studied in [287].
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7.2. Spin-squeezed states under particle loss

In the above subsection, we discussed how decoherence affects the production of spin squeezing. Below, we consider the
effects of particle loss on the generated spin-squeezed states, whichwas studied in Refs. [125,152,284]. For convenience, the
system is now assumed to be symmetric under particle exchange. Based on this assumption, the spin squeezing after particle
loss is equivalent to the spin squeezing of the subsystem composed of the remaining particles. The state after particle loss is
obtained by tracing over the degrees of freedom of the lost particles, and this procedure is what we used when deriving the
reduced density matrix of the state for the subsystem. Therefore, we immediately arrive at the conclusion that concurrence
is not affected by particle loss.

Consider an N-body system with exchange symmetry, represented by a density matrix ρN . The reduced states also have
exchange symmetry. After particle loss, the reduced state for the remaining Nr particles becomes

ρNr = Tr(N−Nr ){ρN}, (311)

where we trace over the (N − Nr) lost particles. As the state is of exchange symmetry, we have

⟨σ1α⟩ ≡ ⟨σiα⟩N = ⟨σiα⟩Nr ,

⟨σ1ασ2α⟩ ≡

σiασjα


N =


σiασjα


Nr
, (312)

where the subscripts N and Nr denote the state before and after particle loss, respectively. The indices i, j denote any two
remaining particles. Note that, according to Eq. (312), the MSD is invariant under particle loss.

From the expression Jn⃗ =
1
2

∑N
i=1 σin⃗, one can verify that

⟨ J2n⃗ ⟩N =
N
4

+
N2

− N
4

⟨σ1n⃗σ2n⃗⟩, (313)

where we have used the symmetry of the state. Conversely, one finds

⟨σ1n⃗σ2n⃗⟩ =
1

N − 1


4⟨ J2n⃗ ⟩N

N
− 1


. (314)

For the state after loss, similarly, we obtain

⟨σ1n⃗σ2n⃗⟩ =
1

Nr − 1


4⟨ J2n⃗ ⟩Nr

Nr
− 1


. (315)

Thus, from Eqs. (314) and (315), we obtain the following relation

4⟨ J2n⃗ ⟩Nr

Nr
=

Nr − 1
N − 1

4⟨ J2n⃗ ⟩N
N

+
N − Nr

N − 1
, (316)

which is applicable to an arbitrary direction n⃗. We have also a similar expression for the direction n⃗⊥ (perpendicular to the
invariant mean-spin direction),

4⟨ J2n⃗⊥
⟩Nr

Nr
=

Nr − 1
N − 1

4⟨J2n⃗⊥
⟩N

N
+

N − Nr

N − 1
. (317)

The two quantities 4⟨J2n⃗⊥
⟩Nr /Nr and 4⟨J2n⃗⊥

⟩N/N are just linearly related to each other, and Nr − 1 > 0. So, if we choose n⃗⊥ to
be the direction where the minimal variance is obtained for the state before loss, the direction n⃗⊥ also corresponds to the
minimal variance after loss. Finally, from the definition of the squeezing parameter ξ 2S (Table 1), we obtain [284]

ξ 2S,Nr
=

Nr − 1
N − 1

ξ 2S,N +
N − Nr

N − 1
, (318)

which gives the relation of the spin-squeezing parameters before and after loss.
Now, we discuss the spin-squeezing parameter ξ 2R , which is simply related to the parameter ξ 2S via

ξ 2R,N =
N2

4⟨⃗J⟩2N
ξ 2S,N =

1
⟨σ⃗1⟩2

ξ 2S,N . (319)

A similar expression holds for the squeezing parameters after loss, and this is given by

ξ 2R,Nr
=

1
⟨σ⃗1⟩2

ξ 2S,Nr
. (320)
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Multiplying Eq. (318) by ⟨σ⃗1⟩
−2, one immediately obtains [284]

ξ 2R,Nr
=

Nr − 1
N − 1

ξ 2R,N +
N − Nr

N − 1
1

⟨σ⃗1⟩2
. (321)

The squeezing parameter ξ 2S,Nr
only requires the knowledge of ξ 2S,N , while the parameter ξ 2R,Nr

is related to both ξ 2R,N and
⟨σ⃗1⟩

2.
Note that the GHZ state, which is maximally entangled, is extremely fragile under particle loss. Indeed, the entanglement

is totally destroyed when only one particle is lost. However, the spin-squeezed states, which are only partially correlated
(e.g., pairwise correlated) are more robust. We emphasize that the robustness is different in the depolarizing channel. It has
been found [288] that in the limitN → ∞, GHZ states can standmore than 55% local depolarization,while for spin-squeezed
states it can stand more than 29% local depolarization.

7.3. Spin squeezing under decoherence channels

In the previous subsection, the decoherence is induced by particle loss. Here, the decoherence effects are described
by three types of decoherence channels: the amplitude damping channel (ADC), the phase damping channel (PDC), and
the depolarizing channel (DPC). In general, decoherence processes can be described by these three typical channels. They
are prototype models of decoherence relevant to various experimental systems. They provide ‘‘a revealing caricature
of decoherence in realistic physical situations, with all inessential mathematical details stripped away’’ [289]. But yet
this ‘‘caricature of decoherence’’ leads to theoretical predictions being often in good agreement with experimental data.
Examples include multiphoton systems, ion traps, atomic ensembles, or a solid-state spin systems such as quantum dots or
nitrogen-vacancy centers, where qubits are encoded in electron or nuclear spins. Let us first introduce the three decoherence
channels [11].

7.3.1. Decoherence channels
Amplitude-damping channel: the ADC is defined by

EADC(ρ) = E0ρE
Ď
0 + E1ρE

Ď
1 , (322)

where E0 =
√
s|0⟩⟨ 0| + |1⟩⟨ 1| and E1 =

√
p|1⟩⟨ 0| are the Kraus operators, p = 1 − s, s = exp(−γ t/2), and γ is the

damping rate. In the Bloch representation, the ADC squeezes the Bloch sphere into an ellipsoid and shifts it toward the
north pole. The radius in the x–y plane is reduced by a factor

√
s, while in the z-direction it is rescaled by a factor s. The ADC

is a prototype model of a dissipative interaction between a qubit and its environment. For example, the ADC model can be
applied to describe the spontaneous emission of a photon by a two-level system into an environment of photon or phonon
modes at zero (or very low) temperature in (usually) the weak Born–Markov approximation.

Phase-damping channel: the PDC is a prototype model of dephasing or pure decoherence, i.e., loss of coherence of a two-
level state without any loss of the system’s energy. The PDC is described by the map

EPDC(ρ) = sρ + p (ρ00|0⟩⟨ 0| + ρ11|1⟩⟨ 1|) , (323)

and obviously the three Kraus operators are given by E0 =
√
sI, E1 =

√
p|0⟩⟨ 0| and E2 =

√
p|1⟩⟨ 1|, where I is the identity

operator. For the PDC, there is no energy change and a loss of decoherence occurs with probability p. As a result of the action
of the PDC, the Bloch sphere is compressed by a factor (1 − 2p) in the x–y plane. It is evident that the action of the PDC
is nondissipative. This means that, in the standard computational basis |0⟩ and |1⟩, the diagonal elements of the density
matrix ρ remain unchanged, while the off-diagonal elements are suppressed. Moreover, the qubit states |0⟩ and |1⟩ are also
unchanged under the action of the PDC, although any superposition of them (i.e., any point in the Bloch sphere, except the
poles) becomes entangled with the environment. The PDC can be interpreted as elastic scattering between a (two-level)
system and a reservoir. The PDC is also a suitable model to describe T2 relaxation in spin resonance.

Depolarizing channel: the definition of the DPC is given by the map

EDPC(ρ) = sρ + p
I
2
. (324)

We see that for the DPC, the spin is unchanged with probability s = 1 − p, or is depolarized to the maximally-mixed state
I/2 with probability p. It is seen that due to the action of the DPC, the radius of the Bloch sphere is reduced by a factor s, but
its shape remains unchanged.

7.3.2. Spin squeezing parameters under decoherence
Now, let us study spin squeezing under the above three different decoherence channels. The spin-squeezed states are

prepared by a one-axis twisting Hamiltonian, and the spin-squeezing parameters ξ 2S , ξ
2
R and ξ̃ 2E can be evaluated by using

Eqs. (111) and (118), since the system has exchange symmetry, and the decoherence channels act independently on each
particle. Therefore, all the spin-squeezing parameters and the concurrence are determined by some correlation functions
and expectations, and they can be calculated via the Heisenberg approach shown below.
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Table 7
Analytical results [200] for the time-evolutions of all relevant expectations, correlations, spin-squeezing parameters, and concurrence, aswell as the critical
values pc of the decoherence strength p. This is done for the three decoherence channels considered here. For the concurrence C , we give the expression
for C ′

r , which is related to the rescaled concurrence Cr via Cr = max(0, C ′
r ). The parameters x0 = 1 + 2 ⟨σz⟩0 + ⟨σ1zσ2z⟩0 , a0 = (N − 1) (1 − ⟨σ1zσ2z⟩0).

The critical values p(1)c , p
(2)
c , and p(3)c correspond to the concurrence, squeezing parameter ζ 2

R , and ζ
2
E , respectively. See Ref. [200].

Amplitude-damping channel (ADC) Phase-damping channel (PDC) Depolarizing channel (DPC)

⟨σ1z⟩ s⟨σ1z⟩0 − p ⟨σ1z⟩0 s⟨σ1z⟩0
⟨σ1zσ2z⟩ s2⟨σ1zσ2z⟩0 − 2sp⟨σ1z⟩0 + p2 ⟨σ1zσ2z⟩0 s2⟨σ1zσ2z⟩0
⟨σ1+σ2−⟩ s⟨σ1+σ2−⟩0 s2⟨σ1+σ2−⟩0 s2⟨σ1+σ2−⟩0
⟨σ1−σ2−⟩ s⟨σ1−σ2−⟩0 s2⟨σ1−σ2−⟩0 s2⟨σ1−σ2−⟩0
⟨σ⃗1 · σ⃗2⟩ 1 − s p x0 s2(1 − ⟨σ1zσ2z⟩0)+ ⟨σ1zσ2z⟩0 s2

Czz s2Czz(0) Czz(0) s2Czz(0)
ξ 2S 1 − sCr (0) 1 − s2Cr (0) 1 − s2Cr (0)

ξ 2R
1−sCr (0)

(s⟨σ1z ⟩0−p)2
1−s2Cr (0)

⟨σ1z ⟩
2
0

1−s2Cr (0)
s2⟨σ1z ⟩

2
0

ξ 2E
1−sCr (0)

1+(1+N−1)s p x0
1−s2Cr (0)

1− 1
N


[s2+(1−s2)⟨σ1zσ2z ⟩0]+

1
N

1−s2Cr (0)
(1−N−1)s2+N−1

C ′
r sCr (0)− (N − 1)s p x0/2 s2Cr (0)+ a0(s2 − 1)/2 s2Cr (0)+

N−1
2 (s2 − 1)

p(1)c
2Cr (0)
(N−1)x0

1 −


a0

2Cr (0)+a0

 1
2

1 −


N−1

2Cr (0)+N−1

 1
2

p(2)c
⟨σ1z ⟩

2
0+Cr (0)−1

1+2⟨σ1z ⟩0+⟨σz ⟩
2
0

1 −


1−⟨σ1z ⟩

2
0

Cr (0)

 1
2

1 −


1

Cr (0)+⟨σ1z ⟩
2
0

 1
2

p(3)c
NCr (0)
(N−1)x0

1 −


a0

NCr (0)+a0

 1
2

1 −


N−1

NCr (0)+N−1

 1
2

The spin-squeezing parameters and concurrence for the initial state are shown in Table 7. The state under decoherence
is given by

E (ρ) =

−
µ1,...,µN


⊗

N
i=1Kµi


ρ

⊗

N
i=1K

Ď
µi


, (325)

where Kµi denotes the Kraus operator for the i-th particle. The spin-squeezing parameters and concurrence consist of
some correlation functions and expectations, and we need just to calculate the evolution of these quantities by employing
Heisenberg picture without writing the state explicitly. The evolution of operator A can be put forward by employing the
Heisenberg picture with

⟨A⟩ = Tr [AE(ρ)] = Tr

EĎ(A)ρ


, (326)

where

EĎ(A) =

−
µ1,...,µN


N
i=1

K Ď
µi


A


N
i=1

Kµi


(327)

is relatively easy to calculate for our cases.
In order to characterize spin squeezing more conveniently, we now define the following squeezing parameters:

ζ 2
k = max(0, 1 − ξ 2k ), k ∈ {S, R, E}. (328)

