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Engineering quantum pure states of a trapped cold ion beyond the Lamb-Dicke limit

L. F. Wei*? Yu-xi Liu,* and Franco Nofi*
Frontier Research System, The Institute of Physical and Chemical Research (RIKEN), Wako-shi, Saitama 351-0198, Japan
2Institute of Quantum Optics and Quantum Information, Department of Physics, Shanghai Jiaotong University,
Shanghai 200030, P. R. China
3Center for Theoretical Physics, Physics Department, Center for the Study of Complex Systems, The University of Michigan,
Ann Arbor, Michigan 48109-1120, USA
(Received 14 August 2003; revised manuscript received 2 July 2004; published 1 December 2004;
publisher error corrected 10 December 2p04

Based on the conditional quantum dynamics of laser-ion interactions, we propose an efficient theoretical
scheme to deterministically generate quantum pure states of a single trapped cold ion without performing the
Lamb-Dicke approximation. An arbitrary quantum state can be created by sequentially using a series of
classical laser pulses with selected frequencies, initial phases and durations. As special examples, we further
show how to create or approximate several typical macroscopic quantum states, such as the phase state and the
even/odd coherent states. Unlike previous schemes operating in the Lamb-Dicke regime, the present one does
well for an arbitrary-strength coupling between the internal and external degrees of freedom of the ion. The
experimental realizability of this approach is also discussed.
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I. INTRODUCTION spatial dimension of the motion of the ground state of the

The engineering of quantum states has attracted considdféPped ion should be much smaller than the effective wave-
able attention in recent years. This is in order to test fundaléngth of the applied laser fieltsee, e.g.[6]). These ap-
mental quantum concepts, e.g., nonlocality, and for impleProximations can simplify the laser-ion interaction Hamil-
menting various potential applications, including sensitivetonian to certain solvable models. For example, in the LD
detection and quantum information processing. Recent adimit the interaction between the internal statgs)
vances in quantum optio®.g., micromasers, cavity QD ={|g),|e)} and the external motional harmonic oscillator
(see, e.g.[1]) and atomic physicsion trapg (see, for in- states{|n);n=0,1,2,..} of the ion can be expanded to the
stance[2]) have allowed a better control of quantum states.lowest order of the LD parametey,, then the usual JC or

Laser-cooled ions confined in an electromagnetic trap aranti-JC-type model can be derived. In addition, the coherent
good candidates for various quantum-state engineering pretate of the motion of the ion can be easily generated in those
cesses. First, the trapped ion system possesses relatively lolgits. Therefore, an arbitrary quantum state may be prepared
decoherence times. Second, various interactions includingia an atomic interference method by superimposing a finite
the usual one-quantum transition Jaynes-Cummiaid number of generated coherent states along a line. Almost all
model and also higher order nonlinear models can be implethe quantum-state engineering implementations in recent ion
mented in this system by simply choosing the applied lasetrap experiments were operated in these limits. Some mean-
tunings(see, e.g.[3,4]). Therefore, a trapped ion driven by a ingful second-order modifications of these approximations to
classical laser field provides the possibility of convenientlythe above experimental conditions have been analyzed theo-
generating various quantum pure states. Indeed, various eretically [10]. However, in general, these limits are not rig-
gineered quantum states of trapped cold ions have been studrously satisfied, and higher-order powers of the LD param-
ied. The thermal, Fock, coherent, squeezed, and arbitrargter must be taken into accoud. Indeed, using the laser-
guantum superposition states of motion of a harmonicallyion interaction outside the LD regime could be helpful to
bound ion have been investigatgs6]. The manipulation of reduce the noise in the trap and improve the cooling rate
the entanglement between the external and internal degreésee, e.g.[11]). Thus, efficiently engineering the quantum
of freedom of the ion and the realization of a fundamentalstate of the trapped cold ion beyond these limits would be
quantum logic gate between them has also been demomseful. Arbitrary Fock states can, in principle, be prepared as
strated experimentallgsee, e.g.[7]). a dark motional state of a trapped ion, if the relevant LD