Spin squeezing appearswhen ζ 2
k > 0, and there is no squeezingwhen ζ 2

k vanishes. Thus, the definition of the first parameter
ζ 2
S has a clear meaning: namely, it is the strength of the negative correlations as seen from Eq. (186). More explicitly, for the
initial state, we have ξ 2S = 1 − (N − 1)C0 as shown in Eq. (139), so ζ 2

S is just the rescaled concurrence

Cr(0) = (N − 1)C0. (329)

To study the decoherence of spin squeezing, we choose a state which is initially squeezed. One typical class of such
spin-squeezed states is the one-axis twisting collective spin state [1],

|Ψ (θ0)⟩ = e−iθ0J2x /2|1⟩⊗N , (330)

which could be prepared by the one-axis twisting Hamiltonian H = χ J2x , where

θ0 = 2χ t (331)

is the one-axis twist angle and χ is the coupling constant.
The numerical results [200] for the squeezing parameters and concurrence are shown in Fig. 11 for different initial

values of θ . For the smaller value of θ0, e.g., θ0 = π/10, we see that there is no entanglement sudden death (ESD) and
spin squeezing sudden death (SSSD). The spin squeezing and the pairwise entanglement are completely robust against
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Fig. 11. Spin-squeezing parameters ζ 2
R (red curve with squares), ζ 2

E (top green curve with circles), and the concurrence Cr (solid curve) versus the
decoherence strength p = 1 − exp(−γ t) for the amplitude damping channel, where γ is the damping rate [200]. Here, θ0 is the initial twist angle
given by (Eq. (331)). In the four figures, we consider an ensemble of N = 12 spins. Note that for small initial twist angle θ0 (e.g., θ0 = 0.1π ), the two
squeezing parameters and the concurrence all agree with each other. For larger values of θ0 , the ζ 2

R , ζ
2
E , and C become quite different, and all vanish for

sufficiently large values of the decoherence strength. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
Source: This figure is from Ref. [200].

decoherence. Intuitively, the larger is the squeezing, the larger is the vanishing time for the squeezing. However, here, in
contrast to this, nomatter howsmall the squeezing parameters and concurrence are, they vanish only in the asymptotic limit.
This results from the complex correlations in the initial state and the special characteristics of the ADC. For larger values of
θ0, as the decoherence strength p increases, the spin squeezing decreases until it suddenly vanishes, so the phenomenon of
SSSD occurs. There exists a critical value pc , after which there is no spin squeezing. The vanishing time of ξ̃ 2E is always larger
than those of ξ 2R and the concurrence. We note that depending on the initial state, the concurrence can vanish before or
after ξ 2R . This means that in our model, the parameter ξ̃ 2E < 1 implies the existence of pairwise entanglement, while ξ 2R does
not.

We can calculate all the relevant correlation functions, squeezing parameters, concurrence and the critical values of the
decoherence strength p, which are given in Table 7. Initially, the state is spin-squeezed, i.e., ξ 2S (0) < 1 or Cr(0) > 0. As seen
from Table 7, one can find that ξ 2S < 1, except in the asymptotic limit of p = 1. Thus, we conclude that according to ξ 2S , the
initially spin-squeezed state is always squeezed for p ≠ 1, irrespective of both the decoherence strength and decoherence
models. In other words, there exists no SSSD if we quantify spin squeezing by the first parameter ξ 2S .

The SSSD for the three decoherence channels with respect to different initial twisting angles was also studied [200];
here, we only consider the PDC as an illustrative example. In Fig. 12, we plot the decoherence strength pc versus the twist
angle θ0 of the initial state for the PDC. For this decoherence channel, the critical values pc ’s first decrease, until they reach
zero. Also, it is symmetric with respect to θ0 = π , which is in contrast to the ADC. There are also intersections between the
concurrence and parameter ξ 2R , and the critical value p(3)c is always larger than p(1)c and p(2)c .

As summarized in Ref. [200], the common features of the three decoherence channels are: (i) the critical value p(3)c is
always larger than or equal to the other two, namely, the spin-squeezing correlations according to ξ̃ 2E are more robust;
(ii) there always exist two intersections between the concurrence and the parameter ξ 2R , for θ0 from 0 to 2π , irrespective
of the decoherence channels; (iii) when there is no squeezing (central area of Fig. 12), all vanishing times are zero. Table 7
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Fig. 12. Critical values of the decoherence strength p(1)c (blue solid curve), p(2)c (red curvewith squares), p(3)c (top green curvewith circles), and the squeezing
parameter ζ 2

S (black dashed curve) versus the initial twist angle θ0 given by Eq. (331) for the amplitude-damping channel, PDC. Here, pc is related to the
vanishing time tv via pc = 1 − exp(−γ tv). At vanishing times, SSSD occurs. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
Source: This figure is from Ref. [200].

conveniently lists all the analytical results obtained in this section. A general occurrence of finite-time decays of nonclassical
effects was predicted in Ref. [290], which can be considered a generalization of the results of Ref. [200].

7.4. Effects of decoherence on spin squeezing in Ramsey processes

In this section, we present the effects of decoherence on spin-squeezed states in Ramsey interferometry, which
were discussed in Section 5.3. Now we take into account decoherence, and each spin-1/2 particle is assumed to evolve
independently via the master equation

∂ρ

∂t
= −

i
2
[(ω0 − ω)σz, ρ] +

γ

2
(σzρσz − ρ), (332)

where γ is the decoherence rate. Under the above master equation, which describes a dephasing process, nondiagonal
elements of ρ decay as exp(−γ t), while the diagonal terms are invariant. Spin squeezing weakened by dissipation effects
was studied in Refs. [63,291]. By using the results shown in Table 7, we now derive

⟨ Jz⟩t = − cosφ⟨ Jz⟩t=0 exp(−γ t),

(1J2z )t = [sin2 φ⟨ J2x ⟩t=0 + cos2 φ(1Jz)2t=0 − sin(2φ) Cov(Jx, Jz)t=0] exp(−2γ t)+
N
4

[1 − exp(−2γ t)], (333)

where the exponential terms come from the free evolution, when the system is rotating around the z-axis. Thus, from the
above equations, the decoherence effects on the spin-squeezing parameter ξ 2R are clear: the length of the spin becomes
shorter, while the fluctuations, which may be squeezed at the beginning, become larger. Therefore, the degree of squeezing
becomes smaller.

Since φ is time-dependent, it is more convenient to estimate ω0. By using Eqs. (280) and (333), we obtain

1ω0 =


sin2 φ⟨ J2x ⟩ + cos2 φ(1Jz)2 +

N
4 [exp(2γ t)− 1]

tT sin2 φ⟨ Jz⟩2

1/2

, (334)

where we omit the subscript t = 0, and assume Cov(Jx, Jz)t=0 = 0, which is usually satisfied when the initial states have
parity, e.g. the spin-squeezed states generated via the twisting Hamiltonian.

Now we search for the point (φopt, topt) where the minimum of1ω0 is attained. The minimization of1ω0 is equivalent
to the minimization of (1ω0)

2, which is given by

(1ω0)
2

=
⟨ J2x ⟩ − (1Jz)2

tT ⟨ Jz⟩2
+
(1Jz)2 +

N
4 [exp(2γ t)− 1]

tT sin2 φ⟨ Jz⟩2
. (335)
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Fig. 13. (Color online) Schematic diagram of the state evolution for Ramsey spectroscopy. Here the initial state is spin-squeezed in the x-direction, with
spin length J . At each ‘‘snapshot’’, the initial and final states are joined by a white ‘‘path’’ or trajectory on the Bloch sphere. The phase φ gained in the
free-evolution period is determined by measuring the population differences, between particles in states |0⟩ and |1⟩, which is equivalent to measuring
Jz . The precision of φ is thus determined by the spin length and the fluctuation in Jz . In the absence of decoherence (a), a squeezed state (fuzzy elliptic
rainbow) performs better (i.e., has smaller fluctuations in Jz ) than a coherent spin state (blue circle), shown in a3 . When decoherence is considered, during
the free-evolution period, the spin length is shorter and the fluctuations become larger. Thus, in the final population measurement, b3 , the precision of φ
becomes lower.

It is evident that (1ω0)
2 decreases monotonically with the increase of sinφ, thus

φopt =
kπ
2

(k odd). (336)

And at this point, (1ω0)
2 becomes

(1ω0)
2(φ = φopt) =

⟨ J2x ⟩ +
N
4 [exp(2γ t)− 1]
tT ⟨ Jz⟩2

. (337)

It is interesting to see that this minimal value is independent of the variance (1Jz)2, irrespective of the decoherence. Now,
we minimize (1ω0)

2 with respect to t . The value of topt is determined by the conditions
∂

∂t
[(1ω0)

2(φ = φopt)] = 0,

∂2

∂t2
[(1ω0)

2(φ = φopt)] > 0, (338)

and thus topt is the solution of

(2γ t − 1) exp(2γ t)+ 1 = ξ 2x , (339)
where

ξ 2x =
4⟨ J2x ⟩
N

, (340)

which is equal to ξ 2S if ⟨ J2x ⟩ is the minimal spin variance in the n⃗⊥ direction. When t = topt, one finds

∂2

∂t2
[(1ω0)

2(φ = φopt)] =
Nγ 2 exp(2γ t)

Tt⟨ Jz⟩2
, (341)

which is obviously larger than zero. Thus, at the optimal point, we obtain the minimal value.
From Eqs. (337) and (339), we obtain the minimal1ω0 as

min(1ω0) =


2γ exp(2γ topt)

TNηz
, (342)
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where ηz = 4⟨ Jz⟩2/N2, which is always less than or equal to one. For the CSS |j,−j⟩, we have ηz = 1, ξ 2x = 1 and topt =

1/(2γ ). Thus according to Eq. (342), we have

min(1ω0)CSS =


2γ exp(1)

TN
. (343)

A relative improvement in the precision over the above minimal uncertainty may be given by

P(topt, ηz) = 1 −
min(1ω0)

min(1ω0)CSS
= 1 −


exp(2γ topt)
exp(1)ηz

. (344)

Then in the idealized case, topt → 0 and ηz → 1, the theoretical absolute decoherence limit in the precision improvement
is

Pabs = 1 − exp


−
1
2


≃ 0.39 (345)

which is independent of N . Here, we emphasize that the limit t → 0 implies ξ 2x → 0, according to Eq. (339).
In Ref. [285], a similar issue was studied with the maximally entangled state, the GHZ state, which is not spin-squeezed

but can be used to achieve the Heisenberg limit [34,38,255]. Compared with spin-squeezed states, for Markovian dephasing
processes as discussed in this section, the best precision given by the GHZ state is the shot-noise limit, the same as a
CSS. Recently, the lifetime of spin-squeezed states under the influence of dephasing noise has been measured in Ref. [45],
where the spin-squeezed state was generated in a collection of atoms in a cavity via feedback mechanism. For experimental
conditions in [45], the lifetime is τ ≃ 600 µs for an initial spin-squeezed state with (ξ 2R )

−1
≃ 4 dB. Since the CSS is also

affected by the same dephasing noise, around the time, τ ∼ 600 µs, even though the initially-squeezed states becomes
unsqueezed, ξ 2R = 1, it still improves the signal-to-noise ratio by ∼ 3 dB over that of an initially CSS.

8. Theoretical proposals and experimental realizations of squeezing generation

Above we have discussed many theoretical works about spin squeezing and its applications. Below, we review the
generation of squeezing in several physical systems, with both theoretical proposals and experimental realizations. In
Section 8.1, we review experimental progresses of generating spin squeezing in a BEC, for which theoretical proposals have
been discussed in Section 3.1.3. Then in Section 8.2, we discuss the transfer of squeezing from squeezed lights to atoms.
Afterward, spin squeezing produced by QND measurement is reviewed in Section 8.3.

8.1. Generating spin squeezing in Bose–Einstein condensations

In this section, we discuss how to generate spin-squeezed states in a BEC. There are two main advantages of producing
spin-squeezed states in this system: the considerable long coherence times, and the strong atom–atom interactions, which
induce nonlinearity and squeezing. The simplest and most widely studied scheme to generate spin-squeezed states in a
two-component BEC is to utilize particle collisions. Under the single-mode approximation, the BEC Hamiltonian can be
mapped to the one-axis twisting Hamiltonian in the Schwinger representation [4,17,18,118–126,128–135], which was
realized in experiments [17–20]. The validity of the two-mode approximation has been confirmed by using the perturbation-
based Bogoliubov theory [124], and also by employing the positive-P method [119], both gave a more detailed analysis
than using a single-mode approximation. Refs. [136,137] presented an effective two-axis twisting Hamiltonian resulting
from Raman scattering. Spin squeezing in a spinor-1 BEC was studied in Refs. [141–147]. There, spin-squeezed states
could be generated via spin–exchange interactions [143,144]. For a spinor-1 BEC, which should be described by the SU(3)
algebra, spin-squeezed states can be created in an SU(2) subspace [142,145,146], and even simultaneously in all the three
SU(2) subspaces [146]. Decoherence in the generation of spin squeezing was studied in the cases of particle collisions
[140,150], and particle losses [125,152,153]. Below, we present some recent experiments about producing spin-squeezed
states.