Most of the previous proposals for engineering the quanparameters can be set with extreme preci$i8j. More re-
tum state of a single trapped cold ion operate in variouglistically, Ref.[14] showed that any pure state, including the
extreme experimental conditions, such as the strong Ramdfock state, can be effectively approximated by the nonlinear
excitation or the weak-coupling Lamb-DickeD) approxi-  coherent states of the trapped ion. Since these nonlinear co-
mations. The formelsee, e.g.[8]) requires that the Rabi herent states are one of the motional dark states and are
frequency() characterizing the laser-ion interaction is muchinsensitive to some motional kick effects, the generation of
larger than the trap frequency. While the latsee, e.g., highly excited Fock states is possible. Recently, a narrow
[5,6,9), requires that the coupling between the external andjuadrupoleS;,, to D5, transition at 729 nm of a single
internal degrees of freedom of the ion is very weak, i.e., tharapped*°Ca’ ion has been successfully manipulated by ac-
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curately resolving its vibrational sidebanfls?]. The mea- tized vibrational motion along the direction is considered

sured lifetime of the excited leveDg;, is long enough for the cooled ior{15]. The dynamics for such an ion, driven

(=1 9 to allow for a hundred or more quantum operations.by a classical traveling-wave light-field of frequeney and

Note that the experiments ifi2] do not strictly operate in initial phase,, can be described by the following Hamil-

the LD regime(with < 1), because the corresponding LD tonian[3,16|

parameter isy=0.25. Therefore, engineering quantum states A 1\ 1 50

o_f a single trapped cold ion by exciting various wbrafuonal H(t) =hw(é*é+ _) + Zhwoo, + —1oexdin (a+ah)

sidebands outside the Lamb-Dicke regime is possible to 2/ 2 2

achieve with current technology. —i(wt+ ¢)]+H.cl. (1)
Based on the exact conditional quantum dynamics for the

laser-ion interaction, including all orders of the LD param-The first two terms describe the free motion of the external

eter, in this paper we propose an efficient scheme for exactignd internal degrees of freedom of the ion. Hgt@nda are

engineering arbitrary motional and entangled states of &osonic creation and annihilation operators of the atomic vi-

single trapped ion beyond the LD limit. In this case, all of brational quanta with frequency. The Pauli operators,

the target quantum states are generated deterministically, &9d ¢ are defined by the internal ground stége and ex-

any measurement is not required during the quantum stagited statee) of the ion aso,=|e)(e|-|g)(g|,o.=|e)g|, and

production or manipulations. o_=|g)e|. These operate on the internal degrees of freedom

This paper is organized as follows. In Sec. Il, we sOlveof the jon of masdM. The final term ofH(t) describes the
exactly the quantum dynamics for a trapped cold ion driveneraction between the ion and the light field with wave
by a traveling classical laser beam beyond the LD limit and,gtor %, and initial phaseg,. Q is the carrier Rabi fre-
then introduce some fundamental unitary operations. By r€guency, which describes the coupling between the laser and
peatedly using these quantum operations, in Sec. lll we shoye jon, and is proportional to the intensity of the applied
how to deterministically generate an arbitrary motional statg;qer The frequency, and initial phasep, of the applied

of a single trapped cold ion. The preparations of arbitranjaser heam are experimentally controllafi€]. Usually, the
entangled states between the external and internal degrees g mic transition frequency, between two internal energy

freedom are given in Sec. IV. Conclusions and diScussiongyels is much larger than the trap frequenaye.g., in the

are given in Sec. V. experiments in[12], wy=27Xx4.11x 10" kHz and w=2
X 135 kH2. Therefore, for lasers exciting at different vibra-
Il. DYNAMICS OF A TRAPPED COLD ION BEYOND THE tional sidebands with smal values, the LD parameters

LAMB-DICKE LIMIT

ikl  (wot ko) h
We assume that a single two-level ion is stored in a co- 77 \[ 50 ~= " \ 5y k=0,1,2,.., (2
axial resonator RF-ion trafil5], which provides pseudopo-
tential oscillation frequencies satisfying the conditiay  do not change significantly. Here, the Hamiltonigl) re-
< wy, along the principal axes of the trap. Only the quan-duces to different formg4]

( ()’ > (ip¥alia
(iﬂ)keXD[‘T—iﬂ}fh JgoJ'(J—"'k)' +H.c.(, = wy— Ko,
~  _hQ _ 2 [ (ipFati+gi
Him:7><< (|n)kexp{—%—|¢b}o+(§)(l;7!)(?—+k)!a)+H.c. . o =+ ko, 3
o . giatial
ol -7 107 L R ) o
| 2 AL

in the interaction picture. The usual rotating-wavecalled the carrier. So, we rewrite the initial phasgg
approximation has been made and all off-resonanas ¢ (¢°, ¢ for a transition process driven by the
transitions have been neglected by assuming aed-sideband(blue-sideband, carrigrlaser beam, respec-
sufficiently weak applied laser field. The applied tively.

laser beam tuned at the frequenay =wy—kw (w =wqy Previous discussionsee, e.g.[9]) are usually based on
+kw) with nonzero integek being denoted as thith red  the LD perturbation approximation to first order in the LD
(blue) sideband line, because it is réar blug) detuned from  parameter by assumingto be very small. However, outside
the atomic frequencyw,. The line fork=0 (i.e. ., =wg) is  the LD regime the Hamiltoniarf3) may provide various
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quantum transitions between the internal and external statesid the internal state is initially ife) or |g), then the dy-

of the ion. The dynamics for the trapped cold ion governechamical evolution of an ion driven by a red-sideband laser
by the Hamiltonian(3) is exactly solvablg4,17]. For ex- beam with frequencys =wy—kw can be exactly expressed
ample, if the external state of the system is initially|in)  as

m @lg), m<k,
™19 cos il [0+ e sy m-k © 0, m=k
Im) ® |&) — cogQp,th M ® |e) - (- i)k‘lei¢[sin(Qm,kt{)|m+ k) ® |g), (4)

with Rabi frequency

_07f [(m+R! o <in>21'(j>
D= 2 (m)! e’ J-222‘)(j+k)! m/’

wherem is the occupation number of the initial Fock state of the external vibrational motion of the iot], amdi¢| are the
duration and initial phase of the applied red-sideband laser beam, respectively. The above dynamical evolution can be
equivalently defined as thidh red-sideband “exciting” quantum operator

2y - | Mo+ [~ € mle) + Cijm+ kg Jimicel,  m<k, o
1) = ~ ~
[(1 - [CR-dDYAm)lg) + Chydm =Kl l(mi(g| + [(1 - [CH2) M4 m)[e) + Chm+ k) gdKml(el, m=Kk,
with
Cl =ik e isin(Qpd), Cl=~(Cl)".
The use of{{( is advantageous because it is compact, symmetric, and it is simple to iterate. This operator is quite useful for the

generation of quantum states. Analogously, exciting the motional state of the ionkih thiee-sideband, by applying a laser
of frequencyw, =wy+kw, yields a unitary blue-sideband “exciting” quantum operation,

o - {[(1 - [C82) Amlg) + CoJm + ey mi(g] + [mle)mi(e
LI - (R gy + Cm+ ke lmidgl + [(1 - [C%,Dm)e) + T m - Koy Kmie, m=k,

, m<Kk,

(6)

with 2\ M . \2j /s
Q in)”
L B Qm,o:EeX%— %)2 —( 77I) (rjn>
C= e sin( ), Ch=-(Ch)". o I
b b ) o The quantum dynamics of the laser-ion system beyond the
Here, t” and ¢ are the duration and initial phase of the | p |imit is conditional. This means that the internal and

applied blue-sideband laser beam, respectively. motional degrees of freedom are always coupled. The ion
Finally, applying a carrier laser pulse with frequensy  states of two degrees of freedom cannot be operated sepa-
=wp, a conditional rotation rately, even if the ion is driven by the carrier line laser. Of
course, for a given carrier Rabi frequen@y(which depends
RE(E) =[(1 - |CYR M2 + CCle)(g| + Colg)(e]] ® [my(m| on the intensity/power of the applied laser bgamd the LD