8.1.1. Experimental realizations
In the BEC system,we use the concept of spin squeezing since physical observables associatedwith theN two-level atoms

can be described by a fictitious spin J = N/2 in the Schwinger representation, shown in Eq. (158). Below, we show some
very recent experimental results [19,20]. To illustrate these results, we explain the so-called number-squeezing parameter,
which is defined as

ξ 2N =
4(1Jz)2

N
. (346)
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It is called number-squeezing parameter because Jz measures the number difference between the two components, it is
related to the metrological squeezing parameter as

ξ 2R =
ξ 2N

C2
, (347)

where

C =
2|⟨⃗J⟩|
N

, (348)

is the contrast of the Ramsey interferometer.
The intrinsic physics of the generation of squeezed states in BEC is the particle collisions, as illustrated in Section 3, where

we employed a simple two-component BEC, forwhich an effective one-axis twisting Hamiltonian is derived. In experiments,
the BEC can be loaded in an optical lattice, and is described by a Bose–Hubbard model, of which the atom number statistics
undergoes a drastic change from a superfluid phase to a Mott insulator phase [148], where the atom number fluctuation is
strongly suppressed. The atomic number squeezing has been implemented in Ref. [17]. In this experiment, the condensates
were loaded in an optical lattice, and the system can be described by a Bose–Hubbard Hamiltonian, of which the atom
number statistics undergoes a drastic change from a superfluid phase to a Mott insulator phase [148]. For N atoms loaded
in anM-site lattice, the Bose–Hubbard Hamiltonian reads

H = γ
−
⟨i,j⟩

âĎi âj +
−

i

ϵin̂i +
gβ
2

−
i

n̂i(n̂i − 1), (349)

where âi and âĎi are bosonic operators of atoms on the ith site, n̂i = âĎi âi is the corresponding number operator, and ϵi
denotes the external potential term. The interaction strength g is associated with the s-wave scattering length, shown in Eq.
(154), and

β ≡

∫
d3r|φ(r)|4. (350)

The tunneling amplitude γ between the i and j sites is

γ =

∫
d3rφ(r − ri)

[
−

h̄2

2m
∇

2
+ U(r)

]
φ(r − rj). (351)

In the strong tunneling regime gβ/γ ≪ 1 (i.e., the superfluid phase), the interaction term is negligible and the single atomic
state will spread the lattice. The many-body ground state is given as [292]

|ψSF⟩gβ=0 ∝


M−
i=1

âĎi

N

|0⟩, (352)

of which the on-site number fluctuation1n̂i obeys the Poissonian distribution, i.e.,

1n̂i = ⟨n̂i⟩. (353)

Conversely, if the ratio gβ/γ overcomes a critical point, the ultracold gas enters the Mott insulator phase, where the atomic
states are localized and the many-body ground state wavefunction becomes

|ψMI⟩γ=0 ∝

M∏
i=1

(âĎi )
ni |0⟩, (354)

which is a product of local Fock states for each lattice site, with ni the on-site atom number, and the corresponding number
fluctuations1n̂i vanish.

In Ref. [17], atom-number squeezing was observed in the Mott insulator phase. They loaded about 108 87Rb atoms into
a time-orbiting potential (TOP) trap and produced about 104 condensates of F = 2,mf = 2 atoms. After an adiabatic
relaxation, the condensate was then loaded in a one-dimensional vertically oriented optical lattice, which consists of ∼12
weakly-linked mesoscopic wells. The squeezing of the particle number was indirectly observed by detecting the phase-
sensitivity interference of atoms released from the lattice. The phase variance σφ is related to the number variance σn at
each lattice as

σn ∝
1
σφ
, (355)

due to the phase-number uncertainty relation. The increase of the phase variance indicates the reduction of the number
variance. As discussed in Section 3.1.3, spin squeezing can be produced in BEC due to nonlinear particle collisions, while
in this experiment, besides particle collisions in the same well, there is tunneling between neighboring wells. The physics



J. Ma et al. / Physics Reports 509 (2011) 89–165 139

of the formation of number squeezing can be illustrated by considering a simple two-well version of the Bose–Hubbard
Hamiltonian (349), written as

H = γ (aĎLaR + aĎRaL)+
gβ
2

[(aĎLaL)
2
+ (aĎRaR)

2
], (356)

where the subscripts L and R represent the left and right well, respectively. In the Schwinger representation (158) the above
Hamiltonian becomes

H = γ Jx + χ J2z +
χN2

2
, (357)

whereN is the total particle number, and the squeezing strengthχ = gβ . To create number-squeezed states, they increased
the ratio Nχ/γ by varying the intensity of the lattice laser and the initial condensate density. The atomic interference was
realized by releasing the atoms to fall under gravity. The contrast of the resulting interference pattern was used as a phase
probe to distinguish between the limits of coherent and Fock states.With the adiabatic increase of the lattice potential depth,
they found the increase of the phase variance, characterized by the squeezing factor S, defined by

σ 2
φ = Sσ 2

φ0, (358)

where σ 2
φ0 corresponds to the non-squeezed case. When

Ngβ/γ = 105, (359)

where N refers to the particle number in the central well, they found that the squeezing factor

SdB = 10 log10
σ 2
φ

σ 2
φ0

≃ 25 dB, (360)

corresponding to a number variance σn ≃ 1 in the central well.
In Ref. [148], by using a probe that is sensitive only to the presence of atom pairs at a given lattice, they observed a

continuous suppression of number fluctuations when the ultracold sample evolves from the superfluid regime to the Mott
insulator regime. In this experiment, the specific two-particle probe are spin-changing collisions, which convert spin f = 1
atoms in the m = 0 Zeeman sublevel to pairs with one atom in the m = +1 and the other in the m = −1 sublevel.
The advantage of the spin-collisional-based probes is that they are nondestructive, and can be resonantly controlled using
the differential shift between Zeeman sublevels induced by an off-resonant microwave field. Experiments confirmed that
the atom number exhibits near-Poissonian fluctuations for shallow lattices, and strongly suppressed fluctuations for deep
lattice. Besides, their results [148] indicate that number squeezing is robust with respect to experimental manipulations.

The experiments in Ref. [159] presented extended coherence times by a factor of 2 over those expected with coherent
state BEC interferometry. The coherent time, which is limited due to the mean-field interaction-induced decoherence, was
probed by using the decay of Bloch oscillations.

The theoretical treatment for a BEC in an optical lattice begins with the Bose–Hubbard Hamiltonian (349). The tunneling
is weakened by applying a large energy gradient across the array, which benefits from the advantage that the on-site mean-
field energy is unaffected. They demonstrated that, for number-squeezed states prepared at a potential depth U = 22.5ER
(where ER = h̄2 k2/2m and k = 2π/λ), with λ = 852 nm, the coherence time τc = 19.3 ± 3.5 ms, which represents
an increase of a factor of 2.1 over the expected decay time of an array of coherent states in the same lattice potential. It is
interesting to note that here squeezing extends the coherence time: typically, the enhanced fragility of squeezed states to
loss mechanisms results in reduced coherence times. Then in Ref. [158], phase coherence of two BECs confined in a double-
well potential on an atomic chip was observed. It holds for times up to ∼200 ms after splitting, a factor of 10 longer than
the phase diffusion time expected for a coherent state in the same experimental conditions.

In the previous experiments [17,148,158,159,292], the suppression of atom-number fluctuations in a BEC was observed
indirectly. The direct determination of squeezing parameters requires access to the the on-site atom occupations. This was
demonstrated in Ref. [18] by imaging the condensate with a resolution of 1µm (full-width at half-maximum), which is well
below the lattice spacing of 5.7 µm, and fulfills the criterion of local measurement. The condensate was loaded in an optical
lattice of two to six wells, and the occupation number per site ranged from 100 to 1100 atoms. The wells of the lattice were
fully resolved, and thus the atom number in each lattice site could be determined by direct integration of the atomic density
obtained by absorption imaging. The observed spin-squeezed states allow a precision gain of 2.3 dB (two wells) and 3.8 dB
(six wells) over the standard quantum limit for interferometric measurements.

Recently, some notable improvements have been reported [19,20]. Although squeezed states have been generated
previously, Ref. [19] first performed a direct experimental demonstration of interferometric phase precision beyond the
standard quantum limit in a novel nonlinear Ramsey interferometer. The experimental scheme, shown in Fig. 14, involved six
independent BECs of 87Rb (total number 2300) prepared in a one-dimensional lattice. This enabled parallel experiments to
be independently performed on sixwells, which resulted in increased statistics for a givenmeasurement time. The hyperfine
states |a⟩ = |F = 1,mF = 1⟩ and |b⟩ = |F = 2,mF = −1⟩ form a two-level system. The single traps are almost spherical
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Fig. 14. (Color online) Comparison of linear and nonlinear interferometry [19]. (a) Classical Mach–Zehnder interferometer. The two-mode field is mapped
to a Bloch-sphere under the Schwinger representation (158). Here the input state is equivalent to a CSS. (b) By using a nonlinear beam splitter, which acts
as one-axis twisting Hamiltonian and generates spin-squeezed states, the precision of the interferometry was improved. (c) Six independent BECs of 87Rb
were prepared in a one-dimensional optical lattice [19]. State-selective time-delayed imaging causes the atomic clouds to have different shapes. For this
trap geometry, the dynamics is described by a one-axis twisting Hamiltonian.
Source: This figure is from Ref. [19].

and have dipole frequencies ofωtrap = 2π×425 Hz. For this trap geometry, the single mode approximation is well justified,
and the dynamics is governed by a one-axis twisting Hamiltonian

H/h̄ = 1ω0Jz + χ J2z +ΩJφ, (361)

where the third term describes spin rotations around an axis

Jφ = Jx cosφ + Jy sinφ, (362)

due to the coupling of |a⟩ and |b⟩ by using two-photon combined microwave and radio-frequency pulses with a Rabi
frequency ofΩ and phase φ. In this experiment, the Rabi frequencyΩ can be switched rapidly between 0 and 2π ×600 Hz,
allowing for fast diabatic coupling of the states.

Now we consider the nonlinear interaction strength χ . When the two states |a⟩ and |b⟩ have a complete spatial overlap,
according to the discussion in Section 3.1.3, we have

χ ∝ aaa + abb − 2aab, (363)

where the s-wave scattering lengths in this experiment [19] satisfy

aaa:abb:aab = 100:97.7:95, (364)

which results in a very small nonlinear interaction strength, χ ≃ 0. To overcome this problem, they used the Feshbach
resonance to control scattering lengths. By choosing the magnetic field B = 9.10 G, aab can be decreased by a narrow
Feshbach resonance and they achieved χ = 2π × 0.063 Hz. The magnetic field was kept constant throughout the whole
interferometric sequence, while during the coupling pulses the interaction strength χ was negligible since the system was
in the Rabi regime, that is, χN/Ω ≪ 1.

The experiment [19] began with a CSS that polarized to the −z-direction according to the chosen coordinate system.
After a π/2 pulse the state turns to be polarized in the x-direction, thus ⟨ Jz⟩ = ⟨ Jy⟩ = 0. Next, using a Feshbach resonance,
the state evolves under the one-axis twisting Hamiltonian, which causes a shearing effect, shown in Fig. 2, and finally the
state has a squeezing angle α0 with respect to the z-direction. As shown in Fig. 14, to make the state useful for squeezing
metrology, it is first rotated around the center of the uncertainty ellipse by α = α0 + π/2, and then evolves freely for
τ = 2 µs, during which a phase difference ϕ is gained between the two states |a⟩ and |b⟩. Followed by a π/2 pulse, this
phase difference is estimated by a population measurement. This standard Ramsey process is illustrated in Fig. 14. The
experimental results for number squeezing are shown in Fig. 15. The minimal fluctuations are found for the rotation angle
α = 16°, where the corresponding number squeezing factor is

ξ 2N =
4(1Jz)2

N
= −6.9+0.8

−0.9 dB, (365)
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Fig. 15. Characterization of the quantum state within a nonlinear interferometer [19]. (a) In the left, the twisting effects of the one-axis twisting
Hamiltonian. In the right, the blue data have been corrected for photon shot noise and the red data additionally take the technical noise into account [19].
The best number-squeezing factor was ξ 2N = −8.2+0.9

−1.2 dB. (b) Noise tomography of the output state of the nonlinear beam splitter. The dotted box indicates
the region detailed in (a). The largest fluctuationsmeasured have a number-squeezing factor of ξ 2N,max = +10.3+0.3

−0.4 dB. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
Source: This figure is from Ref. [19].

for which the photon shot noise due to the imaging process is removed. By additionally taking into account the technical
noise due to coupling-pulse imperfections, the squeezing factor can be improved to

ξ 2N = −8.2+0.8
−1.2 dB, (366)

which is close to the atom-loss-limited theoretical optimum for this system [153]. Furthermore, they pointed out that
the best spin squeezing factor ξ 2R = ξ 2N/ cosϕ = −8.2 dB is obtainable, which implies the entanglement of about 170
atoms [230].

In another recentwork [20], spin squeezingwas generated in an atom chip by controlling the elastic collision interactions
through the wavefunction overlap of the two states with a state-dependent microwave potential. The hyperfine states
|0⟩ ≡ |F = 1,mF = −1⟩ and |1⟩ ≡ |F = 2,mF = 1⟩ of 87Rb form a two-level system. The system Hamiltonian is the
same as in Eq. (361), while here the notation of the spin operator J is replaced with S. A key problem in this experiment is
also to produce a nonvanishing nonlinear interaction strength, since the s-wave scattering lengths here satisfy

a00:a01:a11 = 100.4:97.7:95.0. (367)

They realized χ = 0.49 Hz by spatially separating the two components of the BEC with a state-dependent potential, during
which the UAB term in Eq. (160) is zero. The Ramsey process here is similar to that in Ref. [19], and is displayed in Fig. 16. At
first, a CSS is prepared by a π/2 pulse of duration 120 µs. After that, the two components are separated, and the nonlinear
interaction is active for a best-squeezing time to avoid ‘oversqueezing’. The two states overlap again after 12.7 ms, and the
nonlinear interaction stops. As shown in Fig. 16, the transverse spin component

Sθ = Sz cos θ − Sy sin θ, (368)

is measured by rotating the state in the y–z plane by θ before detecting Sz . The experimental results are shown in Fig. 17,
where comparisons between squeezed and coherent states are presented. The normalized variance ∆nS2θ = 41S2θ /⟨N⟩ is
plotted so that∆nS2θ = 0 dB corresponds to the shot-noise limit. For squeezed states, a minimum of

∆nS2θ = −3.7 ± 0.4 dB (369)

is found at θmin = 6°, with interference contrast C = 2|⟨Sx⟩|/N = (88 ± 3)%, indicating a squeezing parameter of

ξ 2R = −2.5 ± 0.6 dB, (370)

and a reduction of spin noise by −3.7± 0.4 dB was observed. This could be used to improve interferometric measurements
by −2.5 ± 0.6 dB over the standard quantum limit. The experimental scheme and results [20] are summarized in Figs. 16
and 17. It is pointed out that, the technique for tuning of interactions in a BEC through wavefunction overlap also works in
magnetic traps and for atomic state pairs where no convenient Feshbach resonance exists.
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Fig. 16. Spin squeezing and entanglement through controlled interactions on an atom chip [20]. (a) Bloch sphere representations of the dynamic evolution
of the BEC internal states. The red disks represent spin noise. The one-axis twisting Hamiltonian χS2z reduces the spin noise at an angle θmin , and the
subsequent pulse rotates the state around −x by an angle θ [20]. (b) Control of the nonlinearity χ on the atomic chip. χ depends on the difference of intra-
and inter-state atomic interactions. (c) Experimental sequence andmotion of the two BEC components [20]. (d)Measured Ramsey fringes in the normalized
population difference. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Source: This figure is from Ref. [20].

8.2. Squeezing transferred from light to atoms

The squeezing of photons is not easy to preserve, hence researchers considered how to transfer squeezing from photons
to atomic ensembles [16,51,52,55,111], which are more convenient for storing quantum information. Many efforts have
been devoted to use atomic ensembles to realize quantum memories [49,293,294], and using photons as information
carriers. A practical analysis of generating spin squeezing in an ensemble of atoms, by the absorption of squeezed light,
was studied theoretically in [52], and soon after it was realized in experiments [16]. Spin-squeezed states can also be
generated via electromagnetically induced transparency [65,67–70]. In this section,we present the experimental [16] results
for generating spin-squeezed states when an atomic ensemble absorbs the squeezed vacuum field of the photons.

8.2.1. Theoretical proposals
Here we discuss the theoretical proposal [52] for creating spin-squeezed states in atomic ensembles via the absorption

of squeezed vacuum, which is illustrated in Fig. 18. The experiment is realized in Ref. [16]. We consider a cloud of Cs
atoms [52]. The energy level structure is shown in Fig. 18, where we only consider levels |6S1/2, F = 4⟩, |6P3/2, F = 5⟩
and |6D5/2, F = 6⟩. There are two transition configurations: a V -type configuration consisting of levels |0⟩ (|6S1/2, m =

0⟩), |1⟩ (|6P3/2, m = −1⟩) and |2⟩ (|6P3/2, m = 1⟩), which is used to generate spin-squeezed states; aΛ-type configuration
consisting of levels |1⟩, |2⟩ and |6D5/2, m = 0⟩, which is used for polarization measurements.

Below we mainly consider the V -type structure and only investigate the subspace spanned by levels |1⟩ and |2⟩. The
transition between these two levels is forbidden due to symmetry. However, effective transition processes between these
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Fig. 17. Spin noise tomography and reconstructed Wigner function of the spin-squeezed BEC [20]. (a) Observed spin noise for the spin-squeezed state
(filled circles) and for a CSS (open circles). In the squeezed state, a spin noise reduction of −3.7 ± 0.4 dB is observed for θmin = 6°, corresponding to
ξ 2R = −2.5 ± 0.6 dB of metrologically useful squeezing for Ramsey spectroscopy [20]. The blue line describes the simulation results which take account
of particle loss but not technical noise, giving rise to a minimum variance of −12.8 dB. The technical noise is included in the red line, which is in good
agreement with the experimental data. (b) ReconstructedWigner function. The black contour line indicates where theWigner function has fallen to 1/

√
e

of its maximum. For comparison, the circular 1/
√
e contour of an ideal coherent spin state is shown. (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)
Source: This figure is from Ref. [20].

two levels are realized via the level |0⟩, and the processes are described by the operators F12 and F21. Therefore, we
should first derive the dynamical evolution between levels |1⟩ (or |2⟩) and |0⟩, which involves some assumptions and the
Heisenberg–Langevin theory [52].

The pseudospin operators are given by

Fx =
1
2
(F12 + F21),

Fy =
1
2i
(F12 − F21),

Fz =
1
2
(F11 − F22), (371)

where the collective operators Fij =
∑

µ σ
(µ)

ij , (i, j = 1, 2), and µ is the particle index and σij = |i⟩⟨ j|. Note that, since we
use the hyperfine states, the angular momentum operators are denoted by F instead of J .

As shown in Fig. 18, a left-circularly-polarized coherent field and a right-circularly-polarized squeezed vacuum field
propagate along the z-direction through a cloud of Cs atoms. Due to the selection rule, the coherent field is coupled to levels
|0⟩ and |1⟩, and the squeezed vacuum is coupled to |0⟩ and |2⟩. The atomic decay rate γ is assumed to be equal for the
two upper states |1⟩ and |2⟩. To describe the interaction between field and atoms, Ref. [52] employs the continuous field
operators a(r⃗, t) and atomic operators σij(r⃗, t). The continuous atomic operators are given by [52,295]

σij(r⃗, t) =
1

ρ1V

−
µ

exp

i
ωij

c
(z − z(µ))


σ
(µ)

ij , (372)

where ρ is the atomic density, and the sum is performed over atoms enclosed in the volume1V around the position r⃗ . The
volume1V is only a small fraction of the entire atom cloud interacting with the field. The frequency between levels |i⟩ and
|j⟩ is ωij = (Ei − Ej)/h̄.
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Fig. 18. (Color online) Schematic diagram for a polarizationmeasurement [52]. Three input beamspropagate through a Cs atomcloud along the z-direction,
a π/4-polarized probe beamwhich is nearly resonant with 6P3/2 to 6D5/2 transition, a left-polarized coherent beam that induces a transition [52] between
levels |0⟩ (6S1/2,m = 0) and |1⟩ (6P3/2,m = −1), and a right-polarized squeezed vacuumwhich coupled to levels |0⟩ and |2⟩ (6P3/2,m = 1). The coherent
field is much stronger than the squeezed vacuum. The atom cloud is optically thick for the squeezed vacuum and coherent field, and we assume that these
two fields are completely absorbed, while the probe beam is only partially absorbed. Due to the population differences between levels |1⟩ and |2⟩, the
refraction index for left- and right-polarization components of the probe beam are different, thus the polarization plane of the probe beam is rotated along
the z-direction. After a polarization beam splitter (PBS), the probe beam is split into x- and y-polarized beams and is detected by two photon detectors. As
the probe beam is π/4 polarized, for the case of no atom clouds, the photocurrent difference is zero. Therefore, when an atom cloud exist, the photocurrent
difference is measured to gain information about the population fluctuations of levels |1⟩ and |2⟩. As the absorption is complete, a 50% degree of spin
squeezing can be obtained.

Now we consider an important assumption λ ≪ L ∼ (1V )1/3 ≪ λ′ . l, where λ is the wavelength of the field, λ′ is
the length-scale of the field changes due to absorption and dispersion, and l is the length of the atomic cloud along the field
propagation direction. This assumption ensures a slow-varying field equation [52,295]

1
c
∂

∂t
+
∂

∂z


a(z, t) = gρ

∫
dx
∫

dy u(x, y)σ01(r⃗, t), (373)

which separates the transverse component of the field a(r⃗, t). Here, u(x, y) is the transverse mode function satisfying the
normalization condition


dx

dy u2(x, y) = 1. The interaction strength g is determined by the atomic dipole moment.

The Heisenberg equation of motion for the continuous atomic dipole operator is given by [295]

∂

∂t
σ01(r⃗, t) = −


1
2
γ + iω01


σ01(r⃗, t)+ gu(x, y)a(z, t)[σ11(r⃗, t)− σ00(r⃗, t)]

+
√
γ [σ11(r⃗, t)− σ00(r⃗, t)]bin(r⃗, t), (374)

where γ is the atom decay rate, bin(r⃗, t) is the continuous operator of the atomic noise. For different atoms, the noise
operators are independent, and thus obey the commutation relations

ρ[bin(r⃗, t), binĎ(r⃗1, t1)] = δ(r⃗ − r⃗1)δ(t − t1). (375)
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Now we assume the field to be so weak that the number of excited atoms is negligibly small, and replace σ00(r⃗, t) −

σ11(r⃗, t) = 1 in Eq. (374). Then we obtain

∂

∂t
σ01(r⃗, t) = −


1
2
γ + iω01


σ01(r⃗, t)− gu(x, y)a(z, t)−

√
γ bin(r⃗, t). (376)

The solutions of Eqs. (376) and (373) can be obtained [52] by using the Fourier transform of σ01, bin and a,

σ01(r⃗, ω) = −
gu(x, y)a(z, ω)+

√
γ bin(r⃗, ω)

γ /2 − i(ω − ω01)
, (377)

a(z, ω) = a(0, ω)eik(ω)z −

∫ z

0
dz1

√
γ gρeik(ω)(z−z1)

γ /2 − i(ω − ω01)
bin(z1, ω), (378)

with the new dispersion relation

k(ω) =
ω

c
+

ig2ρ

γ /2 − i(ω − ω01)
. (379)

The redefined continuous noise operators become

bin(z, ω) =

∫
dx
∫

dy u(x, y)bin(r⃗, ω), (380)

with commutation relation ρ[bin(z, ω), binĎ(z1, ω1)] = δ(z − z1)δ(ω − ω1). For a specific field, the expectation values of
Eq. (378) can be calculated, and inserted into Eq. (377) to obtain the dynamics of the local dipole operators. Finally, by using
Eq. (372) the collective atomic dipole of the sample can be obtained [52].