7 parameter, the Rabi frequencifs, are sensitive to values
@) of k. See, e.g., Fig. 1 for the same laser power but different
. . . LD parameters»=0.202[5] 0.25[12], 0.35, 0.5, and 0.9. As
on the internal states of the ion can be implemented. HereSeen in Fig. 1, a smallep corresponds to a larger reduction

1=|g)(g|+|eXe] is the identity operatorty is the duration of  of the Rabi frequency for certaik values(e.g., in Fig. 1,

the applied carrier laser beam, and Q020 Q~ 107 for »=0.202. However, for any fixed value
. 5 of k, larger values ofyp correspond to larger values of the
Cl=—ie”%isinQnt), Ci=-(CH)", reduced Rabi frequencie<)3 /(). Therefore, fast quantum
operations can be obtained outside the LD regime, where
with is not small.
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10' « . * easily obtained by using a single blue-sideband exciting uni-
3 & * ~
o « . . tary operatiorR2(t9) with the durationt] satisfying the con-
& p e o o dition: sin(Qq ,t)=1. In other wordsQ t5=pm/2 with p an
ST E PR .* ¢ o odd integer. Note that the resulting atomic state evolves to its
S E tees? Ra excited statée) which may transit to the ground stdtg via
CQ\}l 10" 4 . S spontaneous emission. In order to avoid the additional exci-
¢ e en tation of the desired Fock state due to this emission, an ad-
. - ditional operationRg(t;) is required to evolve the state)
10”3 ", into the statdg) keeping the motional state unchanged, with
., Lo the duratiort; satisfying the condition sii,, ot5)=1. There-
10° -] L Y fore, by sequentially performing @/2 blue-sideband laser
] < sl °. pulse and ar/2 carrier line laser pulse with initial phaség
. . 2;,:5 .. gnd &%, respectively, a relatively steady target Fock steate
107 * n=0.35 LI is generated from the vacuum std@ as follows:
8 n=0.25 ®e
=0.202 ‘ee, . .
105 e ®ecvee b(tg) L b C(tﬁ) e b
T e s m % 0@l — i in) @ o) — - "% ) © |g).
k 9
FIG. 1. Thek-dependent Rabi frequendy, for different LD After these unitary operations, the internal electric state re-
parametersy=0.202[5], 0.25[12], 0.35, 0.5, and 0.9. turns to its initial ground statég). The target statén) can

also be prepared by continuously applying a carrier line op-

In general, any quantum process for the laser-ion systemration R5(t5) and annth red-sideband exciting operator
can be realized by repeatedly applying the above three kindg ), i.e
of fundamental operations shown in E¢8)—7). Which op- AL
eration is applied depends on the laser with the chosen fre- RES) Rt
quency. Below we will use thesg fundamenta}l unitary opera- o)y®|g — - ie—i¢8|o> ®|e) e (- i)nei<¢;-¢g)|n> ®|g),
tions (5)«(7) to produce or engineer an arbitrary quantum
state of a single trapped cold ion beyond the LD limit. The (10
tunable experimental parameters in this process are the fre-. L P e " . c
guencyw,, wave vectork,, and the duration of the applied \iv'th t_he durratlonsto andt, satlsfymg_ cond|t|ons_s(rﬂ0,0t0)
laser pulse. The generation of quantum states described bl siMQoaty)=1. Therefore, two unitary operations are suf-
low will start with a common non-entangled initial state ficiént to deterministically generate an arbitrary Fock state
|4y =|0Y®|g): that is, the trapped ion has been cooled to it/ from the initial ground stat¢0), if the laser-ion interac-

motional ground state and the internal degree of the ion i&§0N is operated outside the LD regime by using the chosen
initially in the low-energy statég). laser beams with desired frequencies.