The above results can be used to compute the collective operators

Fij =

−
µ

σ
(µ)

ij = ρ

∫
dr⃗σij(r⃗), (i, j = 1, 2). (381)

Assume now that the coherent field a1 and squeezed vacuum a2 have an identical transversemode function u(x, y), and also
that the coherent amplitude is much stronger than the squeezed vacuum fluctuations. Thus the operator products can be
linearized as

σ12(r⃗, t) = ⟨σ10(r⃗, t)⟩σ02(r⃗, t),

σ12(r⃗,∆ = ω − ω1) = ⟨σ10(r⃗, t = 0)⟩σ02(r⃗, ω), (382)

where ⟨σ10(r⃗, t)⟩ = ⟨σ10(r⃗, t = 0)⟩ exp(−iω1t). Now we assume ω1 = ω01 = ω02, and consider the practical condition

g2ρ ≫
γ∆

c
, (383)

which implies complete absorption, and that the light traveling time is shorter than the atomic decay time. Finally, the
collective operator F12 can be obtained [52]

F12(∆) ≃
α∗

γ − i∆
[ain2 (ω1 +∆)+ din2 (ω1 +∆)]

= κe−iφ
[ain2 (ω1 +∆)+ din2 (ω1 +∆)], (384)

where ain2 (t) ≡ ain2 (r⃗ = 0, t), and κ, φ are the argument and phase of α∗/(γ − i∆), respectively. Spin squeezing is obtained
from

⟨F 2
x,y⟩ =

1
4
⟨Fz⟩(4X2

+,− + 1), (385)

where

⟨Fz⟩ = κ2
=

|α|
2

γ 2 +∆2
, (386)

and X+,− are the quadrature phase amplitudes defined as

X+ =
1
2
[e−iφain2 + eiφainĎ2 ],

X− =
1
2i

[e−iφain2 − eiφainĎ2 ]. (387)
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Fig. 19. (Color online) Schematic diagram of the experiment in Ref. [16]. The squeezed vacuum is y-polarized, while the pumping beam is x-polarized. The
probe is also x-polarized, and after the λ/2 wave plate, it turns to π/4 polarized.
Source: This figure is from Ref. [16].

For the vacuum input field a2, the variance is X2
+,− = 1/4, and thus

⟨F 2
x,y⟩ =

1
2
⟨Fz⟩ =

1
2
⟨F⟩ (388)

for a CSS [52]. For squeezed vacuum, as discussed in Section 2,

4X2
+

= exp(−2|η|), 4X2
−

= exp(2|η|), (389)

where η = |η| exp(i2φ) is the bosonic squeezing parameter. Therefore, if the input field is a broadband vacuum, in the limit
X2

+
= 0, then ⟨F 2

x ⟩ = ⟨Fz⟩/4 and the spin-squeezing parameter becomes (see Table 1)

ξ 2H ′′ =
1
2
. (390)

Thus for an optically-thick atomic ensemble, it is possible to achieve 50% spin squeezing when the squeezed vacuum is
completely absorbed.

8.2.2. Experimental realizations
Soon after the above theoretical proposal [52], an experiment was carried out in Ref. [16], with the experimental setup

shown in Fig. 19. They observed a spin-squeezed ensemble of 107 cold Cs atoms, which is produced via transferring a state
of free propagating squeezed light to the atomic ensemble. This experiment [16] also demonstrated the storage of quantum
information of light in atoms. In this experiment, they prepared about 109 Cs atoms in a magneto-optical trap, and then
excited the 6P collective spin with the coherent pump polarized along the x-direction to establish the quantum limit of the
spin noise. The coherent pump is of 50 mWwith a beam diameter of 4.0 mm, resonant with the 852 nm transition between
|6S1/2, F = 4⟩ and |6D5/2, F = 6⟩, providing a weak excitation for the 6P collective spin of about 107 atoms. Then the
atom states are detected by a probe beam, which is linearly polarized parallel to the coherent component of the pump and
near resonant with the |6P3/2, F = 5⟩ → |6D5/2, F = 6⟩ (917 nm) transition. The properties of atoms are related to the
change in the probe differential photocurrent δi. In the absence of atoms, the differential photocurrent is zero on average,
and fluctuates due to shot noise. In the experiment [16], the fluctuation of the change of the differential photocurrent [53]

(δi)2(∆) = −[1 − exp(−α∆)] + sα0 exp(−2α∆)(δ J̃)2 (391)

is measured, where (δ J̃)2 is the atomic noise contribution per atom depending on the geometry of the experiment [16], s is
the probe saturation parameter, and

α∆ = α0
(γ /2)2

∆2 + (γ /2)2
=
σ

A
N

(γ /2)2

∆2 + (γ /2)2
(392)

is the probe optical depth at the detuning∆ [16,77], with N the number of atoms interacting with the probe, σ the atomic
cross section for unpolarized light, A the cross section of the probe beam, and γ the atomic decay rate.
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Fig. 20. (Color online) Schematic diagram of the electric field for themixed output beam after PBS1 in Fig. 19 [55]. The fluctuations in the composite field of
the coherent pumping beam and the squeezed vacuum depend on their phase difference. If the phase difference θ = 0, the so-called out-of-phase case, the
field will have reduced fluctuations in the polarization axis direction, while if θ = π , the so-called in-phase case, the field will have reduced fluctuations.
Source: This figure is from Ref. [55].

Fig. 21. Squeezed spin noise of atoms [16]. Dashed line at zero: spin noise for uncorrelated atoms. Dots (left axis): antisqueezed spin noise. Triangles
(right axis): squeezed spin noise. Solid line: square Doppler broadened dispersion function. Dotted line: expected spin squeezing spectrum. The detuning
uncertainty is 0.5 MHz. Note that the scales for spin squeezing and spin antisqueezing are different.
Source: This figure is from Ref. [16].

The probe beam diameter is 3.7 mm and the power is about 250 mW for the off-resonant spin squeezing measurements
s = 0.4. The squeezing transfer is performed via injecting squeezed vacuum which is linearly polarized along the y-
direction [16]. After the first polarized beam splitter (PBS1), the coherent pumping beam and the squeezed vacuum are
mixed, and thus the output fieldwill have fluctuations in either the polarization axis direction or in the ellipticity (depending
on the phase as shown in Fig. 20) reduced below the standard quantum limit [16].

In the case of squeezed light, the fluctuations in the intensity difference between the right- and left-polarized components
of the pump field is

1S2z =
n
4
(R− cos2 θ + R+ sin2 θ), (393)

where Sz is the Stokes operator (E.3), θ is the phase difference between the squeezed vacuum and the coherent pumping
field, and R± are determined by the efficiency of the squeezing source, for coherent states R± = 1. Therefore, if R− < 1 < R+

and in the case of θ = 0, the output field has ellipticity fluctuations, and the fluctuations of the intensity difference between
the right- and left-polarized components of the output field are reduced below the shot-noise limit [16]. Intuitively, this
reduces the fluctuations in the population difference between the +m and −m Zeeman levels.

With the squeezed vacuum in phase, the average squeezing of the pump light available at the trap site is (−1.8±0.2) dB.
The squeezing parameter is defined as [16]

ξ =
(δi)2sq − (δi)2coh

(δi)2coh
, (394)

where δi2 is the change in the probe differential photocurrent noise caused by the atoms. The subscripts ‘‘sq’’ and
‘‘coh’’ denote the spin-squeezed state and CSS, respectively. The best squeezing shown in Fig. 21 is −3.0% at ±6 MHz. The
average value for all of the 183 individualmeasurements [16] at±6MHz is ξ = −(1.4±0.4)%. The actual degree of squeezing
should be greater, since the relative contribution of the readout efficiency is not known from the overall efficiency η.
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8.3. Generating spin squeezing via quantum nondemolition measurements

Quantum nondemolition measurements have been studied to generate non-classical photon states [169], and also
spin-squeezed states [23,25,41,43,54,75–79,81,83,92,94,95,97,296]. At first, we briefly introduce the criteria for QND
measurements. Then we present a typical QND-type Hamiltonian, implemented via dispersive interactions between light
field and atoms. Utilizing this Hamiltonian, spin squeezing was generated in experiments [23,25,77]. In this QND-type
Hamiltonian, the light field plays the role of a probe, by readout of the light field, the atomic spin state could be squeezed, but
is conditioned to the specific readout of the light field, and thus is called conditional spin-squeezed state. By using feedback
techniques [54,74,79,98,238,296], unconditional spin-squeezed states can be generated.

8.3.1. Theoretical background
We first briefly discuss the basic requirements for a QND measurement (see, e.g. Ref. [169]). Consider two systems A

and P , where A is the signal, and P acts as a probe coupled to the signal. By detecting the probe (e.g., measuring a physical
quantity Pα ∈ {Pi} that belongs to P), we could gain information about a signal operator Aα ∈ {Ai} without perturbing its
subsequent evolution. The two sets {Ai} and {Pi} contain conjugate operators of the probe and signal systems, respectively.
For example, for a free particle, the two conjugate operators could be the position operator x and the momentum operator
p. The total Hamiltonian for the signal-probe system reads

H = HA + HP + HI . (395)

The conditions for a QND-type measurement of a signal operator Aα via detecting a probe operator Pβ are listed below.
(i) For a QND-type measurement of Aα , the interaction term HI must contain the operator Aα .
(ii) Backaction-evasion in the measurement of the operator Aα requires

[HI , Aα] = 0. (396)

(iii) The dynamics of Pβ should be associated with Aα , so that the readout of Pβ contains information about Aα; therefore

[HI , Pβ ] ≠ 0. (397)

(iv) Since the successive measurements of Aα should be predictable, then

[HA, Aα] = 0. (398)

From the criteria given above, one of the simplest QND-type Hamiltonian is

HI = AαPα, (399)

and the probe operator to be detected is Pβ with β ≠ α. This QND-type Hamiltonian can be implemented through far-off
resonant dispersive interactions between light and atomic ensembles, as shown in Fig. 22(b). Two probe light beams, a1 and
a2, are coupled to different hyperfine levels, with detuning∆1 and∆2, respectively. In the large-detuning case, the effective
Hamiltonian is [23]

H = h̄
2−

i=1

g2
i ∆i

γ 2
i /4 +∆2

i
aĎi aiJii = h̄Ω


Sz Jz +

1
4
nN

, (400)

where the γi’s are the spontaneous decay rates for the excited levels, and

Jii =

−
µ

|i⟩µµ⟨ i| (401)

measures the population of atoms in the level |i⟩µ, and n,N are the photon and atom numbers, respectively. The Stokes
operator Sz (E.3) measures the population difference between the left- and right-polarized states. In the experiment [23],
the detuning∆1 and∆2 are chosen in such a way that

g2
1∆1

γ 2
1 /4 +∆2

1
=

g2
2∆2

γ 2
2 /4 +∆2

2
=
Ω

2
. (402)

This Hamiltonian acts as a Faraday rotation to the photon polarization, and as a fictitious magnetic field to atoms. The
Heisenberg equations for the operators S⃗ and J⃗ areSx

Sy
Sz


t

=

cos(χ Jz) − sin(χ Jz) 0
sin(χ Jz) cos(χ Jz) 0

0 0 1

Sx
Sy
Sz


in

,

Jx
Jy
Jz


t

=

cos(χSz) − sin(χSz) 0
sin(χSz) cos(χSz) 0

0 0 1

Jx
Jy
Jz


in

, (403)

where χ = Ωt . Therefore, a QND measurement on Jz is performed through the readout of Sx(t) [or Sy(t)].
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Fig. 22. (Color online) (a) Schematic diagram for the QND measurement. The input probe beam is x-polarized, and the atoms are initially polarized along
the x-axis. The two circularly-polarized components of the probe beam interact dispersively with atoms, with detuning ∆1 and ∆2 , as shown in (b), Ω1
andΩ2 are atom–field couplings. The dispersive interactions induce a rotation of the polarization plane, the Faraday rotation. The λ/2wave plate, together
with the following PBS and two detectors, play the role of QND measurement of Jz by detecting Sy , which is readout by the photocurrent difference. (c)
Joint probability distributions for a system with N = n = 30 and χ = 0.1. (d) When the readout of Sy gives m = −7, the conditional squeezed state is
plotted and compared with the coherent spin state.

Now, we consider a specific case, where the initial states for the light field and atoms are both CSSs along the
x-direction,

|ϕ(0)⟩ = |S, S⟩x|J, J⟩x, (404)

where S = n/2, J = N/2, and the subscript xmeans that the states are represented in the Sx and Jx basis. AQNDmeasurement
on Jz is performed by detecting Sy (or Sx), the readout of Sy(t) becomes

⟨Sy(t)⟩ =
n
2
⟨sin(χ Jz)⟩ ≃ ⟨Sy⟩ +

nχ
2

⟨ Jz⟩, (405)

where the average ⟨·⟩ is carried out under the initial states, since we are using the Heisenberg picture. Thus we see that ⟨ Jz⟩
and ⟨Sy⟩ are related, and the mean value of ⟨Sy(t)⟩ is approximately zero. From (405), the fluctuation of Sy(t) is also related
to Jz [75].