The more general motional state of the ion which we want

to prepare is the following finite superposition of number
I1l. PREPARATION OF AN ARBITRARY MOTIONAL

states
STATE OF A TRAPPED COLD ION
N N
The first significant quantum state which we want to pre- _ . 5
pare is the Fock state of the external vibrational quanta of the |2) = J% il go gl =1, (12)

ion

) = |n), (8) with N being a finite integer. For a single-mode light field,

this state can be probabilistically generafd®] by physi-

with an arbitrary occupation number>0. The previous cally truncating the photon coherent state. The efficiency of
schemege.g.[5-7,9) operated in the LD limit only allowed generating a quantum state by the quantum truncation may
one-quantum transition procesgexciting and absorbing a be quite low due to the necessity of quantum measurements.
single phonon process, respectivelfhus, at leas{n+1) In the present quantum-state generation the motional vacuum
transitions are required betwedi)®|g)«—|jt1)®|e) to  state|0), instead of the motional coherent staey is given
generate the desired sta®. However, for larger values of initially. A quantum-state production scheme, in the LD re-
the LD parameters, the LD approximation is no longer validgime, for generating the desired stété) has been proposed
and multiquantum transitions must be considered. One caim [19]. We now extend this scheme to generate the target
obtain the different phonon transitions, beyond the LD limit, state|»,) beyond the LD limit. Indeed, sequentially using
by choosing an appropriate driving laser frequency. For exN+1 laser pulses with frequencies, =wg, wp—w,...,wq
ample, the quantum transitiofd) ® |g)—|n)®|e), can be -lw,...,wo—~Nw and durationst,t],....t,...,t, respec-
realized by choosing a blue-sideband driven laser beam wittively, the desired state is obtained from the initial statg
frequencyw, = wo+nw. So the desired Fock staig) can be by a series of dynamical evolutions shown as follows:
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RE(E) .
o) — €ol0) ® |g) —ieT%o(1 - c2)V0) @ |e)

I;er(trl) 1 e 1 1/2 élr(tlr) |
- (EC;ID) ® |g>—ie-'¢o(1—§lc;|2) O @e): — (Ec;l») ®|9)
=

j=0 j=0

| 1/2 li;\l(tF\I) N
—ie“%(l—Elchz) Oy le) - — (Ecjlj>)®lg>=|¢z>®lg>- (12)

j=0 j=0

The duration of the final unitary operatio%(t{\l) has been set to satisfy the condition:(§lgnty)=1. While, the durations
and the initial phases of other applied laser beams can be used to arbitrarily prescribe the esveigtite superposed Fock
states{|j);j=0,1,...,N}, such as

p
(1-]|CP)Y?=cog Qo tf), =0,

-1 1/2 i-1
) cgo[ IT@- |Eg|2)} Cy = (-4 0sin( Qg 9 [T cog Qg t)sin( Qo t), 1<j<N-1, 13
=1 =1

=1

j-1 1/2 N-1
030[ ITa- |"ég|2)] =—(- i)jei(‘/’rN“"g)sin(QO,OIS) IT cogQyt), j=N.
=1
\

Similarly, by sequentially applying a series of blue-sideband exciting operé?dfj% with durationstjb,j =1,2,...,N, after
a carrier line operatiolR(t5), we can implement the following deterministic quantum state generation

RR(R): - REDR (D)

N
| o) — (E C”])) ®le) =y ®|e), (14)
j=0

with

.
- ie‘i‘bgsin(ﬂo,otg), j=0,
-1
) ii‘le“¢?cos(QO,OtS)H cod Qo tP)sin(Qo;t?), 1<j<N-1,
C = =1
) N-1
iNtencod Qg ¢tf) [ [ cogQopt), j=N.
=1

\

Here, the duratiort, of the last operatioR2(t?) is set as Ed{(12) for the Fock statdj) can be prescribed arbitrarily.
sin(Q, NtRI):]-- For example, the Pegg-Barnett phase sfat

So far, we have shown that the desired superposition of a 1 N
finite set of motional Fock state§§j);j=0,1,...,N} of the | = /_E CIN (15
ion can be generated deterministically from the ground state VN+1j=0
|0) by usingN+1 unitary operations, i.e., a carrier line op- can be obtained from Eqgl2) and(13) by setting the initial
erationlfzg and N red-sidebandR, (or blue-sideband®’) ex-  phases and the durations of the applied laser beams to satisfy
citing operations performed by using the laser beams withe following conditions:
frequenciesy, = wp—jw (Or w =wy+jw). It is worth pointing - P
out that the motional state generated above in @&d) or ¢8:§, és=il"tel?, (16)
(13) may be reduced to an arbitrary quantum pure state of the
external vibration of the trapped cold ion, as any weighn and
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-1

= Sir(Qovotg)H COS(QOJtDSin(QO’]—tE)
=1

Co=Cog Qg tg) = * -

. a”
IN+1

which implies that t5=2 exd#?/2)[2nym+arccosl/

WN+1)]/9Q, and =2 exp 7%/ 2)[2n;m+arcsin1/

IN=j+1)]1/(Q7%), j#0, with ng,n;=0, 1, 2,... . For ex-
ample, in the typical experimental systeh2] where wq
=2m X 4.11xX 10" kHz,w=2mX 135 kHz 2=50 kHz, and
7=0.25, the simplest phase stdt®,=(|0)+€?1))/\2 can

PHYSICAL REVIEW A 70, 063801(2004)

ficients ¢; in the state|) generated above are prescribed
arbitrarily. Thus, applying an additional conditional opera-

tion RE(tS,,), with durationtS,,,, to the statdy,)®|g), one
may prepare an entangled state Witj=N.=N; i.e.,

N

Ro
|4 ® |9>—>%(djg|i> olg+dipele), (21
-

with

df = cieod( Y off.y),  dF = —icje Ahnasin( €, otf. ).

In the sequence of operations shown abdve,l laser-

be prepared by sequentially applying a resonant laser beagn interactions(a carrier line andN red-sideband/blue-

(with frequencyw, =wq and initial phasegg=m/2) of the
shortest durationt§~3.24x10° s and a red-sideband line
(with frequencyw =wp—w and initial phases;=#6) of the
shortest duratiot] ~2.6x 107 s.

sideband excitationsare used. We now consider a relatively
simple method to generate the entangled quantum states of
the ion. That is, by alternatively switching the lasers on the
first blue-sideband and the first red-sidebaudimes, one

The superposition state generated above may approa@an generate a typical entangled stgt#]
some macroscopic motional quantum states of the ion, if the

numberN of Fock statedj) is sufficiently large. For ex-

ample, if the durations of the applied unitary operations are

set to satisfy the conditions

a|2/2

Co=cog Qg ) =€ L= aCy, Cp=a’cy\2!,...,

¢ = el ..., (18)

the motional superposition staE}\':Och) in the limit N— oo
approaches the usual coherent state

“ j
) = ela23 ). (19
ji=0 Vj!

Similarly, the usual even or odd coherent states may als
be approached by the superposition motional states generated
by sequentially applying the laser beams with frequencies

o =0-(2)w,1=0,1,2,.. or o, =w—(2l+1)w, respectively.

IV. PRODUCING ENTANGLED STATES OF ATRAPPED
COLD ION BEYOND THE LAMB-DICKE LIMIT

Before, we discussed how to generate a motional quantum
state of the ion. Now, we turn our attention to the problem ofObviously,

how to control the entanglement between these degrees

freedom. It is well known that entanglement is one of the
most striking aspects of quantum mechanics and plays an

important role in quantum computatigi]. A laser-ion sys-

tem provides an example for clearly showing how to produc
an entanglement between two different quantum degrees
freedom (see, e.g.,[21]). Therefore, the third target state

Ne

Ng
W)= dd.,2i+Delg+ X djl2h@le), (22
j=0 j=0

with the odd(ever) -number motional states entangled with
the ground(excited internal spin states of the ion. Without
any loss of generality, we assume that the ion has been pre-
pared beforehand in a general nonentangled state

W) = RY(t9)[0) @ [g) = d|0) @ |g) + dF|0) @ [e),
(23
with ng=(1—|C80|2)1’2, dge=Cg.
We now first tune the laser beam to the first red-sideband
gnd thus realize the following operation

RU(t)
[Wo) — (dgH0) +di*{1) @ [g) + dgt{0) ® [€) = |[Wy).
(24)
Here,
dfr=d¥, dir=dPCy, dgt=dd(1-|CHHV2
the staté¥,) is an entangled state. It reduces to
the Bell-type state