Below, we demonstrate the QND-measurement-induced spin squeezing from the point of view of state evolution, shown
in Fig. 22(c)–(d). As presented in Fig. 1, for a coherent spin state |J, J⟩x, if we measure Jz , the probability of the readout of
states |J,M⟩z obey a binomial distribution [75]

PJ(M) ≡ P(|J,M⟩z | |J, J⟩x) = |z⟨ J,M|J, J⟩x|2 =
1
2N


N

N/2 + M


, (406)

where P(|J,M⟩z | |J, J⟩x) is a conditional distribution. Similarly, in the basis of |S,m⟩y, the measurement basis, we
have

PS(m) ≡ P(|S,m⟩y| |S, S⟩x) = |y⟨S,m|S, S⟩x|2 =
1
2n


n

n/2 + m


. (407)
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The evolution of the state becomes [75]

|ϕ(t)⟩ = exp(−iχSz Jz)|S, S⟩x|J, J⟩x

=

J−
M=−J

exp(−iχMSz)

PJ(M)|S, S⟩x|J,M⟩z . (408)

At time t , we measure Sy. For a single trial measurement, the readout will fall in an eigenvalue m of Sy, and the photon
state collapses into the corresponding eigenstate |S,m⟩. After this readout, the atomic state is also changed according to the
measurement result of Sy. Therefore, the focus is on the conditional distribution P(|J,M⟩z | |S,m⟩y), which gives information
of the atomic state after a single trial measurement of Sy. To analyze this problem, we consider the system size to be very
large, in which case the binomial distribution becomes a Gaussian normal distribution,

PJ(M) =
1

√
πN/2

exp


−
2M2

N


,

PS(m) =
1

√
πn/2

exp


−
2m2

n


. (409)

With the Bayes theorem

P(|J,M⟩z |m)PS(m) = P(|S,m⟩y|M)PJ(M), (410)

the conditional probability distribution for P(|S,m⟩y|M) is easy to obtain. If the atomic system is in the state |J,M⟩z ,
according to Eq. (408) the photon state is rotated around the z-axis with an angle φ = χM . If the rotation angle is very
small, then the photon state after the rotation is still a Gaussian distribution with mean value at sin(φ)n/2 ≃ φ n/2, and

P(|S,m⟩y|M) =
1

√
πn/2

exp
[
−
(m − φn/2)2

n/2

]
. (411)

Therefore, the conditional probability distribution of the atomic state becomes

P(|J,M⟩z |m) =
1

πξ 2RN/2
exp

[
−
(M − χmξ 2RN/2)

2

ξ 2RN/2

]
, (412)

where

ξ 2R =
1

1 + κ2
, (413)

with

κ2
= nNχ2/4, (414)

and the state of the atomic system, after detecting Sy, is squeezed, while the expectation value of Jz is shifted to χmξ 2RN/2.
Note that the spin length is generally shortened due to photon scattering and other noises during the QNDmeasurement,

so the above Eq. (413) holds under the condition that the spin length is not affected toomuch after theQNDmeasurement. An
illustrative description of the above procedure is displayed in Fig. 22. The spin state derived above is the so-called conditional
squeezed state, which is conditioned to the first measurement output of Sy. In a ‘‘single trial’’ measurement of Sy, the output
value is random with respect to a specific probability distribution. The conditional squeezed state is generated randomly,
so it is not repeatable. To obtain an unconditional squeezed state, we could employ a feedback or filter scheme to shift ⟨ Jz⟩
back to zero, which is demonstrated in Refs. [54,74,79,98,238,296].

8.3.2. Experimental results
Belowwe first give a brief introduction to several experimental works, and afterwardwe present a detailed discussion on

a recent notable improvement. In Ref. [77], QNDmeasurements were performed on a collective spin of ∼106 Cs atoms, and
sub-shot-noise fluctuations of the collective spin were observed. In these experiments, the probe beam consisted of short
pulses of laser light linearly polarized at ±45°.

Later on, Ref. [78] performed continuousQNDmeasurements on a collection of∼107 Cs atomic spinswith an off-resonant
laser beam. The continuous QND measurement is an important feature of this work, and the probe laser also serves for
measurement of the spin rotation signal. They observed squeezed atomic spin states with spin noise reduction up to 70%
below the shot-noise limit, andmeasured a small spin rotation with an accuracy exceeding the shot-noise limit of the phase
measurement.

Ref. [41] proposed a sequence of QND measurements and spin rotations, which require interferometric QND
measurement of the atomic population with a sensitivity at the projection-noise level. To achieve this they demonstrated
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Fig. 23. (Color online). Experimental schematic diagram of Ref. [101]. (a) Experimental setup. (b) Level structure of a rubidium atom. (c) Experimental
sequences used. Dashed lines denote the microwave pulse while solid lines denote the probe pulses. The π̃ pulse represents a composite of several π
pulses. Various operations such as the measurement of the variance of the CSS, the operation of a clock, are performed between two readouts (M1 andM2),
denoted by X . A–C: Semiclassical probability distribution functions of the state.
Source: This figure is from Ref. [101].

experimentally that a shot-noise-limited fiber optical interferometer at the white-light setting can reach a sensitivity
sufficient to detect the projection noise under conditions not far from those of the QNDmeasurement. Increasing the optical
density can significantly improve the QND figure of merit κ2, and thus will enhance the degree of squeezing.

In Ref. [92], the authors demonstrated QND measurement of atomic ensembles in a high-finesse optical cavity, which
can enhance the optical depth of the atomic sample. In this experiment, a cloud of 87Rb atoms was cooled in a MOT,
located at the center of a hemispherical cavity. The maximum atom–cavity coupling, g/(2π) = 53 kHz, was realized for the
|F = 2, mF = 2⟩ → |F ′

= 3, mF = 3⟩ cycling transition. The atoms are released from the MOT, further cooled by optical
molasses, prepared in an equal superposition of the |F = 1, mF = 0⟩ and |F = 2, mF = 0⟩ clock states, and probed by a
standing wave of intracavity light. They observed 3.8 dB in the variance of Jz below the projection noise with spontaneous
emission of ≤30%.

Ref. [102] demonstrated sub-projection-noise sensitivity of QND spin measurements of 1 × 106 cold 87Rb atoms in a
broadband atomic magnetometer. The high-bandwidth system avoids decoherence effects through rapid probing. The spin
readout noise is 2.8 dB below the thermal spin noise and 1.6 dB below the CSS projection noise.

It should be emphasized that the Hamiltonian (400) is only appropriate for spin-1/2 or other two-level systems, as
pointed out in Ref. [103], where they considered larger spins and proposed a decoupling mechanism based on a two-
polarization probing technique to recover the ideal QND behavior. The decoupled QNDmeasurement achieves a sensitivity
5.7(6) dB better than the spin projection noise.

Recently, Ref. [101] has demonstrated the generation of spin-squeezed states of 5 × 104 trapped 87Rb atoms on an
atom–clock transition by resonator-aided QND measurement. For photon number p = 3 × 105, they observed a noise
reduction of 3.0(8) dB below the shot-noise limit. The hyperfine clock states used were |1⟩ = |52S1/2, F = 1, mF = 0⟩ and
|2⟩ = |52S1/2, F = 2, mF = 0⟩. They used the metrological spin-squeezing parameter defined as

ζm =
2Sin(1Sz)2

|⟨S⃗⟩|2
, (415)

where Sin is the initial spin of the uncorrelated ensemble. Actually, this parameter is equal to ξ 2R when Sin = N/2. The
experimental setup [101] is shown in Fig. 23. A strong ensemble–light coupling was achieved by using a near-confocal
optical resonator, and the experiments were performed on an ensemble containing up to Na = 5 × 104 laser-cooled 87Rb
atoms optically trapped inside the resonator in a standing wave of 851-nm light. The wavelength of the probe light was
2π/k = 780 nm, and the cavity had a finesse F = 5.6(2)×103, a linewidth κ = 2π×1.01(3)MHz, and amode waistw =

56.9(4)µm at the atoms’ position, corresponding to a maximal single-atom cooperativity η0 = 24F /(πk2w2) = 0.203(7).
One resonator mode was tuned to 3.57(1) GHZ (to the blue of the |52S1/2, F = 2⟩ → |52P3/2, F ′

= 3⟩ transition in 87Rb)
to result in a mode frequency shift ω proportional to the population difference N = N2 − N1 between the hyperfine clock
states

|1⟩ = |52S1/2, F = 1,mF = 0⟩,

|2⟩ = |52S1/2, F = 1,mF = 0⟩. (416)

The experimental processes [101] are shown in Fig. 23(c). At first, the atomic ensemble is prepared in the state |1⟩, after
a π/2-pulse, the atomic state polarizes in the x-axis, then after the measurement M1, the atomic ensemble is conditional
spin squeezed as Fig. 23(c) C. To quantify the spin squeezing, they measured 1S2z and |⟨S⃗⟩|, the latter is obtained from the
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Fig. 24. (Color online). Normalized spin noise σ 2
= (1S2z )M1/(1S2z t)CSS (open diamonds), contrast C (open squares), and metrological squeezing

parameter ζm (solid triangles). Solid line denotes the fits.
Source: This figure is from Ref. [101].

observed contrast C of the Rabi oscillations since |⟨S⃗⟩| = CS0, as shown in Fig. 24, from which the metrological squeezing
parameter achieves

ζ−1
m = 3.0(8) dB (417)

for photon number p = 3 × 105.
The QND measurements discussed above were all performed on alkali atoms, which have complicated multilevel

structures. In Ref. [25], the authors demonstrated a QNDmeasurement with a collective spin of cold ytterbium atoms, 171Yb,
which have the simplest ground state with a nuclear spin of one-half and have no electron spin, and thus the system is
robust against stray magnetic fields since the magnetic moment of nuclear spin is a thousandth of that of an electron spin.
By using short light pulseswith awidth of 100 ns,more than a hundred time operations are expected to be performedwithin
a coherence time, and experimental results [101] showed a 1.8+2.4

−1.5 dB spin squeezing.
With the above experimental efforts, recently, two successive notable improvements in QND experiment were

reported [23,24], where a complete sub-shot-noise Ramsey process was demonstrated by means of the QNDmeasurement.
The experimental schemes for these two works [23,24] are similar, thus here, we mainly discuss the most recent one [24].
The experimental setup [24] is shown in Fig. 25(a). An ensemble of ∼105 cold Cs atoms are located in one of the arms of
the Mach–Zehnder interferometer. The atoms are first loaded into a standard MOT, and are then transferred into a far-off
resonant optical dipole trap (FORT), generated by a Versadisk laser with a wavelength of 1032 nm and a power of 2.3 W.
After loading the FORT, the MOT is turned off and a 1.22 Gauss magnetic field is applied, which defines a quantization axis
orthogonal to the trapping beam. The ground levels

| ↓⟩ ≡ |6S1/2, F = 3,mF = 0⟩,

| ↑⟩ ≡ |6S1/2, F = 4,mF = 0⟩, (418)
are referred to the clock levels, and by optical pumping, the atoms are prepared in the clock level | ↓⟩. As described in
Ref. [23], atoms remaining in states other than | ↓⟩ due to imperfect optical pumping are subsequently pushed out of the
trap. To prepare the CSS ⊗

NA
i=1


1

√
2
(| ↓⟩ + | ↑⟩)


i
, a resonant π/2 microwave pulse at the clock frequency is applied. Then,

successive QND measurements of the population difference, N↑ − N↓, are performed by measuring the phase shift of the
probe light in a balanced homodyne configuration. After the QND measurement, all atoms are pumped into the F = 4 level
to determine the total atom number NA. The sequence, shown in Fig. 25(c), is repeated several thousand times with a cycle
time of ≃5 s.

As shown in Fig. 25(a), two identical linear polarized beams P↑ and P↓, which are generated by two extended-cavity diode
lasers, enters the interferometer from the same port (Fig. 25(a)), off-resonantly probing the transitions |F = 3⟩ → |F ′

= 4⟩
and |F = 4⟩ → |F ′

= 5⟩, respectively. Each beam gains a phase shift
φ↑(↓) = k↑(↓) N↑(↓), (419)

which is proportional to the number of atoms N↑ and N↓ corresponding to the clock states | ↑⟩ and | ↓⟩, respectively. The
detuning∆↑ and∆↓ are tuned to ensure k↑ = k↓, such that the Hamiltonian for this system is Eq. (400), and thus

Jz = (N↑ − N↓)/2, (420)
where N↑(↓) are the photon number operators, NA = N↑ + N↓ is the total atom number. The photocurrent difference is
equivalent to measuring Sy,out, which is derived from Eq. (405) as

Sy,out = Sy,in +
n
2
χ Jz,in. (421)
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(a) Experimental setup. (b) Cesium D2-line level diagram.