1
|Ye) = E(|0> ®le)+|1) @ g), (25

?5& #,=3w/2 and the durations of the operatioR§(tS) and

Ri(t5) are set up properly such thdfo=1 anda{)l:l/\@,

which we want to prepare is the general entangled state aforresponding to the shortest duratigfys 6.48x 10°° s and
the internal and external motion degrees of freedom of th¢;~2.6X10*s.

ion
Ng Ne
vy =2 dflj) @ o)+ 2 dfj)  [e), (20)
j=0 j=0
where =9.d%j) (j!,dflj)) is the external state associated
with the internal groundexcited state. Notice that the coef-

We then tune the laser beam to the first blue-sideband and
implement the evolution

2

%d?lw ®le)=[¥y), (26)
<

R(S) 1

Wy — 2 dj) @ |g)+
=0

with
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e = oL - [CRYM2, o= oL |2,

and

d2=d%, d2=diclk, d2=dhch.

Repeating the above-mentioned procedure, we realize the

following series of evolutions:

PHYSICAL REVIEW A 70, 063801(2004)

Ryt RiG)  Ri RU(tR)
[Wy) — (W) — (W) — [V — [,
(27)
with
2l-1 . 2 .
[Wa) =25 di2l) @ [g)+ X2 di) @ fe),

21+ . 2 .
Vo= 2 d24j) @ ) + X7 =) @ e).

Here,

dJ§J2|—1(l - |Cjbz||2)1/2+ d?z|—16j,t’3ll, 0=sj=<2-2,

d.92| =
b da ey, j=2-1.2,
d]?z|—11 j=0
d2= df2-1(1 - |EF3E 212 4 d}:—‘EIIICF_ﬂl, 1<sj<2-2,
d]-gZHCFZ', j=21-1,2,
and
g -
d]- 2 j=0,
ng2|+1 - d]-gz'(l _ |CJTg|l+1|2)1/2+ d]?gl"éjfglﬁy lsjs2 -1,
d;?2|6;2|+1, j=2,21+1,
gon | G [CRP e dicizp, 0<j<2-1,
i

d}ezl(l - |ij2|+1|2)1/2,

j=20,2 +1.

Therefore, applyindN (N> 0) pairs of the first red-sideband duced three kinds of unitary operations: the simple rotations
and blue-sideband laser beams may generate the desired @fi-the internal states of the ion, the arbitrary red-sideband,

tangled state
N-1 N

ln) = %d?’“|i>® |g>+_§:4)d,-e“|]>® le). (28)
j= j=

and blue-sideband exciting operations. These unitary opera-
tions can be performed separately by applying the chosen
laser beams with the relevant tunings. In general, any quan-
tum state of the trapped cold ion can be generated determin-
istically by making use of these unitary operations selec-

If the initial state of the above process of quantum statgjvely. Like some of the other schemes presented previously,
manipulation is prepared if9) ® €) by setting the duration several laser beams with different frequencies are also re-

of the applied carrier line laser to satisfy conditit®|?
=1, then the desired entangled st&28), rewritten as

[(N-1/2)] [(N/2)]
o= 2 dilRi+Delg+ X dji2hele),
j=0 =0
(29)

is obtained by the above process. Hérg is the largest
integer less thanm.

V. DISCUSSIONS AND CONCLUSIONS

quired in the present scheme. Tunable lasers provide the tool
to create several types of quantum states of trapped ions.
Compared with previous approachesee, e.9.[7,9]) op-
erated in the LD regime, the most important advantage of the
present scheme is that the operations are relatively simple,
since various laser-ion interactions may be easily used by
choosing the tunings of the applied laser beams. For ex-
ample, at leash operations are required in the previous
schemes to generate the statg® |g) from the initial state
|0)®|g), as the dynamical process of the multiquantum mo-
tional excitation is negligible in the LD regime. However, we

Based on the conditional quantum dynamics for laser-iorhave shown here that only two unitary operations beyond the
interactions beyond the Lamb-Dicke limit, we have intro- LD limit are sufficient to engineer the same quantum state. In
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addition, the generated superposition motional states and thg,~0.3 9, the Fock state{1) (or |10)) can be generated.
entangled states of the ion are universal and thus may redugéote that, compared to th§,t;, the duration of operation
to the various desired special quantum states. The reason dg