(c) Pulse sequence and noise data. (d) Projection noise and spin squeezing.

Fig. 25. (a) Schematic diagram of the QNDmeasurement experimental setup, aMach–Zehnder interferometer [23,24]. The elongated Cesium atomic cloud
is placed in the probe arm. The probe beam consists of two identical linearly polarized light beams P↑ and P↓ , which acquire phase shifts proportional to
the number of atoms in the clock states N↑ and N↓ , respectively, as also shown in (b). In (c) A, we show an experimental sequence for generating the
state |J, J⟩x and QND measurement of Sy , and in B and C, noise data of φ2 and φ1 show correlations between φ2 and φ1 , and reduced noise of (φ2 − ζφ1).
In (d), we display the experimental results of the projection noise and spin squeezing. Blue stars: variance of the second measurement ∆2φ2 . Solid blue
line: quadratic fit to ∆2φ2 . Green area: atomic projection noise of the CSS. Red diamonds: conditional variance ∆2(φ2 − ζφ1). Red line: reduced noise as
predicted by the fits to the noise data. This data was obtained by acquiring 4800 experimental runs. Inset: spin squeezing ξ 2R as a function of the number of
pulses combined to form the second measurement. The data is fitted with an exponential decay (solid line). (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
Source: Figures (a), (b), and (d) are from Ref. [24], and figure (c) is from Ref. [23].

The phase difference between the two arms of the Mach–Zehnder interferometer is defined as

φ ≡
Sy,out
n
, (422)

where n = n↑ +n↓ is the total photon number. In experiments [23,24], the photon numbers of the two probe beams n↑ and
n↓ are set to be almost equal. If the probe beam is in a coherent state, the variance of the phase difference is

∆2φ =
1
n

+ χ2(1Jz,in)2, (423)

which is related to both photon shot-noise 1/n, and atomic spin noise (1Jz,in)2. As the atomic ensemble is prepared in a CSS,
then 1Jz,in =

√
NA/2. From Fig. 25(c), two successive measurements of φ1 and φ2 are performed, using probe photons n1

and n2. Thus,

∆2φ1(2) =
1

n1,(2)
+ χ2NA

4
, Cov(φ1, φ2) = χ2NA

4
. (424)

The covariance (424) is calculated for the atomic ensemble, which is the same for the two measurements, while the two
probe beams have no correlations. As φ2 is conditioned to φ1 and can be predicted with a better precision, after the
measurement of φ1, an appropriate estimate of φ2 is chosen as ζφ1, and the variance of their difference becomes

∆2(φ2 − ζφ1) = (∆2φ1)ζ
2
− 2 Cov(φ1, φ2)ζ +∆2φ2

=
1
n2

+
1

1 + κ2
χ2NA

4
, (425)
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where the second line is the minimum of∆2(φ2 − ζφ1) at

ζ =
Cov(φ1, φ2)

∆2φ1
=

κ2

1 + κ2
. (426)

Here,

κ2
= n1Nχ2/4, (427)

which is the same result derived in Eq. (413). Now, according to Eq. (425), the spin-squeezing parameter satisfies

ξ 2R =
1

1 + κ2
. (428)

A measurement of κ2
= 1.6 for NA = 1.2 × 105 atoms gives rise to a reduction of the projection noise by −4 dB compared

to the CSS projection noise, displayed in Fig. 25(d).
Now consider the decoherence during a QND measurement. In experiments [23,24], the use of two-color QND can

suppress the dephasing effects induced by an inhomogeneous AC stark shift due to the transverse intensity profile of the
probe beam [95]. Otherwise, since the probe interacts dispersively with the atoms, decoherence is inevitably induced by
spontaneous photon scattering [23,24], which shortens the mean-spin length as

⟨⃗J ⟩ → (1 − η)⟨⃗J ⟩, (429)

where η = 1− exp(nα), with n the total number of photons in the probe pulse and the parameter α = −2.39× 10−8 [24].
The coherence between the clock levels decreases while the phase shifts are almost unaffected, so in the absence of the
classical noise, we have

ξ 2R =
1

(1 − η)2(1 + κ2)
. (430)

When using n1/2 = 3 × 106 photons per probe, the reduction is η = 14%, and experimental data gives 1/ξ 2R = 2.7 dB as
shown in Fig. 25(d). This is very close to the theoretical prediction from Eq. (430), 1/ξ 2R = 2.8 dB. The above results indicate
that experiments must carefully choose photon numbers for optimal spin squeezing.

9. Summary of this review

We have reviewed both basic notions and recent progresses on spin squeezing. After a short introduction on bosonic
squeezing, in Section 2, we reviewed various definitions of spin-squeezing parameters and their physical significance. In
order to understand these parameters better, we derived explicit analytical expressions of them for states with parity. At
the end of Section 2, we showed that, in the limit of a large number of atoms and small number of excitations, spin squeezing
reduces to bosonic squeezing.

In Section 3, we reviewed theoretical approaches toward producing spin-squeezed states via one-axis twisting and
two-axis twisting Hamiltonians. The one-axis twisting Hamiltonian has attracted considerable attentions, and has been
implemented in BEC, as reviewed in Section 8. For this model, we presented analytical results for the spin-squeezing
parameters ξ 2S and ξ 2R , which scale with the particle number as 1/N2/3.

The two-axis twisting Hamiltonian can produce more squeezing than the one-axis case. Moreover, its optimal squeezing
angle does not vary with time. However, analytical results are only available for particle number N ≤ 3, and numerical
results showed that ξ 2S and ξ 2R scale as 1/N . This two-axis twisting Hamiltonian can be realized in spinor BEC.

Section 4 showed that spin squeezing has very close relations to both entanglement and negative pairwise correlations. A
system consisting of spin-1/2 particles is entangled if ξ 2R < 1. For states with parity and exchange symmetry, close relations
between the spin-squeezing parameters ξ 2S , ξ̃

2
E , and the concurrence C have been established. In this case, spin squeezing

according to ξ̃ 2E is qualitatively equivalent to the existence of pairwise entanglement. Moreover, recent results generalized
the proposal of using spin squeezing to detect entanglement, and also developed a set of spin inequalities. At the end of
Section 4, the two-mode spin squeezing was reviewed. This can detect the entanglement between spin variables of two
separated atomic samples, and was proposed to be a valuable resource of quantum information processing. As explained
in this section, spin-squeezing-based entanglement witnesses should be useful in measurements and are then expected to
have wide applications in experiments.

In Section 5, we discussed the relation between spin squeezing and QFI, as well as their applications in quantum
metrology. Applications of spin squeezing deserve more considerations, and in Section 6, we explained how spin squeezing
can be used to detect quantum chaos and QPTs.

In Section 7, we first considered how decoherence affects the generation of spin squeezing. If the decoherence effect
is sufficiently weak, considerably large amount of squeezing can still be obtained. Then we showed that spin-squeezed
states are more robust than the GHZ state in the presence of particle loss. The lifetime of squeezing is discussed for three
typical decoherence channels, and the so-called spin-squeezing sudden death was derived and analyzed. These channels
are prototype models, and are quite general to describe decoherence processes. The results derived by using these channels
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still make sense when using concrete physical models. In addition, the one ‘‘parameter’’ in the dephasing, dissipation, or the
depolarizing channels may be a very complex function depending on the specific realistic physical models of decoherence.
Afterward, we show that in Ramsey spectroscopy, decoherence reduces the ability of spin-squeezed states to help in
precision-improvement; however, compared with the GHZ states, spin-squeezed states are more robust to decoherence.

In Section 8, we reviewed several recent experiments, as well as their theoretical backgrounds. Spin-squeezed states
were realized in BEC and atomic ensembles. In the past two decades, spin squeezing has been studied extensively. It was
first proposed in order to overcome the classical shot-noise limit and make high-precision atomic interferometers. This
encouragedmany theoretical and experimental efforts in the control andmanipulation of atomic systems. Afterward, it was
realized that the notion of spin squeezing can provide an insight on entanglement, and this has attracted considerable recent
interests. Experiments can now produce spin-squeezed states, and even use them to perform sub-shot noise interference.
However, in practice, using spin-squeezed states in an atomic clock or a gravity interferometer still faces many challenges,
including how to suppress the decoherence and enlarge the particle number of the spin-squeezed states.

10. Summary of results

Finally, we summarize and list several main results, some of which are of broad interest.
(a) There are several definitions of squeezing parameters (see Table 1), which one is preferable depends on various

situations. For example, when studying the accuracy of Ramsey spectroscopy, the parameter ξ 2R is more suitable. In this
review, we mainly focused on two parameters, ξ 2S and ξ 2R , which are widely studied in the literature.

(b) In general, spin-squeezed states are entangled; however, this depends on specific squeezing parameters. From
Section 4 we know that, for the parameter ξ 2R , states are entangled if ξ 2R < 1; while for the parameter ξ̃ 2E , states with parity
have pairwise entanglement if ξ̃ 2E < 1. Generalized spin inequalities have also been developed to detect entanglement.

(c) Since spin-squeezing parameters only involve expectations and variances of collective spin operators, they can be
measured relatively easy in many physical systems, e.g., BEC and atomic ensembles, while addressing individual atoms is
an arduous task.

(d) Among proposals for generating spin-squeezed states, the twisting Hamiltonian, which describes nonlinear two-body
interactions, plays an important role. This type ofHamiltonian has been studied and implemented experimentally in physical
systems like BEC.

(e) In parameter-estimation processes, spin-squeezed states can also attain the Heisenberg limit, but are more robust to
decoherence compared with the GHZ state.

In summary, spin squeezing has provided very useful insight into quantum processes, and will continue to considerably
impact quantum optics and quantum information science in the future.
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Appendix A. Principal squeezing parameter

From Eqs. (7) and (8), we have

ζ 2
B = min

θ∈[0,2π)
[cos2 θ(1X)2 + sin2 θ(1P)2 + sin(2θ) Cov(X, P)]

= min
θ∈[0,2π)


(1X)2 + (1P)2

2
+

1
2
{cos(2θ)[(1X)2 − (1P)2] + 2 sin(2θ) Cov(X, P)}


=

1
2
{Var(X)+ Var(P)−


[Var(X)− Var(P)]2 + 4 Cov2(X, P)}, (A.1)

where the variance

Var(X) = ⟨X2
⟩ − ⟨X⟩

2 (A.2)

and the covariance

Cov(X, P) =
1
2
⟨XP + PX⟩ − ⟨X⟩⟨P⟩. (A.3)
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From the expressions for X and P in Eq. (2), one finds

XP + PX
2

=
a2 − aĎ2

i
, (A.4)

which leads to the covariance

Cov(X, P) =
1
i
[Var(a)− Var(aĎ)]. (A.5)

From the identity

Var


N−
i=1

Xi


=

N−
i=1

Var(Xi)+ 2
−
i<j

Cov(Xi, Xj), (A.6)

we have
Var(X) = Var(a)+ Var(aĎ)+ 2 Cov(a, aĎ), (A.7)

Var(P) = −Var(a)− Var(aĎ)+ 2 Cov(a, aĎ), (A.8)
which leads to

Var(X)+ Var(P) = 4 Cov(a, aĎ), (A.9)

Var(X)− Var(P) = 2(Var(a)+ Var(aĎ)). (A.10)
Substituting Eqs. (A.5), (A.9) and (A.10) into Eq. (A.1), we finally obtain

ζ 2
B = 2{Cov(a, aĎ)−


Var(a)Var(aĎ)}, (A.11)

which is just Eq. (9).