- is relatively long, as the Rabi frequency is relativel
that the weights of the superposed Fock states can be agflr?all' Q 10/912X?0_5 for the same ?aser i):nensii(;see y

justed independently by controlling the relevant experimen-Fig_ 1. In principle, this decreased Rabi frequency can be

tal parameters; e.g., the durations, initial phases, and fre- ; . S i
quencies of the applied laser beams. Several typica‘?.ﬁec’['veIy compensated by enhancing the poge, inten

macroscopic quantum states of the motion of the ion, e.g.s'ty) .Of the applied laser beam. In fac_t, the power of the laser

the Pegg-Barnett phase state, the coherent state, and the e\?@rﬁ)“ed to erve th? trapped cold on1s ge.nerally con;rollable

and odd coherent states, etc. can be created or well€:9-» the Ti:sapphire laser used in experimidsd is adjust-

approximated, if the number of the superposition Fock state&P!€ in the range from a fewW to a few hundred mW

is sufficiently large. Therefore, the qorrespondlng durations can b_e shorter by 2-5
We now give a brief discussion for the realizability of our Orders of magnitude. For example, fg=0.25, if the power

approach. First, the present quantum manipulations need &f the applied laser beam is adjusted from a fé to a few

resolve the vibrational sidebands of the ion trap. In fact, it isTW, the Rabi frequencylo o of the tran3|t|on|0>®|.e>

not difficult to generate the desired laser pulse with suffi-—|109) can be enhanced to the same order of magnitude of

ciently narrow linewidth with current experimental technol- the carrier Rabi frequencf)(=2mx 50)kHz. The duration of

ogy. For example, the linewidtfl kHz) of the laser beams the corresponding quantum operation is then shortened to

(at 729 nm used in Ref[12] to drive the trapped iof°Ca”  10°°s. The smaller LD parameters correspond to lasers

is very small, corresponding to a resolution of better tharWith larger adjustable power ranges; e.g., #p¥0.202, the

Avlv=2.5X 10712 This linewidth is also much smaller than adjustable power range should be five orders of magnitude

the frequency of the applied trap38 kH2). Thus, the vibra- Iqrger. T_herefore, it i_s difficult to realize transitions with

tional sidebands can be well resolved. The expected initidtigherk in the LD regime, wherey<1. .

phases of the applied laser beams can be controlled by Finally, the generation of the macroscopic superposed

switching different signal pathg22]. During the very short Fock states is limited in practice by the existing decays of the

durations (e.g., =10%s) for implementing the expected vibrational and atomic states. The lifetime of the atomic ex-

quantum operations, the applied laser beagenerated by Cited statele) reaches up to 1 E12] allows, in principle, to

the Ti:sapphire lasgrare sufficiently stablée.g., the corre- Pperform 16—10" manipulations. Also, the recent experiment

sponding initial phase-diffusion and frequency-drift times[24] showed that coherence for the superpositiorjnef0)

may reach to, e.g., 10 nj&3] and bandwidth<1 kHz in 1s  and|n=1) was maintained for up to 1 ms. Usually, the life-

averaging time[24], respectively. In fact, the proposed en- time (i.e., relaxation timgof the state{1) should be longer

gineering scheme could also, in principle, be used for RamaHan this dephasing time. Therefore, roughly say, preparing a

excitation, where the phases of the applied laser beams c&HPerposition(e.g., phase statdrom ground statgn=0) to

be well controlled(see, €.9.[2,5,6). the excited mp'uonal Fock stat¢13> with n>10 is experi-
Second, in the present scheme, an arbitrary Fock state capentally possible, as the durations of quantum operation are

be prepared by using only two operatidsee, e.g., Eqg9)  sufficiently shorfn, e._g.,<1(T4 s. Improvements mlght be ex-

and(10)]. The duration of operation depends on the value of€cted by considering the more realistic dynanjibg that

k, once the LD parameter and the intensity of the app“edncludes the decays of the excited atomic and motional

laser beam are given. The Rabi frequency does not signifStates.

cantly reduce for large LD parametgisg., n=0.5). How-

ever, for small values ofy (e.g.,_n_s 0.25, the Rabi fre- ACKNOWLEDGMENTS
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