Appendix B. Variances of Jn⃗ for the CSSs

We obtain the variance (1Jn⃗)2 = ⟨ J2n⃗ ⟩ − ⟨ Jn⃗⟩2 for the CSS. The expectation values ⟨ J2α⟩ are given by

⟨ J2α⟩ =
1
4

N−
i,j=1

⟨σiασjα⟩

=
N
4

+
1
4

N−
i≠j=1

⟨σiασjα⟩

=
N
4

+
N2

− N
4

⟨σ1α⟩
2. (B.1)

The last equality is valid since we are considering a product state with exchange symmetry. Note that

⟨ Jα⟩ =
N
2

⟨σ1α⟩, (B.2)

and the variance is found to be

(1Jα)2 =
N
4
(1 − ⟨σ1α⟩

2). (B.3)

Now we consider a more general operator Jn⃗ as

Jn⃗ = J⃗ · n⃗ =
1
2

N−
i=1

σ⃗i · n⃗ =
1
2

N−
i=1

σin⃗, (B.4)

from which its variance is given by
Var(Jn⃗) = (1Jn⃗)2

=
1
4

N−
i=1

Var(σin⃗)

=
1
4

N−
i=1

(1 − ⟨σin⃗⟩
2)

=
N
4
(1 − ⟨σ1n⃗⟩

2). (B.5)

Here, the second equality follows from Eq. (A.6) and the fact that the CSS is a product state and contains no correlations (the
covariance Cov(Xi, Xj) = ⟨[Xi, Xj]+/2⟩ − ⟨Xi⟩⟨Xj⟩ = 0). The third equality is from the result σ 2

in⃗ = I.
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From Eqs. (B.4) and (107), we obtain

⟨ Jn⃗⟩ =
N
2

⟨σ1n⃗⟩ =
N
2

|⟨σ⃗1⟩|n⃗0 · n⃗,

(1Jn⃗)2 =
N
4
(1 − ⟨σ1n⃗⟩

2) =
N
4

[1 − |⟨σ⃗1⟩|
2(n⃗0 · n⃗)2], (B.6)

which is valid for any product state with exchange symmetry. The second equality is obtained from the relation

⟨σ⃗1⟩ = |⟨σ⃗1⟩| n⃗0 = |⟨σ⃗1⟩|(sin θ cosφ, sin θ sinφ, cos θ). (B.7)

From the definition of CSS, the expectation values ⟨Jα⟩ (α = x, y, z) are obtained as

⟨ Jx⟩ =
N
2

sin θ cosφ,

⟨ Jy⟩ =
N
2

sin θ sinφ,

⟨ Jz⟩ =
N
2

cos θ (B.8)

with N = 2j, and θ, φ are the polar and azimuth angles, respectively. Substituting Eq. (B.8) into Eq. (B.5) leads to the explicit
form of the variances

(1Jx)2 =
N
4
(1 − sin2 θ cos2 φ),

(1Jy)2 =
N
4
(1 − sin2 θ sin2 φ),

(1Jz)2 =
N
4

sin2 θ. (B.9)

Using Eq. (1), one finds the variance along the MSD,

Var(Jn⃗0) =
N
4
(1 − |⟨σ⃗1⟩|

2). (B.10)

For the CSS, only Dicke states are populated, and thus,

⟨ J2x + J2y + J2z ⟩ =
N
2


N
2

+ 1

. (B.11)

From the above equation and from the relations between the collective operator Jα and the local operators (B.4), one finds

1
N2 − N

−
i≠j

⟨σ⃗i · σ⃗j⟩ = 1. (B.12)

As the CSS is a product symmetric state, the above equation reduces to

⟨σ⃗1⟩ · ⟨σ⃗1⟩ = 1. (B.13)

Applying this result to Eq. (B.10), one immediately has

Var(Jn⃗0) = 0. (B.14)

For the variances along the direction n⃗⊥ perpendicular to the MSD, from Eq. (107), we have

Var(Jn⃗⊥) =
N
4
(1 − ⟨σ1n⃗⊥

⟩
2)

=
N
4

[1 − (⟨σ⃗1⟩ · n⃗⊥)
2
]

=
N
4

[1 − |⟨σ⃗1⟩|
2(n⃗0 · n⃗⊥)

2
]

=
N
4

=
j
2
, (B.15)

where the third equality follows from Eq. (44).
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Appendix C. The minimum value of the quantity n⃗TΓ n⃗

Here, we prove that theminimum value of n⃗TΓ n⃗ is a minimum eigenvalue of Γ . Theminimum value of n⃗TΓ n⃗ is obtained
by searching the vector n⃗ = (n1, n2, n3)

T . Since the matrix Γ is real and symmetric, we obtain

min
n⃗
(n⃗TΓ n⃗) = min

n⃗
[n⃗TOT (OΓ OT )On⃗] = min

n⃗′
(n⃗′TΓ dn⃗′), (C.1)

where O is an orthogonal 3 × 3 matrix which diagonalizes Γ , and

Γ d
= diag(λ1, λ2, λ3), (C.2)

where we set λ1 ≥ λ2 ≥ λ3. The rotated direction is n⃗′
= On⃗ = (n′

1, n
′

2, n
′

3)
T . Now, the minimum value of n⃗TΓ n⃗ is obtained

as

min
n⃗
(n⃗TΓ n⃗) = min

n⃗′
(n⃗′TΓ dn⃗′) = min

n⃗′
(λ1n′2

1 + λ2n′2
2 + λ3n′2

3 ) = λ3, (C.3)

since (n1)
′2

+ (n2)
′2

+ (n3)
′2

= 1. Thus, the minimum value of n⃗TΓ n⃗ is obtained by choosing n′

3 = 1, and n′

1 = n′

2 = 0;
therefore, n⃗ = OT n⃗′ is the direction where the minimum is achieved.

Appendix D. Expectations for the one-axis twisted state

Here we will use the Heisenberg picture to derive the relevant expectation values for the one-axis twisted state. To
determine the spin-squeezing parameters ξ 2S and ξ 2R , as seen from Table 2, one needs to know the expectation ⟨σ1z⟩, and
correlations ⟨σ1+σ2−⟩ and ⟨σ1−σ2−⟩. We first consider the expectation ⟨σ1z⟩.

The evolution operator can be written as,

U = exp(−iχ tJ2x ) = exp


−iθ

−
k>l

jkxjlx


(D.1)

up to a trivial phase, where θ = 2χ t . From this form, the evolution of j1z can be obtained as

UĎj1zU = j1z cos[θ j(2)x ] + j1y sin[θ j(2)x ],

where

j(k)x =

N−
l=k

jlx. (D.2)

Therefore, the expectations are

⟨j1z⟩ = −
1
2
⟨1′

| cos[θ j(2)x ]|1′
⟩ (D.3)

since ⟨ 1|j1y|1⟩ = 0. Here, |1′
⟩ = |1⟩2 ⊗ · · · ⊗ |1⟩N . So, one can find the following form for the expectation values

⟨ 1| cos[θ Jx]|1⟩ = (⟨ 1|eiθ Jx |1⟩ + c.c.)/2

=


N∏

k=1

⟨ 1|eiθ jkx |1⟩ + c.c.


2

= cosN(θ ′), (D.4)

where θ ′
= θ/2 and |1⟩ = |1⟩⊗N . By using Eqs. (D.3) and (D.4), one gets

⟨σz⟩ = −cosN−1(θ ′). (D.5)

Since the operator σ1xσ2x commutes with the unitary operator U , we easily obtain

⟨σ1xσ2x⟩ = 0. (D.6)

We now compute the correlations ⟨σ1zσ2z⟩. From the unitary operator,

UĎj1z j2zU = [j1z cos(θ j(2)x )+ j1y sin(θ j(2)x )][j2z cos[θ(j1x + j(3)x )] + j2y sin[θ(j1x + j(3)x )]]

= [j1z cos(θ j2x) cos(θ j(3)x )− j1z sin(θ j2x) sin(θ j(3)x )+ j1y sin(θ j2x) cos(θ j(3)x )+ j1y cos(θ j2x) sin(θ j(3)x )]

× [j2z cos(θ j1x) cos(θ j(3)x )− j2z sin(θ j1x) sin(θ j(3)x )+ j2y sin(θ j1x) cos(θ j(3)x )+ j2y cos(θ j1x) sin(θ j(3)x )].
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Although there are 16 terms after expanding the above equation, only four terms survive when calculating ⟨j1z j2z⟩. We then
have

⟨j1z j2z⟩ = ⟨ 1|j1z j2z cos2(θ/2) cos2(θ j(3)x )− j1z j2xj2y sin(θ) sin2(θ j(3)x )

+ 4j1yj1xj2xj2y sin2(θ/2) cos2(θ j(3)x )− j1yj1xj2z sin(θ) sin2(θ j(3)x )|1⟩

=
1
4
⟨ 1′

| cos2(θ j(3)x )|1
′
⟩

=
1
8
⟨ 1′

|[1 + cos(2θ j(3)x )]|1
′
⟩

=
1
8
[1 + cosN−2(θ)], (D.7)

where |1′
⟩ = |1⟩3 ⊗ · · · ⊗ |1⟩N . The second equality in Eq. (D.7) is due to the property jxjy = −jyjx = ijz/2, and the last

equality is from Eq. (D.4). Finally, from the above equation, one finds

⟨σ1zσ2z⟩ =
1
2
(1 + cosN−2 θ). (D.8)

Due to the relation ⟨σ1xσ2x + σ1yσ2y + σ1zσ2z⟩ = 1 for the initial state, the correlation ⟨σ1yσ2y⟩ is obtained from Eqs. (D.6)
and (D.8) as

⟨σ1yσ2y⟩ =
1
2
(1 − cosN−2 θ). (D.9)

Substituting Eqs. (D.6) and (D.9) into the following relations
σ1xσ2x + σ1yσ2y = 2(σ1+σ2− + σ1−σ2+) (D.10)

leads to

⟨σ1+σ2−⟩ =
1
8
(1 − cosN−2 θ), (D.11)

where the relation ⟨σ1+σ2−⟩ = ⟨σ1−σ2+⟩ is used due to the exchange symmetry.
To calculate the correlation ⟨σ1−σ2−⟩, due to the following relations

σ1xσ2x − σ1yσ2y = 2(σ1+σ2+ + σ1−σ2−), (D.12)

i(σ1xσ2y + σ1yσ2x) = 2(σ1+σ2+ − σ1−σ2−), (D.13)
we need to know the expectations ⟨j1xj2y⟩. The evolution of j1xj2y is given by

UĎs1xs2yU = j1x{j2y cos[θ(j1x + j(3)x )] − j2z sin[θ(j1x + j(3)x )]}, (D.14)
and the expectation is obtained as

⟨j1xj2y⟩ =
1
2
⟨ 1′

|j1x sin[θ(j1x + j(3)x )]|1
′
⟩

=
1
4i

⟨ 1′
|j1xeiθ j1xΠN

k=3e
iθ jkx − j1xe−iθ j1xΠN

k=3e
−iθ jkx |1′

⟩

=
1
4i

cosN−2(θ ′)⟨ 1|j1xeiθ j1x − j1xe−iθ j1x |1⟩

=
1
2
cosN−2(θ ′)⟨ 1|j1x sin(θ j1x)|1⟩

=
1
4
sin(θ ′) cosN−2(θ ′). (D.15)

Here, |1′
⟩ = |1⟩1 ⊗ |1⟩3 ⊗ · · · ⊗ |1⟩N , where |1⟩2 is absent. Moreover, ⟨j1yj2x⟩ = ⟨j1xj2y⟩ due to the exchange symmetry, and

thus,

⟨j1xj2y + j1yj2x⟩ =
1
2
sin(θ ′) cosN−2(θ ′). (D.16)

For the state (330), we obtain the following expectations

⟨σ1xσ2y + σ1yσ2x⟩ = 2 sin(θ ′) cosN−2(θ ′). (D.17)
The combination of Eqs. (D.6), (D.9), (D.12), (D.13) and (D.17) leads to the correlation

⟨σ1−σ2−⟩ = −
1
8
(1 − cosN−2 θ)−

i
2
sin(θ ′) cosN−2(θ ′). (D.18)

Substituting Eqs. (D.11) and (D.18) to the expression ξ 2S in terms of local expectation values (Table 2) leads to the desired
expression of the squeezing parameter for the one-axis twisted state.
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Appendix E. Photon polarization and Stokes operators

Here, we briefly introduce the Stokes operators for photons. The light field has two orthogonal polarization directions.
If the light field propagates along the z-axis, we use the bases given by êx and êy, which denote the vertical and horizontal
polarizations, respectively. The other two sets of bases can be expressed with ê′

x and ê′
y. If the phase difference between the

êx- and êy-polarized components is ±π/2, then the light is 45° polarized, with new bases expressed as

ê′

x =
1

√
2
(êx + êy), ê′

y =
1

√
2
(−êx + êy). (E.1)

If the phase difference between the êx and êy components is ±π/4, then the light is circularly polarized, with right- and
left-circular bases

ê+ = −
1

√
2
(êx + iêy), ê− =

1
√
2
(êx − iêy). (E.2)

The two polarized components can build up an angular momentum operator analogous to the Schwinger representation
(158). Let us now denote the x- and y-polarized field operators as ax and ay, respectively. Then, the Stokes operators are
defined as

Sx =
1
2
(aĎxax − aĎyay),

Sy =
1
2
(a′Ď

x a
′

x − a′Ď
y a

′

y),

Sz =
1
2
(aĎ+a+ − aĎ−a−). (E.3)

The three Stokes operators (Sx, Sy and Sz) shown in (E.3) measure the photon number differences of the x- to y-polarization,
π/4- to−π/4-polarization, and right- to left-polarization, respectively. The polarization squeezing of light fieldwas studied
in Refs. [297–302].
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